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Incoherent Zener tunneling and its application to molecular magnets

Michael N. Leuenberger* and Daniel Loss†

Department of Physics and Astronomy, University of Basel, Klingelbergstrasse 82, 4056 Basel, Switzerland
~Received 26 October 1999!

We generalize the Landau-Zener theory of coherent tunneling transitions by taking thermal relaxation into
account. The evaluation of a generalized master equation containing a dynamic tunneling rate that includes the
interaction between the relevant system and its environment leads to an incoherent Zener transition probability
with an exponent that is twice as large as the one of the coherent Zener probability in the limitT→0. We apply
our results to molecular clusters, in particular to recent measurements of the tunneling transition of spins in Fe8

crystals performed by Wernsdorfer and Sessoli@Science284, 133 ~1999!#.
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The adiabatic transition in a two-level system$um&,um8&%
with energy level crossing is described by the Landau-Ze
transition probability1

Pcoh512expS 2
pEmm8

2

2\U d

dt
~«m2«m8!U D , ~1!

where«m(«m8'«m) is the energy of the stateum& (um8&),
and Emm8 is given by the coupling between these stat
Equation~1! is obtained directly from the Schro¨dinger equa-
tion with the Hamiltonian1

H5F «m Emm8/2

Emm8/2 «m8
G . ~2!

If the total HamiltonianHtot comprisingH forms a potential
barrier—as we shall assume from now on—Emm8 corre-
sponds to the tunnel splitting energy,Pcoh to the coherent
Zener tunneling probability, and the eigenstates ofH are
delocalized as long as«m2«m8&Emm8 . As there is a large
amount of potential barriers in physical systems, Eq.~1! has
become an important tool for studying tunnelin
transitions.2–5 It must be noted that all quantum systems
which the Zener model1 is applicable can be described b
purestates and theircoherenttime evolution. It is the aim of
the present work to generalize the Zener theory in the se
that we take also theincoherentevolution of mixed states
into account~see also Refs. 2 and 6–10 for a comparison!. In
order to provide a clear description of our generally va
theory, we give the derivation of the incoherent Zener tu
neling probabilityPinc ~see Fig. 1! in the framework of spin
tunneling in molecular magnets, which has become a hig
attractive research field in the past few years since sev
experiments revealed mesoscopically observable quan
phenomena in molecular clusters, such as Mn12-acetate
(Mn12) ~Refs. 11–16! and Fe8-triazacyclononane (Fe8).17–21

In particular, we will show that our theory presented in th
work is in good agreement with recent measurements ofPinc
as a function of the external transversal fieldHx for various
temperatures in Fe8.20,21

We proceed now from the assumption that the range o
which «mm8(t)5«m2«m8 is swept, defined by the bound
aries «mm8

,
ªmint$«mm8% and «mm8

.
ªmaxt$«mm8%, is much

larger thanEmm8 and the decoherence rate\gmm8 ~see below
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and Fig. 1!. In addition, we restrict the evolution of our sys
tem to timest that are much longer than the decoheren
time td51/gmm8 . In this case, tunneling transitions betwe
pairs of degenerate excited states are incoherent. This tun
ing is only observable if the temperatureT is kept well below
the activation energy of the potential barrier. According
we are interested only in timest that are larger than the
relaxation times of the excited states. Thus, we can apply
formalism presented in Ref. 22, which treats incoherent t
neling between pairwise degenerate states within a sin
spin system, the decoherence of which is due to the inte
tion with its environment. We showed in Ref. 22 that one c
reduce the generalized master equation comprising
diagonal elements of the density matrixr to a complete mas-
ter equation that consists only of the diagonal elements,

ṙm52Wmrm1 (
nÞm,m8

Wmnrn1Gm
m8~rm82rm!, ~3!

where

Gm
m8~ t !5

Emm8
2

2

gmm8

«mm8
2

~ t !1\2gmm8
2 ~4!

is the incoherent tunneling rate fromum& to um8&, which, in
contrast to Ref. 22, is assumed now to be time depend
~see below for range of validity!. In Eqs.~3! and~4! we have
made use of the abbreviationsgmm85(Wm1Wm8)/2 and
Wm5(nWnm , whereWnm denotes the approximately time
independent transition rate fromum& to un&, which can be

FIG. 1. Energy level crossing diagram for incoherent Zen
transitions. Dotted lines: transitions due to interaction with enviro
ment, leading to a linewidthgmm8 . Variables are explained in the
text.
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obtained via Fermi’s golden rule.22 For straightforward cal-
culation of Emm8 it is useful to note that our generalize
tunnel splitting formula22

Emm852U (
m1 , . . . ,mN

miÞm,m8

Vm,m1

«m2«m1

)
i 51

N21 Vmi ,mi 11

«m2«mi 11

VmN ,m8U
~5!

can be represented by the graphs shown in Fig. 2.Vmi ,mj

denote off-diagonal matrix elements of the total Hamilton
Htot .

First we solve Eq.~3! in the unbiased case — correspon
ing to n50 ~see below!—where the ground statesus&,
u2s& and the excited statesum&, u2m&, mP@@s#2s11,s
21# of our spin system with spins are pairwise degenerate
In addition, we assume that the excited states are alread
their stationary state, i.e.,ṙm50 ;mÞs,2s. This implies
that«mm8(t) in Eq. ~4! must be changed within a time that
much smaller~adiabatic approximation! or much greater
~sudden approximation! than the relaxation times of the ex
cited states, which are of the order of 1/Wm . Proceeding as
in Ref. 22~Sec. V A! we obtain from Eq.~3!

12Pinc[Dr~ t !5expH 2E
t0

t

dt8 G tot~ t8!J , ~6!

where we have defined the quantityDr(t)5rs2r2s ,
which satisfies the initial conditionDr(t5t0)51, and thus
Pinc(t5t0)50. In distinction to Eq.~1!, we call Pinc the
incoherent Zener transition probability. The total tim
dependent relaxation rate is given byG tot52@Gs

2s1G th#,
where the thermal rateG th , which determines the incoheren
relaxation via the excited states, is evaluated by mean
relaxation diagrams,22 such as shown in Fig. 3. For exampl
if we allow only for thermal transitions withDm51, we
obtainG th5 f s21+ f s22+•••+ f [s]/s(0). This continued fraction
is recursively defined by

FIG. 2. Tunnel splitting energyEmm8 . The open circles+ cor-
respond to the statesumi&, i 51, . . . ,N, the solid circles • toum&,
um8&, and the lines to the matrix elementsVmi ,mj

.

FIG. 3. Unbiased (n50) relaxation diagram of a spin syste
with spin S and symmetric anisotropy barrierHa52ASz

2 . The
solid lines correspond to thermal transitions withDmP@1,2s#,
double arrows indicating that there is more than one incoming r
and the dashed lines represent tunneling transitions.
in

of

f m+gª
bm

2

Wm11,m
1

1

Gm
2m1g

, bm5e2b(«m2«s).

Assuming linear time dependence, i.e.,«mm8(t)5am
m8t, in

the transition region,1 and with u«mm8
^,& u@\gmm8 we obtain

from Eq. ~6!

Dr5expH 2
2Es,2s

2

\as
2s

arctanS as
2s

\gs,2s
t D 2E

2t

t

dt8 G thJ
'expH 2

pEs,2s
2

\as
2s

2E
2t

t

dt8 G thJ , ~7!

where we have sett052t. In the low-temperature limitT
→0 the excited states are not populated anymore and
G th , which consists of intermediate rates that are weigh
by Boltzmann factorsbm ,22 vanishes. Consequently, Eq.~7!
simplifies to

Dr5expH 2
pEs,2s

2

\as
2s J 5expH 2

pEs,2s
2

\u«̇s,2s~0!u
J , ~8!

where the second expression is more general and can als
obtained directly from Eq.~4! by reducing

2\Gs
2s ——→

gs,2s→0

Es,2s
2 pd~«s,2s!5

Es,2s
2 pd~ t !

u«̇s,2s~0!u
. ~9!

We note that the exponent in Eq.~8! differs by a factor of 2
from the Zener exponent in Eq.~1!. This is not surprising
sinceG tot is the relaxation rate ofDr, where bothrs andr2s
are changed in time by the same amount, andnot an escape
rate like in the cases of coherent Zener transition anda
decay, where only the population of the inital state
changed in time. Note that Eq.~8! implies Pinc51 for
u«̇s,2s(0)u→0 ~adiabatic limit! and Pinc50 for u«̇s,2s(0)u
→` ~sudden limit!.

Instead of the linear time dependence«s,2s5as
2st, one

can consider oscillations of the form«s,2s5a sinvt. Ne-
glectingG th in Eq. ~7! in the limit T→0 we get

Dr5Dr~ t0!expH 2
Es,2s

2

\vh
arctanF h

\gs,2s
tan~vt !G J ,

~10!

where we have seth5Aa21\2gs,2s
2 . IntegratingG tot from

t052p/2v to t5p/2v we obtainDr5exp$2pEs,2s
2 /\vh%.

In comparison to Eq.~8! we get here the extra factorh,
which provides an experimentally exploitable dependence
gs,2s , provided thata&\gs,2s .

If we apply a bias to our system in such a way that o
states are tuned to other resonances~see Fig. 4!, e.g., n
51,2, . . . ~see below!, the total relaxation rate is changed
G tot

bias'2/@1/(Gs
2s111G th

bias)11/W2s,2s11#, where the ap-
proximation comes from the fact that there can be other n
vanishing thermal ratesW2s,n with initial stateun&, nÞ2s
11, and final stateu2s&. G th

bias determines the relaxation
through the states that have higher energy thanus&.

e,
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In the second part of this paper, we apply our theory
recent experiments,20,21 which measured quantum oscilla
tions of the tunnel splittingEmm8(Hx) in Fe8 as a function of
an externally applied transversal magnetic fieldHx . In a co-
herent spin-state path integral approach these quantum o
lations and their associated spin parity effects can be vie
as a result of interfering Berry phases carried by spin tun
ing paths of opposite winding,23 which are modified in the
presence of a fieldHx .24 However, for a quantitative analy
sis of the Fe8 data20,21 the operator formalism presented he
proves to be more useful than the path integral approach

In accordance with earlier work17–21,25we use a single-
spin HamiltonianH5Ha1HT1HZ1Hsp that describes suf
ficiently well the behavior of the giant spinS with s510 of
a Fe8 cluster. It turns out that our theory is in optimal agre
ment with experiments20,21if we choose the easy-axis Hami
tonian to beHa52ASz

2 , with anisotropy constantA/kB

50.275 K,17 and the in-plane Hamiltonian to be

HT5
1

2 (
n51

4

B2n~S1
2n1S2

2n!1
1

2
gmB

3H sinq~e2 iwS11eiwS2!, ~11!

with the anisotropy constantsB2 /kB50.046 K,17,25 B4 /kB
526.031025 K, B6 /kB52.031028 K, and B8 /kB52.0

FIG. 4. Example of a biased relaxation diagram of a spin sys
with spinSz and asymmetric barrierHa1HZ for the resonance con
dition n51. The diagram is explained in Fig. 3.

FIG. 5. The tunnel splitting energyE10,210(Hx) in Fe8, exhibit-
ing Berry phase oscillations, was calculated by exact diagona
tion ~solid line! and by using the approximate analytic formula~5!
~dashed line!. The angles areq590°, w54°. The period is in
excellent agreement with data~Refs. 20 and 21! if we set g51.9
~Ref. 26!. The tunnel splittings forHx50 read E10,21059.0
31028 K, E9,2956.531026 K, andE8,2852.131024 K.
o

cil-
d
l-

-

310211 K. Besides theB4 term introduced in Refs. 20 an
21 to obtain the desired period, we find that theB6 term is
necessary to achieve the desired tunneling amplitude in
5, while theB8 term is responsible for the minimum atHx
'1.4 T. The Zeeman couplinggmBS•H has been divided
into a longitudinal partHZ5gmBHzSz and a transversal part
being the second term in Eq.~11!, whereH is the magnitude
of the external magnetic fieldH, and q and w define the
spherical angles. According to Eq.~5!, HT induces tunneling
between pairwise degenerateSz eigenstatesum&, 2s<m
<s, of Ha1HZ , with eigenvalues«m . The resonance con
dition for such degeneracies, i.e.,«m5«m8 , leads to the reso-

nance fieldHz
mm85nA/gmB , n5m1m8. As can be seen in

Fig. 5, our analytic formula~5! for the resulting tunnel split-
ting Emm8(Hx) is in reasonable agreement with the exa
diagonalization ofHa1HT1HZ , which provides a good fit
of the data in Ref. 20.

In order to account for thermal transitions between
um& states, we include the most general spin-phon
coupling22 which is allowed in leading order by theD2 sym-
metry of the Fe8 crystal,27 i.e.,

Hsp5g1exxSx
21g2eyySy

21 1
2 ~g3exy$Sx ,Sy%

1g4exz$Sx ,Sz%1g5eyz$Sy ,Sz%1g6vxy$Sx ,Sy%

1g7vxz$Sx ,Sz%1g8vyz$Sy ,Sz%!, ~12!

where gi , i 51, . . . ,8, are thespin-phonon coupling con
stants, which we assume to be approximately eq
gi'g0.22 We know22 that within the spin system the first

m

a-

FIG. 6. Unbiased (n50) relaxation diagram for Fe8. Solid
~dashed! lines: thermal~tunneling! transitions.

FIG. 7. Zener transition probabilityPinc(Hx) for temperatures
T50.7 K, 0.65 K, 0.6 K, 0.55 K, 0.5 K, 0.45 K, and 0.05 K. B
choosingB4526.931025 K for this plot our fit agrees well with
data~Ref. 21!, except for the minima atHx'60.2 T, which are too
narrow ~see text!. Note thatPinc is equal to 2P in Ref. 21. The
tunnel splittings for this figure readE10,21051.331027 K,
E9,2958.831026 K, andE8,2852.731024 K for Hx50.
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and second-order thermal transition ratesWm61,m ,Wm62,m
are the strongest ones, which are evaluated by Fer
golden rule to be (r 51,2)

Wm6r ,m5
g0

2s6r

qrprc5\4

~«m6r2«m!3

eb(«m6r2«m)21
, ~13!

where s615(s7m)(s6m11)(2m61)2, s625(s7m)(s
6m11)(s7m21)(s6m12), and q1548, q2532. The
mass densityr for Fe8 is given by 1.923103 kg/m3,27 the
sound velocityc by 1400 m/s~yielding a Debye temperatur
of QD533 K!.28 The incoherent Zener probabilityPinc in
Fig. 7 fits the data21 well if one adjusts the coupling consta
to g052.3 K.

For the temperature range 0.05 K<T<0.7 K we achieve
good agreement between our theory and the data21 if we take
the statesu610&, u69&, andu68& into account. In particular
the path leading throughu68& gives a non-negligible contri
bution for T*0.6 K. Solving the relaxation diagram show
in Fig. 6 we obtain from Eq.~7! the following results for Fe8
in the casen50:

G tot52S G10
2101 (

n59

8
bn

2

W10,n
1

1

Gn
2n
D ,
,

r

n

e

R

i’s Dr5expH 2
pE10,210

2

\a10
210

2 (
n59

8 pEn,2n
2 W10,nbn

an
2nAEn,2n

2 1\2W10,n
2 J ,

~14!

where we have used the approximationgn,2n'W10,n and
u«mm8

^,& u@En,2n ,gn,2n . Pinc512Dr, which is plotted in Fig.
7, is in good agreement with the measurements,21 except for
the most narrow minima atHx'60.2 T. However, the ex-
perimental uncertainty of these minima is very large sin
they depend strongly on the initial magnetization.21,29 In or-
der to account for the increase ofPinc at T50.6, 0.65, 0.7 K
for higher fieldsHx , we had to correct the energy levels«m
occurring in Eq.~13! by first-order perturbations inHx . Be-
low 0.4 K Pinc is T independent, which agrees well with Re
21.

In conclusion, our theory, which is based only on therma
assisted tunneling and neglects dipolar and hyperfine30 fields,
agrees well with the recent measurements in Refs. 20 and
and also leads to the prediction of the anisotropiesB4 , B6,
B8 , and the spin-phonon coupling constantg0 in Fe8.

Detailed calculations of the biased cases (n51,2, . . . )
will be published elsewhere.
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