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Absorption intensity of the Q1„0…¿Q1„0… and Q1„0…¿Q2„0… double vibrational transitions
in solid parahydrogen

Robert J. Hinde
Department of Chemistry, University of Tennessee, Knoxville, Tennessee 37996-1600

~Received 17 August 1999!

We present a theoretical calculation of the integrated absorption intensities of theQ1(0)1Q1(0) and
Q1(0)1Q2(0) pure vibrational double transitions in solid parahydrogen which agrees well with recent ex-
perimental measurements by Mengel, Winnewisser, and Winnewisser. The infrared activity of these transitions
is found to arise from two- and three-body exchange- and dispersion-induced dipole moments.
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I. INTRODUCTION

Spectroscopists have long been interested in the infra
~IR! absorption spectrum of solid hydrogen.1,2 This interest
stems largely from the fact that the IR activity of solid h
drogen arises from intermolecular interactions; conseque
the IR spectrum of solid hydrogen constitutes an import
source of information about these interactions. In additi
solid hydrogen is unique among molecular solids in that
IR spectrum features discrete transitions corresponding
rovibrational transitions of gas phase hydrogen molecu
indicating that the rotational and vibrational quantum nu
bers of H2 remain ‘‘good’’ in the condensed phase.

Mengelet al.3,4 have recently identified IR absorption fe
tures in solid hydrogen corresponding to theQ1(0)
1Q1(0) andQ1(0)1Q2(0) double transitions, in which a
single photon excites the vibrational coordinates of two2
molecules simultaneously. They note that these transit
arise from ‘‘induction mechanisms that are not yet und
stood’’ and the IR activity of these transitions therefore ‘‘r
mains a fully unsolved question.’’4

Previous theoretical treatments5–7 of the IR activity of
solid H2 explain this activity in terms of the transition dipo
moment induced in the H2 crystal by the permanent electro
static multipoles of H2 molecules withj .0. What is puz-
zling about the transitions observed by Mengelet al. is that
these transitions do not involve rotationally excited states
H2; hence these electrostatic multipoles are absent. In
paper, we outline an induction mechanism which expla
the IR activity of these transitions in terms of isotrop
exchange- and dispersion-induced H2-H2 dipoles.

II. THEORY OF IR ACTIVITY IN SOLID
PARAHYDROGEN

We consider a hexagonal close packed~hcp! crystal of
pure parahydrogen (p-H2) in which the rotational quantum
number of each molecule isj 50. The transition between
crystal statesi and f is IR active only if the transition dipole
momentM i f 5^ i uM u f & is nonzero, whereM is the total di-
pole moment of thep-H2 crystal. In the pure vibrationa
double transitions considered here, no molecule in the cry
changes its rotational state. Consequently, in both the in
state and the final state of the crystal, each H2 molecule is
spherically symmetric, with electrostatic moments that
identically zero. HenceM contains no contributions from
dipoles induced by the quadrupolar electric field~or higher
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order fields! of individual H2 molecules. Instead,M repre-
sents the effects of isotropic exchange and dispersion in
actions between nearby H2 molecules. These interaction
cause small deformations of the molecules’ electron-den
distributions, and ultimately generate the transition dip
moment responsible for the IR activity of the double tran
tions considered here.

To illustrate these effects, we consider an isola
(p-H2)2 dimer in which both molecules havej 50. At large
H2-H2 distances, dispersion forces polarize the molecu
and cause a slight buildup of electron density in the reg
between the molecules. Conversely, when the H2 molecules
are close together, exchange forces shift electron density
of the region between the molecules. Neither of these effe
can generate an overall dipole moment if the twop-H2 mol-
ecules have the same vibrational quantum number; howe
if the two molecules are in different vibrational states, t
(p-H2)2 dimer acquires a nonzero dipole moment. This a
counts for the absorption features in the gas phase IR s
trum of (p-H2)2 which correlate with theQ1(0) andQ2(0)
vibrational transitions of free H2.8

In the present work, we assume that the total dipole m
ment of thep-H2 crystal can be written as the sum of two
body and three-body contributions:

M5(
i , j

S M i j 1 (
kÞ i , j

M i j ,kD . ~1!

The pair dipoleM i j arises from the exchange and dispersi
induction mechanisms described above. The irreduc
three-body termM i j ,k represents the dipole induced in H2
moleculek by the exchange- and dispersion-induced dip
moment of the nearby pair (i , j ) of H2 molecules, and has th
form9

M i j ,k5ak@3~M i j •Ri j ,k!Ri j ,k /Ri j ,k
5 2M i j /Ri j ,k

3 #, ~2!

where ak is the isotropic polarizability of moleculek and
Ri j ,k is the vector directed from the midpoint of the (i , j ) pair
to moleculek.

In the double vibrational transitions considered here,
initial and final states of thep-H2 crystal differ in the vibra-
tional wave functions of two neighboring H2 molecules,
which we will call molecules 1 and 2. We will use the not
tion uv1 ,v2& to denote the state of the crystal in which the
molecules have respective vibrational quantum numbersv1
and v2. Terms in M which do not depend on the bon
11 451 ©2000 The American Physical Society
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11 452 PRB 61ROBERT J. HINDE
lengths of molecules 1 and 2 cannot contribute toM i f
5^0,0uM uv1 ,v2&; therefore the only portion of Eq.~1!
which is relevant for the transitions considered here is

M (1,2)5M121 (
kÞ1,2

~M12,k1M1k,21M2k,1!. ~3!

BecauseM i j falls off rapidly with increasing distance,10 we
simplify Eq. ~3! further by making the assumption thatM i j
5M i j ,k50 unless moleculesi and j are nearest neighbors
Inserting Eq.~2! into Eq. ~3! shows that the evaluation o
M i f 5^0,0uM (1,2)uv1 ,v2& for a rigid H2 crystal lattice can be
reduced to the computation of various H2 vibrational matrix
elements ofM i j andak .

Expressions forM i j andM i j ,k have been reported for th
long-range limit in which only dispersion mechanisms a
active and exchange contributions can be neglected.11,12

However, exchange interactions are not negligible for t
H2 molecules separated by 7.16a0 ~the equilibrium nearest
neighbor distance in solid H2). Estimates for the exchang
contribution toM i j andM i j ,k can be obtained from empirica
models,9,13 but these models have not yet been calibrated
transitions involving thev52 level of H2. We have there-
fore chosen to evaluateM (1,2) from ab initio quantum chemi-
cal calculations14 which include both dispersion and ex
change effects. These calculations are performed u
augmented correlation-consistent triple zeta atomic basis
and a coupled cluster treatment of electron correlation
cluding single and double excitations and a noniterat
treatment of triple excitations.

Specifically, we hold two H2 molecules at a fixed inter
molecular distanceR and compute the dipole momentm
along the H2-H2 bond for several different orientations of th
H2 molecules and at selected H2 bond lengths (r i ,r j ) be-
tween 1.0a0 and 2.2a0. Angular quadrature over the H2
orientational degrees of freedom yields the dipole momen
a pair of j 50 H2 molecules separated by the distanceR and
at our selected (r i ,r j ) values. These results are then fit
polynomials in r i and r j to facilitate integration over the
vibrational wave functions of the H2 molecules:

m~r i ,r j !5(
n,p

cn,p~r i1r j !
n~r i2r j !

p. ~4!

These calculations were performed atR56.5 a0 , 7 a0, and
7.16a0.

III. RESULTS AND DISCUSSION

Equipped with theseab initio results, we evaluate th
transition dipole momentM i f by direct summation over the
rigid hcp H2 lattice, using Eqs.~2! and ~3! and the H2-H2
dipole moments of Eq.~4! calculated atR57.16a0. The
integrated absorption coefficients per H2-H2 pair for the
double vibrational transitions considered here can be c
puted fromM i f as ãpair5puM i f u2/3\e0. The values we ob-
tain for in-plane H2-H2 pairs, in which both H2 molecules
reside in the same hcp crystal plane, are

Q1~0!1Q1~0!: ãpair53.03310221 cm3/s,
o

r

ng
ets
-
e

f

-

Q1~0!1Q2~0!: ãpair52.05310221 cm3/s.

For the Q1(0)1Q2(0) transition, the sameãpair value is
obtained for out-of-plane pairs in which the two H2 mol-
ecules reside in adjacent hcp crystal planes. For theQ1(0)
1Q1(0) transition,ãpair50 for out-of-plane pairs becaus
the hcp lattice has inversion symmetry about the point m
way between the two molecules forming such a pair.

Integrated absorption coefficients per H2 molecule are
readily obtained fromãpair asã5gãpair, whereg is a factor
relating the number of unique nearest-neighbor H2-H2 pairs
in the crystal to the number of individual H2 molecules. Be-
cause each molecule in the hcp lattice has twelve nea
neighbors, ordinarilyg512/256; the factor 1/2 prevents
‘‘double counting’’ of H2-H2 pairs. However, because onl
in-plane pairs contribute to the absorption coefficient of
Q1(0)1Q1(0) transition,g53 for this transition. Further-
more, the factor 1/2 must beomitted from g for the Q1(0)
1Q2(0) transition because the final vibrational statesuv1
51,v252& and uv152,v251& are distinct; thereforeg512
for this transition.

Consequently, the integrated absorption coefficients
H2 molecule predicted by our model for a rigid hcp H2 lat-
tice are

Q1~0!1Q1~0!: ã59.09310221 cm3/s,

Q1~0!1Q2~0!: ã52.46310220 cm3/s.

The corresponding experimental integrated absorption c
ficients are3,4

Q1~0!1Q1~0!: ã51.860.4310219 cm3/s,

Q1~0!1Q2~0!: ã59.360.9310219 cm3/s.

Our computed absorption coefficients are not in particula
good agreement with the experimental measurements.
though our model does predict~in accord with experiment!
that theQ1(0)1Q2(0) transition is substantially more in
tense than theQ1(0)1Q1(0) transition, our calculated ab
sorption coefficients are more than an order of magnitu
smaller than the observed values.

As we will demonstrate shortly, this discrepancy seems
arise from our assumption that the hcp H2 crystal lattice is
rigid. It is well established that individual molecules in sol
H2 undergo extensive zero-point motion; even in the lim
T→0 K, the root mean-square displacement of a given m
ecule from its nominal lattice site is about 18% of th
nearest-neighbor distance of 7.16a0.15 To properly account
for this zero-point motion, we must average the transit
dipole momentM i f over the many-body wave function o
the solid H2 crystal.

Such a task is rather daunting. Fortunately, we can
cover most of the effects of lattice nonrigidity by examinin
how the induced H2-H2 dipole momentsM i j change due to
lattice zero-point motion. Equations~2! and~3! show that the
transition dipole momentM i f is a function of M i j and
M i j /Ri j ,k

3 . BecauseM i j depends strongly on the distanc
between moleculesi and j,10 it is reasonable to expect tha
the average ofM i j over the zero-point motion of the lattic
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may differ substantially from the value ofM i j evaluated at
the nearest-neighbor distance of 7.16a0. On the other hand
previous theoretical studies16,17 of solid H2 show that the
value of 1/Ri j ,k

3 averaged over the H2 lattice zero-point mo-
tion is almost identical to its value for a rigid hcp lattice.

We have therefore recomputed the integrated absorp
coefficients for theQ1(0)1Q1(0) andQ1(0)1Q2(0) tran-
sitions by simply replacing the induced dipole momentsM i j
appearing in Eqs.~2! and~3! with their ‘‘renormalized’’ av-
erages over the nearest-neighbor two-particle distribu
function of solid H2 at T50 K. This distribution function
was obtained from a variational quantum Monte Carlo sim
lation of 180 hcp H2 molecules using periodic boundary co
ditions and the approximate wave function described in R
18. The H2-H2 induced dipole moment matrix elements we
assumed to depend on the intermolecular distanceR as
m(R)5m0 exp(2bR), and the parametersm0 and b were
computed by fitting theab initio dipole moment calculations
at R56.5 a0 and 7a0. @Our choice of this functional form
was motivated by Ref. 10; adding a long-range inve
power contribution tom(R) does not significantly chang
our results.#

Using the renormalized induced dipole moments in E
~2! and ~3!, summation over the hcp crystal lattice giv
integrated absorption coefficients per H2 molecule of

Q1~0!1Q1~0!: ã53.460.1310220 cm3/s,

Q1~0!1Q2~0!: ã51.160.1310218 cm3/s.

The absorption coefficient computed for theQ1(0)1Q2(0)
transition is in almost quantitative agreement with expe
ment, while the theoretical absorption coefficient for t
Q1(0)1Q1(0) transition agrees with experiment to within
factor of five.~The cited uncertainties inã reflect statistical
uncertainties in our variational quantum Monte Carlo cal
lation of the renormalized transition dipole matrix element!

The remaining discrepancy between theory and exp
ment could originate in our omission of induced H2-H2
quadrupole moments, which are thought to play a role in
three-body collision-induced IR spectrum of gaseous H2.13

Presumably the inclusion of induced quadrupole mome
would affect the integrated absorption coefficient of t
Q1(0)1Q1(0) transition more strongly, as the ‘‘pure two
ev

ol.

ao
n

n

-

f.

e

.

-

-

i-

e

ts

body’’ term M12 for this transition is identically zero and thi
transition therefore acquires its intensity solely from thre
body effects.

In summary, we have presented a model which accou
for the IR activity of the Q1(0)1Q1(0) and Q1(0)
1Q2(0) pure vibrational double transitions observed
solid H2 by Mengelet al.3,4 The IR activity of these transi-
tions arises from isotropic dipole induction mechanism
Theoretical analyses of the IR activity of solid H2 generally
ignore these induction mechanisms, because the dipole
duced by the permanent electrostatic multipoles of H2 are
usually much larger than those induced by isotropic
change and dispersion forces. However, in purej 50 parahy-
drogen, and in parahydrogen doped with spheri
impurities,19 such multipoles are absent and these weak
tropic induction mechanisms provide the only way to indu
IR activity in the solid. As we have seen, the extensive ze
point motion of the H2 crystal lattice can make these induce
moments larger than might otherwise be expected.

Our ab initio calculations provide enough data for us
estimate the absorption coefficient of theQ2(0)1Q2(0)
double transition atã'6310225 cm3/s, which is probably
too weak to be observed. TheQ1(0)1Q3(0) double transi-
tion may be stronger, although ourab initio calculations do
not cover the range of H2 bond lengths needed to give
quantitative estimate of the intensity of this transition. F
nally, we note that a polarization study of theQ1(0)
1Q1(0) transition should prove interesting, as our mod
predicts that the transition dipole moment for this transiti
is perpendicular to thec axis of the H2 hcp crystal.
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