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Experimental study of scaling laws for the complex susceptibility of type-II superconductors

O. F. de Lima and C. A. Cardoso
Instituto de Fı´sica ‘‘Gleb Wataghin,’’ UNICAMP, 13083-970 Campinas—SP, Brazil

~Received 17 May 1999; revised manuscript received 15 November 1999!

Measurements of the nonlinear complex susceptibilityx, taken as a function of amplitudeh and frequency
n of the ac field, can collapse into a single universal curve if they are plotted against the scaling variable
hJ(n re f)/J(n), whereJ is a shielding current density andn re f is an arbitrary reference frequency. In this work
we presentx(h,n) data for a large range of amplitudes and frequencies, measured in two Nb samples~one
single crystal and one polycrystal! and one melt-textured YBa2Cu3O72d sample. The predicted scaling relation
is verified for several sets of data taken at different temperatures belowTc and applied magnetic fields well
above the first critical fieldHc1. Data taken closer toTc revealed a useful scaling applied directly to the critical
current density, evaluated from the peak positions of the imaginary componentx9. The occurrence of different
regimes of collective vortex creep is also discussed for the YBa2Cu3O72d sample.
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I. INTRODUCTION

The ac susceptibility technique has been widely used
study superconducting materials1. Its major advantage is its
experimental simplicity, low cost, and great sensitivi
However, quantitative analysis of ac susceptibility data u
recently has been somewhat limited and not reliable, du
the lack of theories that consider the actual sample and
geometries occurring in each experiment. Only geomet
where demagnetizing effects could be neglected, like infin
cylinders2 or slabs3 in parallel applied field, were considere
for a long time. Brandt4,5 has improved considerably thi
situation by presenting a detailed theory that gives pre
results, including flux creep effects, for several finite sam
geometries. From the current densityJ he computes the mag
netic field B inside and outside the sample, the magne
momentm, and the nonlinear and linear ac susceptibiliti
An interesting result appears when a periodic excitation fi
H(t)5h sin(vt) is considered in a strongly nonlinear regim
In this case, if one increases the frequencyv of the excita-
tion field by a factor off and its amplitudeh by a factor of
f1/s, wheres is related to the creep exponent, then the co
plex susceptibilityx(h,v) remains unchanged6 when nor-
malized to its ideally diamagnetic values forh→0 or v
→`. In this work we present a more general scaling
x(h,v) that arises when the scaling variableh/h* is used,
whereh* is a characteristic normalization field that depen
on sample geometry and on the underlying mechanism
the nonlinear response.7 In the Bean8 critical state model
~CSM! h* 5Jd, J being the screening current density andd
a slab half-thickness. It will be shown in Sec. V that in th
model Brandt’s scaling can be obtained by using
frequency-dependent shielding current, derived within
so-called logarithmic approximation.9 Our ideas are sup
ported by a large amount of ac susceptibility measureme
for low-critical-temperature (Tc) Nb samples~one single
crystal and one mechanically deformed polycrystal!, as well
as for a high-Tc YBa2Cu3O72d sample. Therefore, extrem
cases of type-II superconductors, displaying from low
high pinning strengths and from weak to strong flux cre
effects, were studied in relatively broad temperature~T! in-
PRB 610163-1829/2000/61~17!/11722~7!/$15.00
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tervals. Following, in Sec. II we review some basic ide
regarding the scaling law forx(h,v). In Sec. III the experi-
mental procedure and samples are described. In Sec. IV
experimental results are presented and discussed. Finall
Sec. V we summarize the main conclusions of this work.

II. SCALING LAW

Measurements of the complex susceptibilityxm(h,v)
5xm8 1 ixm9 (m51,2, . . . labels the various harmonics! re-
quire the application of an ac magnetic fieldH(t)
5h sin(vt) to the sample surface. This produces an elec
field gradient in the sample interior and induces a shield
current that exerts a Lorentz force on vortices, which
eventually distributed in the sample. Vortices can then
displaced, changing the distribution of magnetic inducti
B(r ,t) and current densityJ(r ,t). A linear response is char
acterized whenJ is proportional to the ac field. In this cas
the complex susceptibility is independent ofh and only its
fundamental harmonic is nonzero. Other dependences ofJ on
h lead to nonlinear responses, with an amplitude-depend
susceptibility and nonzero higher harmonicsxm .

In this paper only the fundamental susceptibility (m51)
will be considered; thus we definex(h,v)5x1(h,v). All
measured samples will be treated as infinite slabs of th
ness 2d, with the ac and dc magnetic fields applied paral
to their major length. In order to study the scaling law
measurements were taken mainly in a region of strong n
linear response, assumed to be caused mainly by bulk
ning. In this case, ifh is much smaller than a constant a
plied field Ha , the frequency-dependent current dens
J(v) will be almost constant10 over a surface shell of thick
nessx5(c/4p)@h/J(v)#, wherec is the velocity of light.
Generally speaking this means that whenx(h,v,T,Ha) is
measured, keepingv, T, andHa fixed, thenx andx become
dependent onh only. For h5hp ~full penetration field! the
oscillating flux front reaches the center of the sample; he
x5d and J(v)5(c/4p)(hp /d). This produces a maximum
in the imaginary partx9, making it very easy to findhp and
to evaluateJ(v). Notice that the ac penetration lengthx is
the same predicted by the Bean8 ~CSM!, but with the static
11 722 ©2000 The American Physical Society
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PRB 61 11 723EXPERIMENTAL STUDY OF SCALING LAWS FOR THE . . .
critical current densityJc replaced byJ(v), which incorpo-
rates the effect of flux creep.

For a partial penetration of the applied ac field (x<d or
h<hp), the fundamental harmonic of the complex susce
bility reads1,8

x~h,v!5S 211
ch

8pJ~v!dD1 i S ch

6p2J~v!d
D . ~1!

Therefore, provided that measurements are taken in a
ficiently nonlinear region where the CSM applies, one sho
expect a coincidence of thex(h,v) curves when plotted as
function of the scaling variableh/Jd.

III. SAMPLES AND EXPERIMENTAL DETAILS

The samples employed in this work were two high-pur
(.99.9%) Nb bars, both having the same dimensions
3133 mm3, and a melt-textured-grown YBa2Cu3O72d
~YBCO-MTG! cut into a parallelepiped shape having dime
sions 1.132.532.7 mm3.

The YBCO-MTG sample was characterized in previo
works11–13and hasTc591.8 K. It contains a dense array o
platelike grains with a typical cross section of 40
380 mm2 in the a-b plane of the orthorhombic structure
All grains are well-aligned along thec axis direction within
an angular spread around 2°. The measurements pres
here were made with the ac and dc magnetic fields applie
the direction parallel to the samplec axis.

One of the Nb bars is a single crystal14 having Tc
59.25 K and was cut from a long cylinder with 3.4 m
diameter oriented along the@110# direction. The other Nb ba
hasTc59.39 K and was cut from a mechanically deform
rod of polycrystalline material. Both bars were etched a
chemically polished in order to remove a shell abo
500 mm thick of damaged material, which has a mu
higher k ~Ginzburg-Landau factor! when compared to the
bulk value.15

All measurements were performed in a commercial PP
~Physical Properties Measurement System! made by the
Quantum Design Co. Several sets ofx measurements wer
taken as a function ofh ~0.1–17 Oe! for fixed frequenciesn
ranging from 50 Hz to 10 kHz. The data were normaliz
such that 4px8(h,v)521 whenh→0.1, corresponding to
the horizontal region for lower values ofh in the x3h
curves. Before taking eachx3h curve a magnetic fieldHa
@Hc1(T* ) was applied to the sample in the normal sta
(Hc1 is the lower critical field!. Following this, the sample
was then cooled down to the measuring temperatureT* . This
procedure aimed at establishing a fully penetrated flux
tribution in the entire sample.

IV. RESULTS AND DISCUSSION

In this paper we present results forHa5500 Oe only.
However, for the YBCO-MTG sample a fieldHa
55000 Oe was also tested, providing additional confirm
tion for the amplitude-frequency scaling law. In all figur
the dashed lines connecting experimental points are o
guides to the eyes. Fits to the data will be identified prope
when needed.
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Figure 1 shows 4px3T for all three samples. It helps to
identify the temperature window employed in each ca
from 8.05 K to 8.40 K for the Nb single crystal, from 8.30
to 8.60 K for the Nb polycrystal, and from 65 K to 90 K fo
the YBCO-MTG. Within these temperature intervalsx(h,v)
is sufficiently nonlinear, as required in the present stu
However, by approaching the lower-temperature limit
crossover to the linear regime is observed, especially
small amplitudes of the ac field. The limit at higher tempe
tures is very close to the maximum ofx9 where a melted or
depinned state of the vortices is expected to occur,10,16 mak-
ing pinning interactions irrelevant and leading to a line
response again.

Figure 2 provides experimental evidence for the stro
nonlinear response ofx, measured withn55000 Hz (v
52pn), between 85 K and 90 K, for sample YBCO-MTG
This figure demonstrates that the CSM applies quite wel
this data, following a test introduced by Civaleet al.17 Every
horizontal line~fixed value ofx8) corresponds to a constan
value of the ac penetration lengthx, according to Eq.~1!. On
the other hand,J(v) in this experiment is a function ofT
only, so every vertical line corresponds to a constant valu
J(v,T,Ha). Hence,J(P)5J(Q), whereP andQ are points
located at the crossing between the vertical line atT
'89 K and the x8 curves for h54 Oe (P) and h
52 Oe (Q). The neighbor pointR belongs to thex8 curve
for h58 Oe and has the same ac penetrationx as for point
P. Since the CSM establishes thatJc}h/x, we get Jc(R)
52Jc(P) because h(R)52h(P). Similarly, Jc(S)
52Jc(Q), where S and Q belong, respectively, to thex8
curves forh54 Oe and 2 Oe~see Fig. 2!. From the preced-
ing equalities we getJc(R)5Jc(S), implying that pointsR
and S should be at the sameT ~same vertical line!, as is
indeed verified experimentally. Therefore, the occurrence
several rectangles similar to PQSR represents a graph

FIG. 1. Complex susceptibility as a function of temperature
the YBCO-MTG sample and Nb samples~inset!. The experimental
parameters wereHa5500 Oe, h55 Oe, andn51000 Hz, re-
spectively, the constant applied field, amplitude of the excitat
field, and frequency. Vertical lines indicate the temperature wind
used for each sample: Nb single crystal~dotted line!, Nb polycrystal
~dashed line!, and YBCO-MTG~dot-dashed line!.
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proof of applicability of the CSM. Notice that this proof i
not precisely verified for the lowest valueh51 Oe, possibly
because this amplitude is approaching the crossover to a
ear response. We have also validated the graphical proo
the Nb polycrystal and single crystal~not shown here!, thus
making sure that the CSM applies to the nonlinear regime
all samples studied here. Actually it is a well-accepted f
that even for high-Tc superconductors the straight line a
proximation for the flux profiles works very well under a
ternating fields.3,10,17,18 For instance, Qin and Yao18 have
demonstrated this fact by numerically solving the flux cre
equation for the frequency range between 0.1 Hz and
kHz and found thatJ(v)5(c/4p)(hp /d) is a good approxi-
mation in the fully penetrated state.

To test the amplitude-frequency scaling law we have p
ted thex(h,n) data against a more convenient scaling va
able h̃5hJ(500)/J(n), instead of usingh̃5h/(Jd) as pro-
posed initially. Here,J(500) is a normalizing shielding
current for the arbitrary reference frequencyn re f5500 Hz.
The practical fitting operation consists of finding the app
priate multiplicative factorJ(500)/J(n) that transforms the
horizontal scaleh of each measured curvex8(h,n), in order
to superimpose it with the reference curvex8(h,500 Hz). In
all cases the imaginary componentx9(h,n) is expected to
collapse automatically into a single universal curve by us
the same fitted factorJ(500)/J(n). By this procedure the
frequency-dependent current densityJ(n) can be determined
after a careful evaluation ofJ(500), as will be done later in
this paper.

Figures 3, 4, and 5 show double-logarithmic plots
4px(h,n) as a function ofh̃ for the three measured sample
In order to span the vertical scale~left axis! close to 4px8
521 we have used the more appropriate variable 4px8
11. We see what appears to be a crossover from linea
nonlinear response ath̃'3 Oe for the Nb samples~Figs. 3
and 4! and h̃'0.9 Oe for the YBCO-MTG sample~Fig. 5!.
This observation applies for the frequency interval betwe

FIG. 2. Graphical test for the validity of the Bean critical sta
model in a strongly nonlinear regime of the complex susceptibil
for the YBCO-MTG sample~see text!. The inset gives a full view
of the real and imaginary parts ofx.
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100 Hz and 104 Hz. For h̃ above the crossover region a
x(h,n) data collapse very well into a single universal curv
validating the scaling law. This scaling clearly is not verifie
for h̃ below the crossover region, where the response
comes linear. In this lowh̃ region the as-measuredx curves
overlap very well for each sample as should be expected
linear regime. It is worth noticing that belowh̃'1 Oe dis-
persion of the data points increases due to a deterioratio
the signal-to-noise ratio. This happens particularly forn
,500 Hz, since the voltage signal induced on the measu
pickup coils gets close to the equipment sensitivity. It
interesting to notice also that in the nonlinear regime
curves shown in Figs. 3 –5 approach nicely to straight lin
with slopes around 1. Actually this is expected from a dou

,
FIG. 3. Complex susceptibility as a function of the scaled a

plitude, for the Nb single crystal atT58.25 K. The scaling factor
J(500)/J(n) is the ratio between the shielding current density
the reference frequencyn05500 Hz and a chosenn. This result is
typical for most of the central part of the temperature window d
fined in Fig. 1.

FIG. 4. Complex susceptibility as a function of the scaled a
plitude ~see caption of Fig. 3!, for the Nb polycrystal atT
58.4 K. This result is typical for most of the central part of th
temperature window defined in Fig. 1.
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logarithmic plot of Eq.~1!, which substantiates the validit
of the Bean CSM.

The measurements displayed in Figs. 3–5 are typical foT
in the central region of the temperature window as speci
in Fig. 1. For higherT ~see Figs. 6–8!, getting close to the
depining-melting line,16 the amplitude-frequency scaling
verified also, although thex9(h,n) curves do not collapse
very well around the peak region. Data scattering is parti
larly visible for sample YBCO-MTG~see Fig. 8!. A similar
anomalous increase in the peak heights ofx9, proportional to
h, was also reported without explanation by Fa`bregaet al.19

We suspect that whenn or h is increased in this region o
very intense flux creep20 ~especially for the YBCO-MTG
sample! self-heating effects caused by power loss21 P
}h2n1/2 become relevant. A slight increase of the sam
temperature, in the region below and near the peak ofx9,
thus promotes an increase ofx even for fixedn andh values.

FIG. 5. Complex susceptibility as a function of the scaled a
plitude ~see caption of Fig. 3!, for the YBCO-MTG sample atT
582 K. This result is typical for most of the central part of th
temperature window defined in Fig. 1.

FIG. 6. Complex susceptibility as a function of the scaled a
plitude ~see caption of Fig. 3!, for the Nb single crystal atT
58.4 K. This result is typical for the upper part of the temperat
window defined in Fig. 1.
d

-

e

Indeed, we have confirmed this fact by observing aT in-
crease of about 0.5 K measured with a thermometer loca
near the sample, while the system thermometer, placed;5
cm below the sample, was reading stable. Our equipmen
similar to most temperature variable systems, where
sample exchanges heat through a low pressure (;10 mtorr!
helium gas atmosphere, so temperature control gets wor
sample self-heating occurs.

A remarkable feature appearing in Figs. 6–8 is the prec
coincidence of thex9 peak positions, although the differen
x93h curves, in some cases, are far from collapsing int
single universal curve. It is worth stressing that the obser
coincidence ofx9 peak positions arises automatically whe
the fitting procedure is applied to the real componentx8. In
our view this result provides good evidence for t
amplitude-frequency scaling law applied directly to the cr
cal current density. This can be of great help in the char

-

-

e

FIG. 7. Complex susceptibility as a function of the scaled a
plitude ~see caption of Fig. 3!, for the Nb polycrystal atT
58.6 K. This result is typical for the upper part of the temperatu
window defined in Fig. 1.

FIG. 8. Complex susceptibility as a function of the scaled a
plitude ~see caption of Fig. 3!, for the YBCO-MTG sample atT
590 K. This result is typical for the upper part of the temperatu
window defined in Fig. 1.
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terization of materials for practical applications, when
currents and fields are involved.

Current density J„n… and creep exponentn„T,H …

If the absolute value ofJ(500) is evaluated, we then ge
immediatelyJ(n) for all measuredT, using the fitted values
J(500)/J(n) which are listed in the legends of Figs. 3–
These figures show experimental data for only two repres
tative temperatures for all samples. However, several o
temperatures were employed in this work to test the sca
law. The reference valuesJ(500) were evaluated for al
measured T using J(500)5(c/4p)(hp /d) @or J(500)
55hp /(2pd) in practical units of A/cm2], wherehp is the
amplitude of the ac field at the peak ofx9 for n5500 Hz.
Figures 9~a! and 9~b! showJ(n,T)3n, respectively, for the
Nb single crystal and Nb polycrystal. The solid lines rep
sent excellent linear fits to the experimental points; he
ln J(n,T)}ln(n). This latter relation confirms the formula22,23

J~n,T,H !5Jc~T,H !S n

n0
D 1/n

, ~2!

where n(T,H)5Uc(T,H)/kT is the creep exponent
Uc(T,H) is an activation energy,k is the Boltzmann con-
stant, andn0 is a normalizing frequency, interpreted by Fa`b-
rega et al. as an intrinsic attempt frequency of vorte
jumps.19,22 Equation~2! was derived from a general expre
sion J(n,T,H)5Jc(T,H)g$kT ln(n0 /n)/U% which incorpo-
rates a frequency dependence on the staticJc given by the
CSM.8 The function 0,g$y%,1 describes the effective re
duction of the critical current density during one period
the ac field, and depends on the regime of thermally a
vated flux motion. In the so-called logarithm
approximation9 U5Uc(T,H)ln(Jc /J), and22 g$y%5exp(2y),
thus leading to Eq.~2!.

According to Eq.~2! the slopes of the fitted straight line
in Fig. 9 ~for the Nb samples! and inset of Fig. 10~for the

FIG. 9. Double-logarithmic plot of the current densityJ as a
function of frequencyn of the ac field, forHa5500 Oe. The solid
lines represent linear fits consistent with the logarithmic approxim
tion for the activation energyU5Ucln(Jc /J) ~see text!.
c
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YBCO-MTG sample! give 1/n. The creep exponentn de-
creases, going from lower to higher temperatures, as sh
in Fig. 11 for all the three samples. Actually this indicat
the relevance of flux creep,4 such that for a smaller value o
n corresponds a higher creep rate.

A close inspection of Fig. 10 reveals a gradual deviat
of the linear fits ~dash-dotted lines! for the YBCO-MTG
data, asT increases. The double-logarithmic plot ofJ(n,T)
3n is shown in the inset, while the main plot show
J(n)/J(500)3n ~for T575 and 89 K! in order to magnify
the mentioned deviation. Much better fits, represented
solid lines in Fig. 10, were obtained using the followin
expression derived from the collective flux creep16,24 and
vortex-glass25 theories:

J~n,T,H !5Jc~T,H !F kT

Uc~T,H !
lnS n0

n D G21/m

, ~3!

wherem is a small positive factor that depends on the fl
creep regime.16 Here, g$y%5y21/m and U5Uc(J/Jc)2m;
thereforeJ(n,T,H)5Jc(T,H)g$y% leads to Eq.~3!.

In terms of the normalized current density, forT and H
constants, one gets

J~n!

J~500!
5F ln~n0 /n!

ln~n0/500!G
21/m

. ~4!

The best fits of this equation to the data were obtained us
free parameter valuesn0;43105 Hz and 0.8,m,1.3, as
shown in the inset of Fig. 11~b!. The values found forn0
corroborate the interpretation of this characteristic freque

-

FIG. 10. Double-logarithmic plot of the normalized current de
sity J(n)/J(500) as a function of frequencyn. This figure shows
better fits using Eq.~4! ~solid lines! than using Eq.~2! ~straight
dot-dashed lines!. The inset showsJ(n)3n for all measured tem-
peratures.



f

(
(

e
t

les
th
u

iv
n

y
u
za
o

ts

e-

ly
ple
v-

wn
of
G
e-
ed

the
all

test
cal

at
rved
-
gh

vi-
in

ine
O

nd
ere
ture
as-

sed
nst

a

m-

ame
of

nd
p-

-

l de

h
re
th

PRB 61 11 727EXPERIMENTAL STUDY OF SCALING LAWS FOR THE . . .
as a macroscopic and extrinsic quantity24,26 instead of a mi-
croscopic and intrinsic quantity, which would imply22 n0

;109 Hz. On the other hand, a monotonic decrease om
with T, similar to that shown in the inset of Fig. 11~b!, has
also been reported by Sunet al.27 in a study using YBCO-
MTG samples. Following the collective creep model,16 we
could say that whileT increases between;75 K and 90 K
the vortex system changes from a small bundle regimem
55/2), passing through an intermediate bundle regimem
51), reaching the large bundle regime (m57/9) at the high-
est T*89 K ~for Ha5500 Oe). The occurrence of thes
different regimes is expected to be consistently shifted
lower T values, for higher dc fieldsHa .16,27

The evolution from creep of small to large vortex bund
corresponds to progressively smaller shielding currents in
sample. Actually this can be observed through vertical c
of the curves in Figs. 9 and 10, which giveJ(T) for fixed n
andHa values. This type of analysis based on the collect
flux creep model is very interesting. However, it is importa
to be aware of the narrow time windowtw
51/n (;1022–1024 s) probed in our ac susceptibilit
measurements. This might not be compatible with us
studies that rely on long time relaxation of the magneti
tion. Therefore, more work is still needed in this area
vortex dynamics.

FIG. 11. The creep exponentn, for all samples, decreases wit
temperature consistently with an expected increase of vortex c
rate. The inset of~b! displays the temperature dependence of
fitting parametersm ~left axis! andn0 ~right axis! from Eq.~4! ~see
text!.
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V. CONCLUDING REMARKS

Although the creep exponentn(T,H) has proved to be a
very useful concept,4,28,29 one should be cautious about i
application. The best way of definingn is through a current-
voltage power lawE}Jn, used to describe the nonlinear r
lationship between electric fieldE and current densityJ.
However, this power law fits well to experimental data on
if an effective creep exponent is considered such that sam
inhomogeneity28,30and frequency effects are neglected or a
eraged. For instance, we have found6 that Brandt’s scaling4,5

h̃5h(n re f /n)1/s works well only for the low-Tc Nb samples,
where the frequency effect onn is negligible. In fact the
preceding equation is readily found, withs5n, if one com-
bines Eq.~2! with the scaling variableh̃5hJ(n re f)/J(n) in-
troduced in this paper. Then, the excellent linear fits sho
in Fig. 9 can be viewed as an equivalent verification
Brandt’s scaling for the Nb samples. For the YBCO-MT
sample~Fig. 10! frequency effects are clearly stronger, r
quiring a more general scaling law like the one introduc
here.

We have assumed in this paper that bulk pinning was
main cause for the nonlinear response observed in
samples. This assumption is supported by the graphical
depicted in Fig. 2, as well as by the almost symmetri
shape of the hystereticM vs H curves ~not shown here!.
However, for the YBCO-MTG sample it is also possible th
surface barrier effects could be the cause for the obse
nonlinear response.31,32In this case the vortex dynamic prop
erties discussed here for YBCO would not apply, althou
the scaling ofx would be preserved.

Concluding, in this work we presented experimental e
dence for a scaling law relating amplitude and frequency
the complex susceptibility, to both low- and high-Tc super-
conductors. One single crystalline and one polycrystall
samples of Nb, as well as one melt-textured-grown YBC
sample were measured under a constant fieldHa5500 Oe,
for amplitudes of the ac field between 0.1 and 17 Oe a
frequencies between 50 Hz and 10 kHz. Measurements w
taken at several temperatures, within appropriate tempera
windows, such that a strongly nonlinear response was
sured. For all samples the ac susceptibility data collap
very well into a single universal curve when plotted agai
the scaling variableh̃5hJ(n re f)/J(n), which is based on the
Bean critical state model. In particular, we have shown
direct scaling of the critical current densityJc , related to the
coincidence of the dissipative peaks in the imaginary co
ponent x9. We expect thatJc values determined by
transport-current measurements might also present the s
behavior, a result that could be of interest for the area
applications.
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