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loffe-Regel crossover for plane-wave vibrational excitations in vitreous silica
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The first loffe-Regel crossover for vibrational plane wavesen wavelength and mean free path are
comparablghas been investigated theoretically for models of vitreous silie&i0,) constructed by molecu-
lar dynamics. The crossover is found to be from a state of weak scattering to one of strong scattering, not
vibrational localization. Three methods have been used to investigate the crossover: an analysis of the time
evolution of a vibrational plane wave, a spectral-density analysis in frequency space, and an analysis of the
final scattered state in momentum space. The first loffe-Regel crossover frequency is found by all three
methods to be~1 THz for v-SiO,, for both longitudinal and transverse polarizations. A second loffe-Regel
crossover occurs at-6 THz for v-SiO,, corresponding to the frequency at which the mean free path is
minimal (comparable to the interatomic spacingnd the spectral-density width is maxinfebmparable to the
frequency range of the vibrational density of states

[. INTRODUCTION we shall see. As a result, momentuior equivalently the
wave vectork) is no longer a good label for the propagating
The scattering of classical plane waves in random medi&xcitation beyond the loffe-Regel limit and another, equiva-
is a subject of continuing interest. Phenomena related to lent, definition of the loffe-Regel crossover condition is
this include weak localizatioh? Anderson localizatiod, ~when the uncertainty in wave vector is comparable to the
phonon localizatio;® and, the subject of this paper, the value of the wave vector itself:
loffe-Regel crossovéibetween weakly and strongly scatter-
ing regime$:° Ak~Kg. (1.9
As the degree of disorder in a medium increases, the scajn this paper, we obtain theoretical estimates for the loffe-
tering of a wave propagating in the medium increases angkegel crossover frequency for both longitudinal and trans-
hence the mean free patttorrespondingly decreases. This yerse vibrational plane-wave excitations propagating in
decrease il cannot continue without limit. The minimum  gjmulated models of vitreous silica by investigating the be-
possible value of mean free path is comparable to the intelhavior in both time and frequency domains, using Eig2)
atomic spacing in a solidy,~a. However, before this limit a5 the definition, and ik space using Eq(1.4) as the rel-
is reached, another limit is reached when the mean free pai,ant definition.
becomes comparable to the wavelength of the propagating The rest of the paper is arranged in the following manner.
plane-wave excitation Section Il briefly describes the possible ways of investigating
N (1.1) the loffe-Regel crossover. Estimates of the Ioff_e—RegeI cross-
IR : over parameters, obtained from spectral-density peak widths
This is the loffe-Regel limit; wheh<\, a plane wave can and a temporal-decay method, are given in Sec. Il and Sec.
no longer be defined. The definition given by Ef..1) may IV, respectively. An identification of the loffe-Regel cross-

be rewritten equivalently in terms of frequency as over from a consideration of the final state is given in Sec. V.
Discussion and conclusions are presented in Secs. VI and
V|RT~1, (12) VII.

where the decay time of the plane wave is given by
II. BASIC METHOD

r=lc, 13 The vibrational behavior of simulated models of vitreous

where ¢ is the speed of propagation of a plane wave. lItsilica in the vicinity of the loffe-Regel crossover was inves-
should be noted that, in the literature, definitions differing bytigated in the harmonic approximation by means of a normal-
a factor 27 are sometimes uséd!!e.g., kl~1 instead of mode analysis using the methods described in detail in the
Eg. (1.1), where the wave vectdt=27/\. preceding accompanying papémereafter termed paper I.

Somewhat confusingly, both the conditiohs \ gz and An initial plane-wave vibrational excitatiofin practice, a
|min~a have been termed the loffe-Regel criterion in thestanding wavg of a given polarization type, wave vector,
literature®>*? In order to distinguish between them, we may and frequency, is scattered by the disordered structure into a
perhaps refer to them, respectively, as the first and secorfdifferent final state. The decay timeof the scattering pro-
loffe-Regel limits. In this paper, we will mostly be con- cess found from the temporal decay of the initial plane wave
cerned with the first limit. can be used to find the loffe-Regel condition using @®).

The loffe-Regel criterion corresponds to a crossover inActually, in the frequency domain, the full width at half
behavior from a weakly to a strongly scattering regime, asnaximumI" of the peak-shaped spectral-density funct&n
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defined by Eq(4.4) in paper |, which is the mass-weighted 10° .
projection of a plane wavey, given by Eq.(3.1) in paper I, (a)  transverse
onto the vibrational eigenmodes, can also be used to obtain 10" |
an estimate for, i.e., 7, '==T",(k) [see Eq(4.9) in paper IR
I], for a particular value of wave vect@rof the initial plane 10° ¢
wave. g 7
The scattering process involving the initial plafstand- E10"
ing) wave can also be analyzed knspace in terms of the T
properties of the final state, averaged over timé-ase. The |:“ 10 |
quantity of interest is the distributiop(k’,n’|k,n) [see Eq.
(6.2) in paper | of the time-averaged weights of different 10° |
plane-wave componen{&’,n’}, characterized by wave vec- g
tork’ and unit polarization vectar’, in the final state origi- 107 = IS 0°
nating from an initial staték,n}. The loffe-Regel limit can k (,&-1)
be determined by investigating the widths of the peaks in
p(k',ﬁ’|k,ﬁ)_ FIG. 1. The average frequenay (solid symbol$ and inverse

relaxation timer~* (open symbolsof transversda) and longitudi-
nal (b) initial plane waves versus the initial wave-vector magnitude.
. FREQUENCY DOMAIN The circles and squares are obtained from fits of the spectral den-

In disordered structures, and for small values of the wave§ities by the DHO model and Lorentzians, respectively, as de-

vector magnitudeKa<1), the spectral density for both lon- scribed in Sec. lll. The dlamonds are obtained by the temporal-
o L decay method. The open triangles and stargbjnrepresent IXS
gitudinal and transverse polarizations has the shape of

inal d pedB Th K . . h ta(Ref. 14. The crossing points of the solid lines corresponding
single pronounced peak.The peak position gives the aver- , e quadratic dependenceof! on k and the dashed lines refer-

age frequency of the propagating excitation, and the peak ring to the linear dependence af on k mark the(first) loffe-Regel
width is associated with the decay timg of the excitation  ¢rossover.

[see Eq.(4.7) in paper . With increasing wave vectdor

grequency, the'lpehak Wf'fdthrv(k)l ;ncrease?zan_d hencsr,a wave excitations at the loffe-Regel limit is given by
ecreases until the loffe-Regel linfiEq. (1.2)] is reached. ~Nirity» O hrey=Cuy / Viray~ 27/ Kimyy» and is_esti-

Fits to the peak shape of the spectral density using botl}, et bel g =42 A for transverse antiz,=63 A for

Lorentzian and damped harmonic oscillafdunctions give longitudinal polarizations. Note that these results are correct

rather similar results for v and . _ for not very low temperatured;=100 K, where the decay
The loffe-Regel crossover wave vectgg is found from  time is temperature independesee Ref. 11
the intersection of the two curve:gl(k) vskandy, (k) vsk The common frequency dependence of the inverse decay

according to Eq(1.2). Figures 1a) and Xb) show such plots time for both longitudinal and transverse polarizations of the
for transverse and longitudinal initial plane waves. The cal-nitial plane-wave excitations is clearly seen in a joint plot of
culated dispersion curves(k) show the expected linear de- 7 “(¥) vs v (Fig. 2. The quadratic dependence of ()
pendencegdashed lines in Fig.)lin the loffe-Regel cross- VS ¥ is evident in the experimental data. The loffe-Regel
over region. Thek dependence of the inverse decay time,

7. 1(k), exhibits a quadratic behavior f&=0.3 A~?, but 10? — .
not exactly in the loffe-Regel crossover region. This discrep- v

ancy is a finite-size effect due to a limited size of the simu- 10° s

lation box; the density of modes is rather sparse at the lowest N . °
frequencies and, as a result, the spectral density is insuffi- ,:'_: 10 o
o

ciently wide (not enough eigenmodes in this regimend “ oY e _TT; ‘.‘d:”

hencer, * is too small. In order to avoid this shortcoming of 10 20'0 e, g

the simulated results, we extrapolated to low frequencies the 107 . 10'0 | o

guadratic behaviofsolid lines in Fig. 1, as found experi- . ' jgf _ V(TH)

mentally using a variety of techniqués.’ 00 L %0 50 100_i50
The loffe-Regel crossover wave vectors are estimated 10° 10° 107 10° 10 10°

from the intersection point of the solid and dashed lines in v (THz)

Fig. 1. The_lvalues thus obtained d{@zvt:_OiS A l and FIG. 2. The inverse decay time vs frequency of plane waves that
klR,l:O'_l A~ for tfa_“_s‘_’efse and Iongltudl_nal_ polarlzgtlons, are longitudinakopen circles and squares are for the bar and cubic
respectively, of the initial plane-wave excitations. Using theéyqgely and transversésolid circles and squargstogether with
experimental transverse and longitudinal sound velocities IRxperimental data taken from Ref. (€iar$ and from Ref. 14dia-
v-Si0,,"**®viz. ¢,=37.5 A/ps and;=59 A/ps, respectively, monds. The straight line is the curve™'=v. The values ofr !

with which the simulated results are in very good agreemenjersus frequency of the initial plane wave obtained by the temporal-
at low frequencie$? the loffe-Regel crossover frequency decay methodopen circles and from the fit of the spectral densi-
(vir=ckr/2m) is found to bevg=vRr,;=1 THz for both  ties by the DHO model functiofsolid diamondsare given in the
polarizations. The mean free path of the propagating planégnset.
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crossover frequency is found as the intersection of the two 0.010 @ el e 0.004
curves7 Y(v) vs v and 7 '=v. It can be seen that g, “ k=0|62nng A ﬁg‘oigrlé T a1 0003
=vr,=1 THz. 0.005 | 1'%, { e \ ':"'\w 0.002
=3 iy L ot 3 0.001
IV. TIME DOMAIN 5 )y ey
. . N = 0.000 B *‘1~.~+h|(d;*="% f’*m 0.000
Analysis of the peak widths of the spectral densities pro- + ooon'| e 031A7 (VR
vides indirect estimates of the decay time of propagating trans. | *j trans. | trans. 1 0.01
plane-wave excitations. However, a more straightforward 0.05 : ] ; .
way to obtain this quantity is to calculate directly the time . ". *"q,,
dependence of the amplitudg, (t) of the atomic displace- 0.00 MM 0.00
ment vectomu, (t) [see Eq(3.7) in paper ] which is defined 00 04 08 00 04 0800040812
by Eq.(5.4) in paper |. Details of this procedure are given in k' (A7

paper |, together with a general method for obtainTmrom o ) A a .
the phasepy(t), even in the case of rather broad and fea- F'G- 3. The distribution functionsp(k nelk,n) - (circles,
tureless spectral densities. p(k’,n/k,n) (pluse$ and py,(k'|k,n) (stars? f_o_r Iongitu_dingl[(a),

The results for lel obtained by this temporal-decay (c), and(e)] and transversgb), (d), and(f)] initial polarizations of

method are shown as the diamonds in Fig. 1 and as opeLHane waves characterized by different initial wave-vector magni-

circles in the inset to Fig. 2. It can be seen that there is goonIesk for the cube-shaped structural modelofSiO,. The ordi-

. - . les f he | he right for th
agreement with the results obtained from the spectral-densﬂ&ﬁfgrsf?:ufzs of@ and (b) are on the left, and on the right for the
analysis in the loffe-Regel crossover region, although devia- '
tions occur at highek or ». Thus the estimates fdGg and  cussion in paper)! Note that, with increase of the initial

v|r Obtained by the temporal-decay method are the same agave-vector magnitude, there is a shift of the maxima in the

those obtained by analysis of the spectral densities in th@istributionSp(k’,ﬁt’|k,ﬁt) and p(k’,n/|k,n,) to lower val-

frequency domain. ues as compared to(the origin of the shift is discussed in
the paper ). For example, in the case of transverse initial

polarization,n=n, for k=0.44 A", the shift reaches the
The analysis of alk’-plane-wave components in the final Value ~0.1 A%, quite comparable with the initial wave-

scattered state, in particular the distributipk’,n’|k,n) Ve(_:lfﬁ; nl]gfgfglggé:??/vg\?é-g;ltor arameters. as found in
[see Eq(6.1) in paper ] of their weights, allows the nature S Il and IVg & ~01 AL P dke ~0 ’15 AL

of the loffe-Regel regime to be clarified, the loffe-Regel pa- ecs. 1l an , Arégp =U.1 A~ antKg, =b. or
rameters to be found and an understanding gained of why t ngitudinal and transverse initial plane waves, respectively.

crossover frequencies are identi¢sge Fig. 2 for both types . ortrc])pr f'n'te's'zi Lno_lqﬁl’ o?ly a ftiw d;t? %m?ts a:ce avt{:lllable
of polarizations of the initial wave. in this range ofk. erefore the distribution functions

The distribution functiorp(k’,n’|k,n) can be calculated po(K’|k,n) and pto.t(k,|k'ﬁ') are not at all well defined in
for the simulated models af-SiO,, and the results for the ﬂ}i.gsjigﬂorgggns' g_g:aé;cgé)yr?rt%c;n;g”?|§r]shortcom|ng
bar-shaped structural model were given in paper |. Such gt hnite-siz IS discu ' wing.

model is effectively one dimensional and has restrictions for . The main disadvantage of f'f“t.e's'ze simulations from. the
viewpoint of the present analysis is a very sparse acousticlike

the available initiak and finalk’ vectors, which are mainly ; .
frequency spectrum in the low-frequency region below and

directed along the bar in the lolwdimit. This also restricts S ; o
the number of the scattering channels. In order to check thground 1 THz. This is a major difficulty and can hardly be

influence of the dimensionality of the model on the scatterin gvercome by the construction of bigger models, say, realis-

of plane waves, we have performed a similar analysis for %mally containing up to 1¥ particles(which are nevetheless

cubic (three-dimensionalmodel of v-SiO,. The results for znugfr;;rr:i«'zl:lﬁratharr;algﬁcggjlcdoglg \\//:rluiiz‘z)l.irﬁﬁisuigs%f
the distribution fuctions are presented in Fig. 3. As follows Our yar’[iculgrp interest is related t)(/) the calculation of .the
from Fig. 3, we have not found any influence of the dimen- P

sionality of the model for the available wave-vector magni_dlstnbunon functions of weights of different plane waves in

tudes k=0.22 A1 (for the cubic model The weights the final state after scattering of an initial plane wave. We

. 71 .
shown in Fig. 3 were calculated for the plane-wave compo-need to know these functions fe=0.1 A%, or equivalently

nents characterized by all availalidé vectors. Different data fc_)r Vs.l TH.Z’ €., In the regions unavailable in the f|n|tej

. : : . size simulations, in order to understand what happens with
points at the same magnitude of the final wave vekton S ! .

) ? N these distributions in the loffe-Regel regime.
Fig. 3 correspond to different directions kf. These data o . . :
) - . The distribution function defined in E@6.2) of paper |

fluctuate around average values mainly within the relatlveCan be rewritten in the following form:
variance< 30%. With this precision we can say then that the g '
probabilities for an initial wave to be scattered in different . o ~ e
directions are approximately the same. In other words, wep(k’.n |k,n)23Nf0 g(o)|a(wlk,n)|*la(w|k’,n")|*dw,
could roughly interpret the scattering of plane waves in the (5.1)
vicinity of the loffe-Regel regime as being “elastcscatter- '
ing_” By elastic we mean that the average frequencies ohoere for S|mpI|C|ty we have ignored inessent_ial differences
initial and final waves are close to each otligee the dis- between the different spectral densitielsy(w|k,n)|?

V. MOMENTUM SPACE
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——
k=0.02 A

p (K'|K) (arb. units)

2 0.00 0.02

v (THz) k' (A7)

(b) / FIG. 5. The distribution functions(k’,n;[k,n) (the dot-dashed
o lines), p(k’,n/|k,n) (the dashed linésand p,(k’|k,n) (the solid
Vaed lines) for longitudinal[(a), (c), and(e)] and transversgb), (d), and
v oy (f)] initial polarizations of plane waves characterized by different
/ A | initial wave-vector magnitudels obtained from Eq(5.1) with use
' of the VDOS and parameters for spectral densities presented in Fig.
4. Plots(c) and(d) correspond to théfirst) loffe-Regel crossover.

(THz)

v,T
\

e These peaks can be fitted by Lorentzians and/or the damped
05 = = 5 T harmonic oscillatofDHO) model(see Sec. Il and papey.|
0 The fitting functions depend on two parameters: the peak

position vy (k) and the peak widtf'y (k). Forv=vg, we
used a linear dependencey; (k) =c,k/2m7, with the ex-
perimental values of sound velocities, while fex vz the
results of simulations were usé¢see Fig. 4b)]. The depen-
dence of the peak width ok for k<k, , has been fitted
vertical arrow in(a) shows the frequency below which the Debye by the experimentally found q_uadra_tlc dependence, while for
law has been used for the VDOS while the vertical arrowgbin K= Kir() » the results of the simulations have been usee
showk values below which the quadratic law fbrhas been used. E:g g(g; paper ) so that the resulting curves are as shown in
—|a(w|k,A) [ and|a(w|k.A)|? [see Eqs(4.4~(4.5) in pa- Or_we the/|r1t,egraAmd in ths._l) is defined, the distribution

2. — . . function p(k’,n’|k,n) can easily be found. Results for both
per I and put{w,,)=1. The integrand in Eq5.1) depends |4 1i7ations of the initial wave are presented in Fig. 5 and
on the vibrational density of stat€gDOS) and spectral den- gpould be compared with the results of the simulations
sities. In the low-frequency regime, the VDOS is supposed (&nown in Fig. 3. Note that we have not performed a direc-
be a monotonically increasing function while the spectrakional averaging for both the initial and final wave vectors in
densities are peak-shapéske Fig. 11 in paper)land the  £q (5.1) on purpose in order to be able to compare the
widths of the peaks decrease with decreasing frequency. [asyits with the simulation results obtained for the bar con-
the VDOS only slightly changes on the scale of the peakigyration (effectively a one-dimensional structiyefor

width then thew dependence of the integrand in E§.1) is  \yhich such averaging in the lok-region is unavailable as
mainly defined by the spectral densities and the shape of the

resulting distribution function is practically independent of aweII. Tt]eA ,dlre£:t|onal avAe,raglng of the fuhcu%t(k [k.n)
particularw dependence of the VDOS in the low-frequency = 2P(K'.n{[k.n)+p(k",n|k,n) over the final wave vector
regime. This is actually the case for any reasonable approxgnhances the transverse peak and smooths the double-peaked
mation for the VDOS agj(w)* " with n=2—4 or g(w) strugture of the dls_trlbutlon functlo_n because of the fa_ctor
xexplw) with w~0.1 THz if the peak width<w. The (k')° appearing in the averaging, but the function
precisew dependence of the VDOS in the low-frequency pii(k'|k,n)/(k")? has the same shape as shown in Fig. 5.
regime is not known and we used the Debye law as a rough Comparing Fig. 3 with Fig. 5, and Fig. 10 in the paper I,
estimate, gp(w)=3w?w>. For v=vg, the VDOS is We see, not surprisingly, agreement, both qualitative and
known from simulations and experimefitThe resulting to- ~ quantitative(for peak positions and their relative heigtfor
tal VDOS's being the concatenation of these two vDOS, the shapes of the curves in the case of large enough values of
smoothly matching each other in the overlap region, isk (say,k=0.4 A™%). The advantage of the results presented
shown in Fig. 4a). The use of a differen& dependence for N Fig. 5 as compared to those shown in Fig. 3 is that they
the VDOS, e.g.g(w)xw* (see Ref. 2 following from the clearly demonstrate the evolution of the distribution func-
soft-potential model, does not change the shape ofionsp(k’,n’|k,n) for different polarizationsy andn’ with
p(k',ﬁ'|k,ﬁ) described below. increasingk, including the range below and around the loffe-
The important feature of the spectral densities is that theyR€gel crossover. At any value &funder consideration, the
are peak shaped in the loffe-Regel regime and below itdistribution functionsp(k’,n’|k,n) characterizing the indi-

FIG. 4. () The VDOS andb) the dependencies of the average
frequencyr and the peak widthE on the wave-vector magnitudie
for transversésolid lineg and longitudinaldashed linespolariza-
tions which have been used for the integrand in Efjl). The
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vidual channels are peak-shapédashed and dot-dashed ing to the loffe-Regel crossover, of course, does depend on
lines in Fig. 5. Below the loffe-Regel limit, these peaks are the polarization of the initial plane wave and is determined

narrow and the total distributionsp(k'|k,n), have a by the sound dispersion laws
double-peaked shagesee Figs. &) and 3b)]. These two
peaks correspond to the two possible scattering channels for
each polarization of the initial wave, i.dl,—t} [the higher

transverse peak in Fig(&], {I -1} [the lower longitudinal 445 presented in Fig. 5 using E¢5.3—(5.4) are as follows:
peak in Fig. $3)], and{t—t} [the upper transverse peak in yhe |offe-Regel frequency is;g=1 THz for both polariza-
Fig. 5b)], and {t—1} [the lower longitudinal peak in Fig. {jons of the initial plane wave, and the corresponding wave
5(0)]. , vectors arekz =0.15 A"* for transverse anljg ;=0.1 A~*

As follows from Eq.(5.1), the widthssk, of the transverse  ¢o |ongitudinal polarizations(or equivalently the corre-
peak Aandék, of the Iongltudlpal peak in the distributions sponding mean free pathigy = Cy 7y , arel g =42 A and
p(k",n'[k,n) and p(k’,n’[k,n), respectively, are deter- | =63 A). These values fow,z and kg are in excellent
mined by the widths of the corresponding spectral densitiesagreement with the experimental d&t and with the esti-
which depend only on the frequency of the initial plane wavemates obtained from the analysis presented in Secs. lll and
but not on its polarizatiorisee Fig. 2. Two important con- |V,
sequences follow from this statement. First, the widths of the
transverse and longitudinal peaks gnare comparablegk, VI. DISCUSSION
=5k, (actually, we found the widths of the transverse peak
to be slightly larger than the widths of the longitudinal peak ~Our vibrational analysis of simulated models ©fSiO,
for v-SiO,—see Figs. 3 and)5This is because the frequen- has shown that the loffe-Regel crossover frequency for ini-
cies of the plane-wave components comprising these peakiglly longitudinal plane waves is at a frequeneyg =1
are approximately the same and are equal to the frequency dHz, in very good agreement with the same value inferred
the initial plane-wave excitation. Second, if the frequencietom experimental inelastic neutron-scattering ddtelow-
of the initial longitudinal and transverse waves are the same@Vver, transverse modes are not easily probed by inelastic
(meaning that the corresponding spectral densities are chapeutron-scattering experiments, and hence no estimate of
acterized by the same peak positions and approximately thr; for v-SiO, was available before this theoretical study.
same peak widths, see Fig. 2 in paperthen they are simi- Our finding that vjg =vr, implies that, concomitantly,
larly scattered by the disordered structure, i.e., the distribubr,/l\ri=Ci/C;, in contrast to the behaviod g, /l|r;

kIR,tZZWVIR/Ct and k|R'|:27TV|R/C| . (54)

The crossover parameters found from an analysis of the

tion functionsp(k' |k, n) andpe(k'|k,ny) look similar[cf. ~ =(Ci/c)* inferred previously for the case of Rayleigh

Figs. 5c) and 5d) for which the frequency of the initial scatterlngl. Sucl; a functional rglat|onsh|p implies that

plane wave is the same~1 THZ]. mri/TR=(C1/C)7 (=3.9 for v-Si0,), rather than the
With increasing frequency or wave vectok of the ini- ~ €guality mr = 7ir found in this study(Fig. 2. The reason

tial plane wave, the peaks related to the individual channel¥/hy this equality forzg (or of »ig) should exist can be
shift to higherk’ and become broader. At a certain frequencyunderstooAd fro[n a consideration of the behavior of the func-
vir, wWhich is independent of the polarization of the initial tion p(k’,n’|k,n), as discussed in Sec. V.
plane-wave excitatiofas discussed aboyethe widths of The loffe-Regel crossover marks tfgmooth transition
these peaks become comparable with the peak separatidigm weak scattering to strong scattering, as clearly evi-
Ak’ =k{—k/, between longitudinak/ and transverse, denced by thé state analysis given in Sec. V. The final state
peaks iNpi: after scattering, beyond the loffe-Regel limit, contains very
many plane-wave components characterized by wave-vector
CI—C , magnitudes differing from the initial one by values of the
G ki (v), (52 order of the initial magnitude, i.eAk=k [see Eq.(1.4)].
However, unlike the case of electrohsuch strongly scat-
so that the loffe-Regel criterion in this picture is given by tered vibrational states are not spatially localized, but instead
are characteristic of a diffusive-transport regifh@his lack
Sk (vig) = okK| (vir)=AK'(Vr). (5.3 of vibrational localization at frequencies just beyond the
o oA JyoA loffe-Regel crossover is evident on examining the displace-
The total distributionsp(k’|k,n) and piei(k’[K,ny), char- ent amplitude of the vibrational eigenmod@such states

acterized by the same frequeney, change from having a 46 extended through the simulation box but certainly are not
double-peaked shafdsee Figs. &) and 5b)] to a single- propagating plane-wave-like modes.

AK' (v)=

peak one[see Figs. &) and §d)] with increasingk of the The frequency dependence of the inverse decay time,
initial plane wave. Such a qualitative change in the shape of

the total distribution of the weights of plane waves in the 2

final state can be associated with the loffe-Regel crossover 7 l=al,=—, (6.9)

regime. Therefore, in this picture, conditi¢§.3) marks the VIR

loffe-Regel crossover, beyond which the final state aftemwhich is just a consequence of E@.9) in paper |, the ex-
scattering contains many plane-wave components charactgserimentally found quadratic dependence in the low-
ized by wave-vector magnitudes differing from the initial frequency range, and the definition of the loffe-Regel fre-
one by values of the order of the initial magnitu@trong-  quency given by Eq.1.2), are not changed at the loffe-Regel
scattering regime The wave-vector magnitude correspond- crossover frequency;zr=1 THz (see Fig. 2 Nevertheless,
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such a dependence cannot continue with further increase mange of the VDOS 440 TH2, at the wave vectok*
frequency since there is a natural threshold faitlie “sec- =0.6 A" [see Fig. 2e) in paper | corresponding to the
ond” loffe-Regel limit). Bearing in mind that the inverse change in slope of curves of (k) [see Fig. &) in paper
decay time is proportional to the width of the spectral densityl].
[see Eq.(6.1), we could say that this threshold is certainly = The value ofk* can also be estimated from the phonon
less than the natural upper bound for the spectral-densitglispersion of the crystalline counterpart. Indeedkatk*,
width, being the width of the whole vibrational spectridn the spectral densities ia-cristobalite, the crystalline coun-
(D=40 THz in silicd. In fact, the deviation from the qua- terpart of vitreous silica, consist of mayfunctions cover-
dratic dependence of !(v) occurs at a much lower fre- ing the whole frequency randeee Fig. 5 in papepl This is
quency(see Fig. 2 and inset in)it This is not surprising, not surprising because a typical value of Brillouin-zone
because we could expect an influence of the shape of theoundary isw/a,.=0.5-0.6 A'* for a,.=5-7 A, being
VDOS on the shapéwidth) of the spectral density starting the unit-cell size, and strong mixing between acoustic and
with the frequencyvy,;, at which the width of the spectral optic modes occurs around the zone boundary. In disordered
density becomes comparable with the spectral-density peakaterials, the spectral density could be imagined as a super-
position, position of broadened functions of the corresponding crys-
. . talline counterpartsee paper)l This also allows us to use
I (iin) = Vin (6.2 the relationshigk* = /a, . for an estimate of the wave vec-

*
resulting in the estimate,,,~ v, i.€., at least a factorr  1OF k™ for the second loffe-Regel crossover. |
The frequency* of the second crossover} =ck* /27

larger than the loffe-Regel frequency ;=3 THz for . o
silica). At the (first) loffe-Regel frequency, the width of the =6 THg,toft;h|s secct)ncf;l ngfe-tReg(Iall I'm'IF alﬁo ‘?065 not th.’r'
spectral density is still small enough not to destroy the qua[espon 0 Ihe onset of vibralional localization, examination

dratic dependencé6.l). Therefore we could associate the g;lthgt ﬁﬁ:gﬁ'%?“ﬁgr frraet&iesnhcci);v; (:tggtafgig?:_?; Cg;:rcelfrs
second loffe-Regel crossover with the frequenéy= v, , y g q

; ; i~ 19
at which the quadratic dependence of the spectral-densit?,pondlng o the band edges in the VDOSeBIO,.

width (or inverse decay timebecomes modified. Examining
Fig. 2 shows that in the case of vitreous silica this happens
aroundr* =6 THz. We believe that the second loffe-Regel  The first loffe-Regel crossover frequengyhen the mean
limit corresponds td,=a. The value of the inverse decay free path and wavelength of a propagating plane-wave vibra-
time atv* is (%) *=15-30 THz, this range of values re- tional excitation are comparabléias been determined for
sulting from different methods of estimating(see inset to  simulated models of vitreous silica{SiO,) by three meth-
Fig. 2). Taking the speed of sound for longitudinal acousticods: analysis in the time and frequency domains an# in
waves =59 A/ps[the longitudinal branch of the curve ' space. In all cases, the loffe-Regel crossover frequency is
vs k shows the clearest evidence for the kink, cf. Fih)l,  found to bev,;g=1 THz for both longitudinal and transverse
the corresponding mean free path is found tol be c,7* plane-wave excitations. The loffe-Regel limit corresponds to
=2-4 A. Thus indeed*=a, since the nearest-neighbor a crossover from a weakly scattered propagating-phonon re-
Si-O distancalg;.q in silica is about 1.6 A° It is more likely  gime to a strongly scattered diffusive-mode regime. A sec-
that the height$; of an SiQ tetrahedron oh, of an SiSj  ond loffe-Regel crossover is evident at a higher frequency
tetrahedron, respectively, are the limiting distances: (v*=6 THz), which corresponds to the onset of a random-
=4dg.o/3=2.1 A andh,=4.1 A (see Ref. 28 Thus this phase regime in which SiO(or SiSj,) tetrahedra vibrate
second loffe-Regel limit marks the onset of the random-incoherently and the width of the spectral density of the
phase-approximation regime, in which the vibrations of dif-modes becomes comparable to its maximum véibe fre-
ferent SiQ and/or SiSj tetrahedra are uncorrelated. It is quency range of the vibrational density of statest this
significant that the spectral density of longitudinal modeslimit, the mean free path attains its minimum value, compa-
starts to reach its maximum width, limited by the frequencyrable to the interatomic spacing.

VII. CONCLUSIONS
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