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Microscopic processes in dielectrics under irradiation by subpicosecond laser pulses
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Transparent solids may show strong absorption when irradiated by a high-intensity laser pulse. Such laser
induced breakdown is due to the formation of a free-electron gas. We investigate theoretically the role of
ionization processes in a defect-free crystal, including in our model two competing processes: strong-electric-
field ionization and electron impact ionization. Free-electron heating is described in terms of electron-phonon-
photon collisions. Relaxation of the free electron gas occurs through electron-electron collisions and electron-
phonon collisions. The latter are also responsible for energy transfer from the free-electron gas to the phonon
gas. We solve numerically a system of time dependent Boltzmann equations, where each considered process is
included by its corresponding collision integral. Our results show formation, excitation, and relaxation of the
electron gas in the conduction band. We find that strong-electric-field ionization is mainly responsible for
free-electron generation. No avalanche occurs at femtosecond laser irradiation. The electron density and the
internal energies of the subsystems are calculated. Critical fluences obtained using various criteria for damage
threshold are in good agreement with recent experiments.
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I. INTRODUCTION

Interaction of solids with ultrashort laser pulses involve
number of microscopic processes. When transparent so
are irradiated with laser intensities above a certain thresh
strong absorption of the laser energy occurs, known as la
induced breakdown.1–10 The microscopic processes whic
cause this change of an initially transparent material to
absorbing solid with metallic behavior act on femtoseco
time scales. Laser pulses with a duration of only a few t
of femtoseconds provide new possibilities to investig
these processes.4–9

The mechanisms which lead to breakdown in dielectr
can be divided into extrinsic and intrinsic mechanisms.2,3,10

Extrinsic breakdown is caused by defects and impurities
the material, where local absorption is much higher tha
would be in a pure material. Intrinsic breakdown is a proc
which is characteristic of the material itself as a monocrys
dielectric without defects. In our work we consider only i
trinsic processes, thereby clarifying the role of breakdo
mechanisms like multiphoton ionization and electron a
lanche. Ionization processes may lead to a rather high f
electron density, which fact can explain the metal-like b
havior of dielectrics under ultrashort laser pulse irradiat
found by many authors.1–7,11 The processes responsible f
the formation of a free-electron gas are illustrated in Fig.

Multiphoton ionization is an effect of a strong electr
field. In very high electric laser fields, also tunnel ionizati
may occur.2–4,12,13 Both processes shift electrons from th
valence band to the conduction band with help of the elec
laser field, hence we call them strong-electric-field ioniz
tion. In contrast, impact ionization may be effected by
PRB 610163-1829/2000/61~17!/11437~14!/$15.00
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existing free electron in the conduction band. If its kine
energy is sufficiently large, it may transfer part of it to a
electron in the valence band, thus enable it to overcome
ionization potential.1–4,7,14–19

The effect of all ionization processes results in the form
tion of a free electron gas, leading to metallic behavior
even a wide-band-gap material. The strong-electric-field i
ization and impact ionization, which may lead to an av
lanche, are two competing processes. Several theoretica
experimental investigations have already been carried ou
clarify the role of these processes.2–4,7,15,16A common as-

FIG. 1. Processes for generation of free electron gas.
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sumption is that strong-electric-field ionization leads to a f
starting electrons whereas an avalanche produced by im
ionization is responsible for the breakdown.1–4,14,16 How-
ever, for subpicosecond lasers it is proposed that stro
electric-field ionization becomes more important than imp
ionization, although the latter may constitute a significa
quantitative modification.2,3,7,15,16

In the following Sec. II we present our theoretical mod
and its application to dielectrics. The collision processes
the corresponding matrix elements are described in Sec
Results for SiO2 are presented in Sec. V. We show the d
tribution function of the laser-induced free electron gas a
phonon gas and their perturbations due to laser irradiat
The roles of strong-electric-field ionization and impact io
ization are investigated. Furthermore, we calculate the
ergy density stored in the free electron gas and phonon
as well as the total absorbed energy amount in the cry
Using various criteria for crystal damage, we calcula
threshold fluences which are in good agreement with rec
experiments.

II. MAIN ASSUMPTIONS

A. Microscopical processes in dielectrics

To investigate the correlation and interplay of collisio
processes in dielectrics irradiated with subpicosecond l
pulses, we choose a transport theoretical approach bec
the initial thermal equilibrium of the electron and phonon g
is strongly perturbed through interaction with the laser pu
We use Boltzmann’s equation to describe the interaction
electrons and phonons with the laser beam and among
other, taking microscopic collision processes into account
contrast to averaged phenomenological descriptions,
model accounts for the dependence of the collision proba
ity on each particular particle’s energy. Each considered
lision process is included as a collisional term in the Bol
mann equation. For the absorption of a laser pulse b
dielectric material, a free electron gas has to be crea
first. We consider the formation of free electrons
the kinetic description, including strong-electric-fie
ionization3,7,12,13,15,16and impact ionization, which may lea
to an avalanche,3,7,14–17,20–24by appropriate collision inte-
grals. The free-electron kinetic energy of the electron ga
the conduction band increases by absorbing photons
electron-phonon-photon collisions.18,25 These collisions lead
to a high excitation of the free electron gas, far from therm
equilibrium. Electron-electron collisions and electro
phonon collisions, in turn, work towards thermal equilibriu
within the electron gas at higher temperature. Furtherm
energy is transferred to the phonon gas by electron-pho
collisions, resulting in a diminished free-electron kinetic e
ergy.

Recently, Stuartet al.7,8,26 investigated the breakdown i
dielectrics by short-pulse laser irradiation in a kinetic a
proach using a Fokker-Planck equation. There are fur
works in which diffusion equations were used.15,18,19In our
approach, we focus the investigation on the femtosecond
gime, therefore we consider all collision processes mic
scopically using matrix elements for transition probabil
which are derived by quantum-mechanical first order pe
bation theory. We prefer to use complete collision integr
act
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of Boltzmann equation rather than a diffusion equation
avoid any phenomenological parameter in our calculati
We consider this approach as necessary, since we expec
the free-electron distribution function does neither keep
shape nor is stationary but instead shows a highly non-lin
dynamical behavior.

In our model, we consider three phonon modes, each
them is described by a Boltzmann equation. The coupl
between free-electron gas and phonon gas and the lase
sorption by free electrons is treated in terms of appropr
collision integrals, thus obtaining a system of coupled Bol
mann equations. A spatially uniform electric laser field
assumed, which is justified in dielectrics with a large pe
etration depth. We assume irradiation of a perfect crys
without lattice deformation or ablation during the pulse.

B. Crystal

We assume a perfect homogeneous and isotropic cry
without defects. No defects should be created during
after the laser pulse. Actually, defect creation by elect
recombination after short times has been reported,2,3,9 how-
ever the microscopical description of this process is still o
rudimentarily developed. Since we focus on short time ex
tation dynamics, we do not consider any recombination p
cess here.

The laser beam should penetrate nearly homogeneo
into the crystal. Therefore we neglect spatial dependenc
the problem and, in particular, we do not consider transp

With these assumptions, the occupation numbersf of elec-
trons andg of phonons depend only on time and momentu

C. Electrons

We assume parabolic energy dispersion of electrons in
conduction and in valence band. The effective masses in
conduction bandm! and in the valence bandmv

! , respec-
tively, are both assumed to be equal to the free elect
mass.

The Fermi level is supposed to be located at the cente
the bandgapD which, for a-quartz (a-SiO2), is assumed to
be D59 eV.7,20,21 Because free electrons oscillate in th
electric laser field, the corresponding oscillation energy
to be provided in addition to the bandgap when an electro
to be shifted from the valence band into the conduction ba
Thus we assume an effective ionization potentialD̃ which
reads12

D̃5D1
e2EL

2

4mreduV
2

, ~1!

whereD is the bandgap,V andEL the frequency and ampli
tude of electric laser field, respectively, and 1/mredu51/m!

11/mv
! is the reduced effective mass. The second term in

sum accounts for the oscillation energy of the electron du
the electric laser field.

D. Phonons

In our model electrons interact only with longitudin
phonons~see below!. As we do not consider heat conductio
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we expect phonon-phonon collisions to be unimportant
ultrashort time scales. Therefore, we can neglect transve
phonon modes.

Acoustical phonons are described by Debye’s model w
sound velocityvs55935 m/s for SiO2 and Debye’s wave
vector qDebye52.3531010 m21.16,27,28 Optical phonons are
described by Einstein’s model assuming the edge of B
louin’s zone coincident with Debye’s wave vector.27 In SiO2
there are two optical modes; for the first we assume an
ergy of 63 meV and for the second an energy of 1
meV.16,20,29 If the model is applied for ionic crystals, als
polar modes have to be taken into account.20,22 We consider
only normal processes—umklapp processes are neglect

III. MATHEMATICAL DESCRIPTION

Since we neglect spatial dependence of wave vectors
polarization and consider no spatial transport in our mod
the system of Boltzmann equations depends only on time
energy of electrons and phonons. Therefore, the left h
side of the Boltzmann equations for the occupation numb
contains only a time derivative.

We calculate the time evolution of the occupation num
of free electrons in the conduction band and of the occu
tion number of each phonon mode. For electrons in the
lence band we assume a constant occupation number, w
means that the valence band is always completely filled. F
thermore we neglect electron spin-spin interaction, there
we need only one equation for the electron occupation n
ber.

The collision term for the electron occupation numbef
consists of individual expressions for each considered p
cess. In our model we include electron-electron~e-e! and
electron-phonon~e-ph! interactions, phonon-assisted phot
absorption ~e-ph-pt!, strong-electric-field ionization~sefi!
and electron impact ionization~imp!.

For phonons, we consider several modes of acoustical
optical phonons using one Boltzmann equation for occu
tion numbergb of each modeb. Because phonon-phono
interaction is neglected, the Boltzmann equation for phon
contains only collision terms of phonon-electron interact
and phonon-electron-photon interaction. Although phon
do not directly absorb energy from the laser, they are in
rectly affected by irradiation due to their interaction wi
photon-absorbing electrons.

The Boltzmann equations represent a system of coup
nonlinear, time dependent integro-differential equatio
which read

S ]

]t D f ~k,t !5S ] f ~k,t !

]t D
e-e

1S ] f ~k,t !

]t D
e-ph

1S ] f ~k,t !

]t D
e-ph-pt

1S ] f ~k,t !

]t D
imp

1S ] f ~k,t !

]t D
sefi

, ~2!

S ]

]t Dgb~q,t !5S ]gb~q,t !

]t D
ph-e

1S ]gb~q,t !

]t D
ph-e-pt

. ~3!

Before irradiation, electrons are assumed to obey a Fe
Dirac distribution, while phonons obey a Bose-Einstein d
t
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tribution, both at room temperature. In the following we d
scribe the approach for each considered process separa

A. Electron-electron collisions

Electron-electron interaction is a relaxation process wh
works towards thermal equilibrium within the free-electro
gas.

The interaction is described by a screened Coulomb
tential which results in a matrix element22–24

uMe-e~k,k2 ;k1 ,k3!u2ªu^ck,ck2uVe-euck1 ,ck3&u2

5S e2

«0V

1

~k22k3!21q0
2D 2

dk1k2 ,k11k3
.

~4!

Herek andk2 are the wave vectors of two electrons b
fore collision, andk22k35k12k is their exchanged momen
tum. We assume the inverse screening lengthq0 equal to
Debye’s screening length, given by

q0
25

e2n

«0kBTe
, ~5!

wheren is the free electron density andTe is the temperature
of the electron gas. The free electron density can be de
mined self-consistently during our calculation. For the te
peratureTe we choose a constant value of 5000 K. Since
electron gas is strongly disturbed and not in equilibrium,
concept of temperature is not strictly valid. However, for t
calculation of the screening length this is of minor impo
tance, because the variation of electron density affects
screening dynamics much stronger. Here we want to p
out thatTe is the only nonmaterial parameter in our mod
but this can be avoided if the expression from Binderet al.30

is used forq0.
Because we assume a crystal which is homogeneou

space and isotropic with respect to momentum, the collis
integral22–24,31,32 may be reduced from six dimensions
two32,33 which reads, in terms of energy variables

S ] f ~«!

]t D
e-e

5
1

\4 S m!

2p\ D 3S e2

«0
D 2 1

k E$«11«3>«%
d«1d«3

3@ f ~«1! f ~«3!„12 f ~«!…„12 f ~«2!…

2 f ~«! f ~«2!„12 f ~«1!…~12 f ~«3!!#

3E
K

dk

~k21q0
2!2

, ~6!

with «25«11«32«, where« i is the kinetic energy of an
electron with wave numberkiªk(« i)5A2m!« i /\2. The last
integral over the integration regionK can be solved analyti-
cally. K is given by

K5@ uk2k3u,k1k3!ù~ uk12k2u,k11k2#,

and follows from conservation of energy and momentum



igh
a
a
o

id-

e
iza
n-
n

ed

a

n

to

t
tw
at
c

au-

uch
t
te-
y

on-
d

.
lue

that
n.
col-
e
of

11 440 PRB 61A. KAISER, B. RETHFELD, M. VICANEK, AND G. SIMON
B. Electron impact ionization

Impact ionization takes place by free electrons of h
kinetic energy, which may transfer sufficient energy to v
lence electrons to overcome the ionization potential. Imp
ionization leads to an increased electron density in the c
duction band.

For this process a minimum kinetic energy of the coll
ing free electron is needed to fulfill energyand momentum
conservation. This critical energy reads17,23,32

«c5
112m

11m
D̃ with m5

m!

mv
!

. ~7!

In the case ofm! and mv
! being both equal to the fre

electron mass, the critical energy is higher than the ion
tion potential by a factor of 1.5. Including momentum co
servation, our model leads to a higher critical energy a
therefore a lower probability for impact ionization compar
to other approaches.7,16

A common treatment for impact ionization is the applic
tion of the so-called Keldysh’s impact ionization formula

Wimp~«!5P•„~«2«c!/«c…
2, ~8!

whereP is constant. This expression gives the impact io
ization for a free electron with kinetic energy« above the
critical energy«c shifting an electron from valence band in
conduction band.16,17,23,26In the derivation of Eq.~8! it was
assumed that the excess kinetic energy«2«c is small
(!«c).

17 When applying Eq.~8! it is usually assumed tha
the excess kinetic energy is equally divided between the
resulting electrons.16,26 Our calculations show, however, th
the resulting electrons can have different energies. This
s

en
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ct
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-

d
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o

an

become important at high free electron densities when P
li’s principle influences the probability of the process.

Therefore we avoid applying the approximation~8!,
moreover, in our calculations we consider electrons at m
higher energies«2«c'«c . Thus we implement the impac
ionization process in term of a corresponding collision in
gral. The matrix element for impact ionization is given b
the product of the matrix element for screened electr
electron interaction and the probability for a ban
transition:22–24

uMimp~k,k2 ;k1 ,k3!u2ªu^ck,ck2uVe-euck1 ,vk3&u2

5uMe-e~k,k2 ;k1 ,k3!u2•uI ~k2 ,k3!u2,

~9!

whereuI (k2 ,k3)u is the overlap integral which follows from
p•k theory andf-sum rule,23

uI ~k2 ,k3!u25
\2

2D̃
S 1

m
1

1

mv
!D uk22k3u2. ~10!

Here,m is the free electron mass.
Using this matrix element, it is possible23 to calculate the

constantP of Keldysh’s impact ionization formula~8! for
«'«c resulting toP521.2 fs21 for our material parameters
This value is more than one magnitude larger than the va
of 1.5 fs21 chosen by other authors.16,26 Thus, compared
with the results of Refs. 16 and 26, it has to be expected
our collision integral yields much stronger impact ionizatio

With the same assumption as for the electron-electron
lisions, the collision integral of the impact ionization may b
reduced from six to two dimensions and reads, in terms
energy variables32
S ] f ~«!

]t D
imp

5
1

~2p\!3 S e2

«0
D 2 \2

2D̃
S mv

!

m
11D S m!

\2 D 2
1

k H E
$«12«2«2>D̃%

d«1d«2 @ f ~«1! f v~«3
a!„12 f ~«!…„12 f ~«2!…#

3S EKa

dk
k2

~k21q0
2!2

1E
K b

dk
k2

~k21q0
2!2D 2E

$«2«12«2>D̃%
d«1d«2@ f ~«! f v~«3

c!„12 f ~«1!…„12 f ~«2!…#

3E
Kc

dk
k2

~k21q0
2!2J , ~11!
ce
gain

ty,
ec-
is

ap-
to
pa-
where the kinetic electron energies«3
a5mv

!/m!(«12«2«2

2D̃) and «3
c5mv

!/m!(«2«12«22D̃) follow from energy
conservation. The electron wave numbers are given byki

ªk(« i)5A2m!« i /\2. Again, the integrals over the region
Ka ,Kb ,Kc can be solved analytically, whereKa ,Kb ,Kc are
boundary conditions which result from energy and mom
tum conservation and read

Kaª@ uk12ku,k11k!ù~ uk22k3
au,k21k3

a#,

Kbª@ uk3
a2ku,k3

a1k!ù~ uk12k2u,k11k2#,

Kcª@ uk12ku,k11k!ù~ uk22k3
cu,k21k3

c#.
-

C. Strong-electric-field ionization

In strong electric laser fields, an electron in the valen
band may absorb several photons in one step and so
enough energy to overcome the ionization potential.2,3,12,13

This process is called multiphoton ionization; its probabili
of course, increases with laser intensity. For very high el
tric laser fields, the potential well formed by the band gap
distorted and photo-induced tunneling may occur.

Keldysh examined strong-electric-field ionization,12 and
obtained a general expression for the ionization rate and
proximate expressions for both limiting cases. A criterion
decide between either of the processes is given by the
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rameterg, which involves the ratio of laser frequencyV and
electric laser fieldEL :

g5
VAmreduD

eEL
. ~12!

For comparably low electric fields and high laser frequenc
(g@1), the case of multiphoton ionization is given, and t
ionization rate can be approximated by12

Ẇmultpt5
2

9p
VS mreduV

\ D 3/2

f„
A2l sefi2~2D̃/\V!…

3 expH 2l sefiS 12
1

4g2D J S 1

16g2D l sefi

, ~13!

wheref denotes Dawson’s integral andl sefi5 bD̃/\V11c is
the order of multiphoton ionization which is the largest in
ger belowD̃/\V11.

For high electric fields and low laser frequencies (g!1)
the opposite case of photo-induced tunneling is represen
Keldysh obtained an approximation for the ionization rate

Ẇpttunnel5
2

9p2

D

\ S mreduD

\2 D 3/2S \V

Dg D 5/2

3expH 2
p

2

Dg

\V S 12
g2

8 D J . ~14!

In this work we consider a wide range of electric las
fields and thus bothg@1 andg!1. For the transition be-
tween multiphoton ionization and photoinduced tunnel
we apply a weighted linear combination ofẆmultpt and
Ẇpttunnel.

Figure 2 shows both ionization rates for multiphoton io
ization ~13! and photo-induced tunneling~14! as functions of

FIG. 2. Rates for strong-electric-field ionization~sefi! according
to Keldysh~1965!. Parameters for 500 nm laser beam on SiO2 were
used. At low electric laser fields, multiphoton ionization occu
while at high electric fields, photon induced tunneling is obtain
~The curves in the respectively other region of electric laser fi
are only for illustration.! We choose a smooth transition for th

strong-electric-field ionization rateẆsefi, represented by the solid
line.
s

-

d.
s

r

-

the electric laser field for a laser with a wavelength of 5
nm and material parameters of SiO2. Expression~13! is valid
for laser fields below 50 MV/cm; Eq.~14! can be used for
laser fields above approximately 200 MV/cm. Note that o
side the regions of validity, unphysical results are obtain
for example the rate of photoinduced tunneling tends to
finity. The steps seen in the curve representing multipho
ionization rate do have physical reasons and can be
plained by the increase of ionization potential leading to
higher order of multiphoton ionization. We use a smoo
transitionẆsefi between both approximations which is show
by the solid line in Fig. 2.

We use a separate collision term to include stron
electric-field ionization in our model. In contrast to ra
equations considering only free-electron densities,7,8,16,26it is
now possible to investigate explicitly the influence of th
ionization process on the free-electron distribution functio
In especial, the distribution of the shifted electrons
strong-electric-field ionization has a strong influence on
impact ionization because these seed electrons have init
a low kinetic energy~see Secs. V B and V D!. Therefore they
have to be heated above the critical energie«c @Eq. ~7!# until
they can perform impact ionization. When strong-electr
field ionization is implemented in rate equations or me
field equations instead, then these seed electrons are dis
uted over the whole energy spectrum which overestima
the amount of high-energy electrons.

Since photon momentum is much smaller than elect
momentum, we can neglect a change of the electron’s w
vector in this process. In the isotropic approximation w
first order perturbation theory and assuming a filled vale
band and a nearly empty conduction band, we obtain a lin
relation between the ionization rateẆsefi and the matrix ele-
ment uMsefi(«)u2 at energy«:

,
.
d

FIG. 3. Transient behavior of electron occupation number, r
resented by the function lfd@ f # @see Eq.~22!#. Deviation from a
straight line indicates disturbance of thermal equilibrium; the va
of lfd@ f #(«k) represents the number of electrons in the correspo
ing energy state. The numbers at the curves are the time in fe
seconds from the beginning of laser pulse irradiation. For the
culation a laser beam with 100 fs pulse length and electric field
150 MV/cm is applied on SiO2.
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uMsefi~«!u25
p\4Ẇsefi

A2m!mredu
2 «

d«0 ,« . ~15!

Here «05( l sefi\V2D̃)/(m!/mv
!11) is the kinetic energy

remaining for the free electron after overcoming the ioni
tion potential. The collision integral then reads

S ] f ~«!

]t D
sefi

5A2p2S \

Am!D 3

Ẇsefif v~«!„12 f ~«!…d~«02«!.

~16!

Because photon momentum is neglected, the collision
tegral is reduced to ad distribution. This means that all elec
trons which are shifted into the conduction band by stro
electric field ionization have the same amount of kinetic
ergy reflecting thed distribution in their occupation numbe
~see Sec. V B!.

D. Electron-phonon collisions

Electron-phonon collisions are responsible for ene
transfer from the excited electron gas to the phonon g
Moreover, these collisions contribute for the disturbed el
tron gas to relax to thermal equilibrium. The interaction b
tween the free electron gas and a nonpolar phonon ga
described with deformation potential theory, which is a va
approximation for long phonon wavelengths. This express
is, however, also applied to phonons with short waveleng
As a result, the free electrons interact only with longitudin
phonons. Because of diverse influence of electron scatte
with acoustical or optical phonons due to the different ph
non dispersion relations,27 the acoustical and two optica
phonon modes are taken into consideration and elect
phonon interactions are treated quantum mechanically.

For a collision in which a nonpolar longitudinal phono
of modeb with wave vectorq is absorbed (1) or emitted
(2), the matrix element reads20,22,24

uM e-ph-nonpol
6

„k;~q,b!;k1…u2

ªu^k1uVe-ph
6(q,b)uk&u2

5
\

2MNvb~q! S gb~q!1
1

2
7

1

2D uqu2CD
2 dk1 ,k6q ,

~17!

with momentum and energy conservation
-

-

g
-

y
s.
-
-
is

n
h.
l
ng
-

n-

k15k6q, «~k1!2«~k!56\v j~q!. ~18!

HereM is the mass of one of theN elementary cells of the
crystal andvb(q) is the phonon’s angular frequency. We u
a deformation potential ofCD56 eV for acoustical phonons
as it was found from experimental results.27 For optical
phonons we apply the same matrix element, substitutingCD
by the coupling constantCa56 eV.27

In ionic crystals a different matrix element, which can
deduced from Fro¨hlich Hamiltonian,20,22,24has to be used to
describe the collision between free electrons and po
phonons.32

E. Absorption of laser energy by free electrons

Free electrons oscillate in the laser field and can abs
energy only when perturbed in this oscillation. The perturb
tion may occur, for example, when an oscillating electr
collides with a phonon absorbing or emitting its momentu
Instead of using Joule heating of free electrons to treat la
absorption,7,8,26 a quantum-mechanical approach is used
cause photon energy is comparable with the oscillation
ergy of a free electron in the electric laser field.34 According
to Epshtein25 and Seely and Harris,35 the matrix element of
such a three-particle collision is given by

uM e-ph-pt
6

„k;~q,b!;k1…u2

5uM e-ph
6

„k;~q,b!;k1…u2 (
l 52`

`

Jl
2S eEL•q

m!V2 D
3d„«~k1!2«~k!7\vb~q!2 l\V…, ~19!

whereEL is the vector of the electric laser field amplitude
The indexl stands for the number of photons being a

sorbed (l .0) or emitted (l ,0) in one collision process. The
probability of such a collision is given by the square
Bessel’s functionJl . The term withl 50 provides the part of
the pure electron-phonon interaction. If no laser field is a
plied (EL50) the matrix element reduces to the usu
electron-phonon matrix element.

Using the assumption of a homogenous and isotro
crystal, and, since we do not consider a definite polariza
of laser light, averaging over all directions of the elect
laser field by defining J̄l

2(q,E0 ,V)ª*0
1Jl

2(eE0qm/
m!V2)dm, the three-dimensional collision integral whic
represents light absorption by free electrons18,25,32can be re-
duced to one dimension, given by the followin
expression:32
S ] f ~«!

]t D
e-ph-pt

5
1

4p\2

m!

%

1

k~«! (
b50

b21

(
l 52`

` H E $q<qmax
b ,qPH1

b ,
«>2„l\V1\vb(q)…%

dq
Cb

2q3

vb~q!
J̄l

2~q,E0 ,V!@ f ~«1!„12 f ~«!…„sb~q!11…

2 f ~«!„12 f ~«1!…sb~q!#1E $q<qmax
b ,qPH2

b ,
«>2„l\V2\vb(q)…%

dq
Cb

2q3

vb~q!
J̄l

2~q,E0 ,V!

3@ f ~«2!„12 f ~«!…sb~q!2 f ~«!„12 f ~«2!…~sb~q!11!#J , ~20!
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with «65«6\vb(q)1 l\V andk(«)5A2m!«/\2. Energy
and momentum conservation result in boundary conditi
which are described by the setH 6

b 5@ uk(«)2k(«6)u,k(«)
1k(«6)#. b is the number of the longitudinal phono
modes.% is the density of material. Furthermore, there exi
an upper limit for the phonon wave vector, thus the integ
tion can only be carried out overq-values which are below
qmax

b . For acoustic phonons,qmax
b equals to Debye’s phono

wave vector andCb is the deformation potential, whereas f
optical phonons these values have to be replaced by the w
vector of the Brillouin-zone boundary and the coupling co
stant, respectively.

In our calculations we apply electric laser field amplitud
of such magnitude that also Bessel functions of higher or
may provide significant contributions. Since in the numeri
calculations it is not possible to consider all terms of t
sum, we have taken a pragmatic approach. By virtue of
identity ( l 52`

` Jl
251, we approximate the sum over negati

l and the sum over positivel each by@1/2(12J0
2)# and treat

these expressions like photon emission and absorption o
der one. In this way, we take higher order processes i
rectly into account, however, underestimating the electro
energy gain. Nevertheless, the resulting energy gain u
this approach is higher than if higher order processesl>3
were completely neglected. Thus we replaceJl

2(x) by
J0

2(x)d0,l10.5„12J0
2(x)…(d21,l1d1,l).

F. Boltzmann’s equation for phonons

The Boltzmann equation for phonons contains only
collision term for phonon-electron-photon interaction, whi
can be calculated from the matrix element of electro
phonon-photon interaction~see Secs. III D and III E!. Al-
though phonons do not absorb energy from the laser, they
affected indirectly by irradiation due to their interaction wi
photon-absorbing electrons. This approach includes also
phonon-electron interaction without laser irradiation. Th
three dimensional collision integral can also be reduced
one dimension and reads, in terms of phonon wave numbq
~Ref. 32!

S ]gb~q!

]t D
ph-e-pt

5
1

4p\4

~m!!2

%

Cb
2q

vb~q!

3 (
b50

b21

(
l 52`

`

J̄l
2~q,E0 ,V!

3E
$«PG,«>1 l\V1\vb(q)%

d«

3@ f ~«1!„12 f ~«!…„sb~q!11…

2 f ~«!„12 f ~«1!…sb~q!#, ~21!

with «15«1„l\V1\vb(q)…. The set Gª$«
>0:uq2k(«1)u<k(«)<q1k(«1)% constitutes boundary
conditions due to momentum and energy conservation.

IV. SOLVING THE SYSTEM OF EQUATIONS

The system of nonlinear, coupled integro-different
equations@Eq. ~2!, Eq. ~3! with the collision integrals from
s
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’s
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-

re

re

to

l

Sec. III# is solved numerically. We compute the electron o
cupation numberf at 100 discrete energy values« and the
phonon occupation numbergb at 75 discrete phonon wav
numbersq for each phonon modeb. Thus for SiO2 we solve
a system of 325 nonlinear, coupled ordinary different
equations numerically. For this we developed an algorithm
which the collision integrals are calculated for each tim
step. The step size is controlled automatically to ens
stable solutions. Thus we can observe the temporal evolu
of the occupation numbersf («) of electrons andgb(q) of
phonons.

V. RESULTS FOR SiO2

A. Parameters

All results shown in this article were calculated for a bo
shaped laser pulse with wavelengthl5500 nm~photon en-
ergy \V52.48 eV! shining on SiO2 with bulklike material
parameters. Pulse length and amplitude were varied.

B. Electron occupation number

Figure 3 shows the transient behavior of the occupat
number of free electrons in the conduction band as a func
of kinetic energy«k . The applied laser pulse has a length
100 fs and an electric field of 150 MV/cm. The numbers
the curves denote the time in femtoseconds from the be
ning of the pulse. The solid lines represent values of
occupation number during irradiation, whereas the dot
lines corresponds to values after the laser pulse.

Instead off a function lfd@ f # is plotted, which is defined
as

lfd@ f #~«k!52 logS 1

f ~«k!
21D . ~22!

In thermal equilibrium, when electrons obey a Fermi-Dir
distribution, lfd@ f #(«k) equals2(«k1«Fermi/2)/kBT. In this
case lfd@ f #(«k) is a linear function of electron energy«k
with a slope proportional to the inverse electron temperatu
Values of lfd@ f # increase monotonically withf values. The
deviation of lfd@ f # from a straight line indicates the devia
tion of the electron gas from thermal equilibrium.

Immediately after the beginning of irradiation the occup
tion number in the conduction band starts to grow, as e
trons are shifted from the valence band into the conduc
band by strong-electric-field ionization, and thermal equil
rium is strongly disturbed.

Since the collision integral of strong-electric-field ioniz
tion is represented by ad-function ~Sec. III C! the shifted
electrons have all the same kinetic energy reflected b
d-peak in the occupation number at the bottom of the c
duction band~low energies«k). As can be seen in Fig. 3, th
lfd@ f #-values for t54 fs show a series of equally space
peaks. The peak at the lowest energy results from elect
excited by strong-electric-field ionization. Some of these f
electrons absorb further photons, resulting in an increa
occupation number at energies larger by multiples of
photon energy. This leads to the formation of an equa
spaced peak structure.

In the further course more and more electrons are p
moted to the conduction band, where they continue abs



re
ou
tro
lli
0
vi
e

h
in
gh
nc
dis

-
fo
re

e

io
e

tio
e
t t

e

is
ea
nt
ur

e

ga
a
ho
v
he
a

tro
io
e-
,

nt

n-

arly

ly
ent
uch
rik-
ion
ex-

ns
ab-
ical
-
g-
of

ses.

r of
tion

s

ng
fem-
the
tric

11 444 PRB 61A. KAISER, B. RETHFELD, M. VICANEK, AND G. SIMON
ing energy from laser irradiation. The peaklike structu
formed at the beginning of laser irradiation, is smeared
due to internal relaxation processes like electron-elec
collisions. Also phonon heating by electron-phonon co
sions leads to a relaxation of the electron gas. Already 5
after beginning of the laser pulse, no distinct peaks are
ible except the lowest one caused by strong-electric-fi
ionization.

At the end of and after the laser pulse (t*100 fs! the
high-energy part of the occupation number decreases w
for low kinetic energies, the number of free electrons
creases. This is an effect of impact ionization, where hi
energy electrons partially transfer their energy to vale
electrons. In such a collision, one high-energy electron
appears while two low-energy electrons emerge.

After irradiation, strong-electric-field ionization disap
pears whereas impact ionization still continues. Except
the high-energy tail the free-electron occupation number
sembles an equilibrium distribution~linear lfd@ f #-curve! by
that time. The slope of the lfd@ f #-curve decreases with tim
since the hot electron gas transfers energy to the lattice.

In contrast to results of Stuartet al.,7,26 our calculations
show that the free-electron occupation number distribut
function changes its shape within the femtosecond regim

C. Phonon occupation number

Figure 4 shows the transient behavior of the occupa
number for each phonon mode. The same laser puls
above is applied. The numbers at the curves represen
time in femtoseconds from the beginning of the pulse.

For each phonon mode the function lbe@gb# is plotted as a
function of the phonon wave vector. lbe@gb# is defined as

lbe@gb#~q!52 logS 1

gb~q!
11D . ~23!

In thermal equilibrium when phonons obey a Bos
Einstein distribution, lbe@gb#(q) equals2\vb(q)/kBT, thus
~for Debye’s model! lbe@gb#(q) is a linear function of the
phonon wave vectorq. For the acoustic mode, the slope
inversely proportional to the phonon temperature, wher
for optical modes the lbf@gb#-curve represents a consta
which is also proportional to the inverse phonon temperat
lbe@gb# is an increasing, monotonic function ofgb .

As can be seen in Fig. 4 phonons of each mode are
cited during (t50 fs to 100 fs! and after laser pulse (t
5200 fs! as the phonon gas gains energy from electron
by electron-phonon collisions. In this process, phonons
created thus the occupation numbers grow across the w
wave vector spectrum. The smaller excitation at low wa
vectors is an artifact of deformation potential theory. T
disturbance from thermal equilibrium can be considered
small.

D. Ionization processes

Figure 5 shows the time dependence of the free-elec
density during and after the laser pulse, and the contribut
of strong-electric-field ionization and impact ionization, r
spectively. Four different pulse lengths have been treated
,
t
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at an electric laser field of 150 MV/cm. Note the differe
scales on both axes of the figures.

The rate for strong-electric-field ionization is directly co
nected with the laser field@Eqs.~13! and~14!#. Since a box-
shaped pulse is applied, this ionization rate increases line
as a function of time until the laser pulse is over.

In contrast, impact ionization becomes important on
when a sufficient number of high-energy electrons is pres
in the conduction band. Therefore this process starts m
later than strong-electric-field ionization. Because each st
ing electron shifts a second electron into the conduct
band, the density contribution of impact electrons grows
ponentially.

However, for very short pulses of 25 fs, free electro
have not enough time during the irradiation to continue
sorbing laser energy until they are heated above the crit
energy for impact ionization@Eq. ~7!#. In this case, the con
tribution of impact ionization to the electron density is ne
ligible. If the laser pulse length is increased, the number
free electrons created by impact ionization also increa
Only for pulse lengths of 200 fs~and more! is the contribu-

FIG. 4. Transient behavior of the phonon occupation numbe
the acoustic and the two optical modes, represented by the func
lbe@gb# @see Eq.~23!#. Its deviation from a straight line indicate
disturbance of thermal equilibrium; the value of lbe@gb#(q) repre-
sents for each modeb the number of phonons in the correspondi
wave vector state. The numbers at the curves are the time in
toseconds from the beginning of laser pulse irradiation. For
calculation a laser beam with 100 fs pulse length and an elec
field of 150 MV/cm is applied on SiO2.
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FIG. 5. Time dependence of free-electro
density and the contributing processes, i.
strong-electric-field ionization and impact ioniza
tion. A 500 nm laser pulse impinging on SiO2

with an electric field of 150 MV/cm and pulse
lengths of 25 fs, 50 fs, 100 fs, and 200 fs, respe
tively, are assumed.
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tion of impact electrons comparable to~in excess of! the
contribution of the strong electric field ionization.

The figures show a sharp rise in impact ionization at
end of laser irradiation. This is caused by the sharp decre
of the ionization potentialD̃, Eq. ~1!. When the electric lase
field is switched off, the critical energy«c @Eq. ~7!# drops to
a lower value.~Obviously, this is an artifact of our box
shaped pulse.!

Impact ionization continues for about; 100 fs after irra-
diation. Eventually, no electrons remain in the conduct
band with sufficient energy for impact ionization, and t
electron density saturates.~In reality it would decrease due t
recombination which, however, is not included in o
model.!

Although in Sec. III B we concluded that our matrix el
ment for impact ionization should yield stronger impact io
ization in comparison to other authors,7,26 our approach with
collision integrals leads to unexpected low impact ionizat
rates. We assume that Keldysh’s formula cannot be used
the studied case, because our results show that a huge p
impact ionizated electrons are produced by free electr
with kinetic energies much larger than critical energy«c @Eq.
~7!#. An additional effect reducing the possibility of impa
ionization is the consideration of energy conservation a
momentum conservation in our approach. Therefore, we
not obtain an avalanche of impact ionization. Neverthele
as will be shown below, we obtain free electron densit
which are high enough for dielectric breakdown and dam
thresholds in good agreement with experimental results.

We varied the applied parameters by increasing effec
electron mass in valence bandmv

! or decreasing band gapD.
Both leads to an increase of impact ionization. Howev
strong-electric-field ionization still remains the domina
ionization process for laser pulses below 150 fs.

For example, whenmv
! is doubled, then, for a laser puls

of 100 fs duration at 150 MV/cm, the contribution to fre
electron density through impact ionization increases ab
e
se
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21%, whereas the contribution by strong-electric-field io
ization decreases about 22% and the ratio of impact ion
tion to strong-electric-field ionization raises from 0.3 to 0.4

For the same laser pulse, a reduction of the band gap f
9 eV to 6 eV leads to an increase of both ionization p
cesses. The numbers of ionized electrons raises by facto
for impact ionization, and by a factor 2.5 for strong-electr
field ionization. The total free-electron density increases b
factor of about 3.35 and the above ratio of impact ionizat
to strong-electric-field ionization is then 0.77.

Thus, the width of band gap strongly influences t
strengths of both ionization processes and therefore pla
significant role in determining damage threshold using d
sity criterion.

Figure 6 shows the time derivative of the contribution
impact ionization of free-electron density]nimp /]t as a func-
tion of free-electron densityn for different pulse lengths in
the femtosecond regime.

The same pulse parameters as in Fig. 5 were applied.
all assumed pulse lengths, the impact ionization rate
creases during irradiation with increasing free-electron d
sity. The time period of the pulse is represented by
smooth increase of impact ionization rate. The sharp rise
the ionization rate, as described above, marks the end
irradiation. Also the final saturation of impact ionization
slightly higher electron densities than those which are
tained during the pulse can be observed.

For pulse lengths in the range of picoseconds, it is co
monly assumed that impact ionization grows exponentia
and can be described by

]nimp /]t5a~EL!n, ~24!

wherea is the so-called avalanche coefficient.11,16,36 Thus,
for a box-shaped laser pulse as applied in our work, a lin
increase of impact ionization rate with free-electron dens
is expected during the pulse. As Fig. 6 shows, the simple
equation~24! does not hold for pulse durations in the fem
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FIG. 6. Time derivative of the contribution o
impact ionization of free-electron density as
function of the free-electron density for differen
pulse lengths, 25 fs, 50 fs, 100 fs, and 200
respectively. A 500 nm laser pulse impinging o
SiO2 with an electric field of 150 MV/cm is as-
sumed.
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tosecond regime. The description of]nimp /]t proportional to
n is justified only for free-electron densities higher thann
;631020 cm23 and therefore not applicable to calculate t
initial evolution of the free-electron density. The linear r
gime is not reached when assuming a pulse of 25 fs dura
For the 100 fs pulse, linearity is reached after about hal
total pulse duration. Only for pulse lengths of 200 fs~and
more!, a linear dependence of impact ionization rate on fr
electron density, according to Eq.~24!, can be assumed fo
the whole pulse duration. This result only slightly depen
on the applied electric laser field.

Thus, the energy dependence of impact ionization and
time needed for free-electron heating up to critical energy~7!
play a significant role in femtosecond laser irradiation
n.
f

-

s

e

f

dielectrics. We obtain a stronger restriction of the applicab
ity of Eq. ~24! than other authors,11,26,36because we included
momentum conservation and a effective ionization potent
obtaining a higher critical energy~7!.

Figure 7 shows the maximum free-electron density
SiO2 depending on the electric laser field. The individu
contributions to the free electron density from stron
electric-field ionization and impact ionization, respective
are also plotted.

For all investigated pulse lengths, the electron density
creases with increasing electric laser field: Strong-elect
field ionization is directly proportional to the laser pulse i
tensity @Eqs. ~13! and ~14!#, whereas the impact ionizatio
rate increases because of the avalanche effect.
-
g
s
s.

er
FIG. 7. Maximum electron density in the con
duction band after laser irradiation for varyin
electric laser fields, together with contribution
from the two considered ionization processe
The four figures represent four different las
pulse durations.
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The figure shows that for pulse lengths below;100 fs the
contribution of impact ionization is negligible compared
strong-electric-field ionization. Only for a pulse length
200 fs do both processes provide similar contributions. T
the pulse length determines predominantly which ionizat
process is mainly responsible for the formation of a fr
electron gas.

A commonly used criterion of an ablation threshold
plasma formation, where the dielectric is assumed to cha
to plasma state when the electron density exceeds a cr
value.1,5,7

The calculations underlying Fig. 7 were continued up
the critical plasma densitynP5e re0m!V2/e2, at which the
real part Ree~V! of the dielectric functione(V) becomes
zero, i.e., the laser beam gets totally reflected. Heree r is the
specific dielectric constant,nP is determined by Ree(V)
5e r2(vP /V)250 with vP5„ne2/(e0m!)…1/2.37

Note that our model is only valid for free electron den
ties at which electron-ion collisions are negligible. If the fr
electron density reaches a certain value, which is below
critical plasma density, the collisions of free electron w
ions ~inverse bremsstrahlung! have to be included becaus
then this process occurs with higher probability th
electron-phonon collisions.38 Then absorption will increase
even more with increasing electron density.

To determine the damage threshold fluenceF5I vact, first,
the vacuum intensity needs to be calculated from the elec
field EL within the material. The intensityI bulk within the
bulk readsI bulk5Ae0 /m0ARee(V)EL

2 .39 In case of small
absorption, Ree(V) is given by the refraction indexnr ,
ARee(V)'nr . The vacuum intensityI vac can be calculated
by I vac5(12R)I bulk using the reflection coefficientR
5u(n̂r21)/(n̂r11)u2, wheren̂r5nr2 ik is the complex re-
fraction index. Well below the specific plasma density,
mentioned above, the absorption coefficient is small co
pared to the refraction index,n̂r'nr , andI vac reads

I vac5S nr11

2 D 2Ae0

m0
EL

2 . ~25!

In experiments the intensityI vac is the known parameter
Equation ~25! is valid in prebreakdown regime, when th
electron density is up to one third of the critical plasma d
sity. For this electron density the electric field increases w
increasing electron density and constant intensityI vac. In-
creasing the electric field, in turn, leads to an increasing e
tron density, so that the breakdown regime is quic
reached.

We use a free electron density ofnc51021 cm23, as dam-
age criterion,5,7 which is somewhat below the critical plasm
density, hence Eq.~25! is still applicable. The precise choic
of nc has only a weak influence on the calculated dam
threshold. For a box-shaped pulse and a critical densitync ,
we obtain withnr51.5540 for photon energy of 2.5 eV,m r
51 the damage thresholds shown in Fig. 8.

These calculated damage thresholds are of the same
nitude and show the same qualitative dependence on
pulse duration as experimental results.5–7,11
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E. Internal energy

For a laser pulse with a duration of 100 fs and an elec
field of 150 MV/cm we show in Fig. 9 the transient behavi
of the total deposited energy together with the internal
ergy increase of the free electron gas and the internal en
of the phonon gas. The internal energy of the electron ga
calculated by integration over thekineticenergy of free elec-
trons. However, thetotal energy absorbed by electrons
higher by the part of laser energy used to overcome the
ization potential. We approximate the total energy depos
in the crystal by adding the product of the free electron d
sity with the bandgap to the sum of the internal electr
energy and the phonon energy.

The total energy deposited in the crystal increases im
diately when irradiation starts. This initial contribution
solely due to strong-electric-field ionization providing fre
electrons of low kinetic energy. The internal kinetic ener
of electrons grows later due to phonon assisted photon
sorption by free electrons. Therefore, the initially line
growth of total energy becomes progressive in the furt
course. Ionization processes continue to generate free e
trons, which in turn continue to absorb photons, thereby
creasing their kinetic energy. The internal energy of the p
non gas rises later and more moderately, because the
considered process of phonon heating is through di

FIG. 8. Calculated damage threshold for a laser pulse w
wavelength of 500 nm irradiating SiO2. A free electron density of
1021 1/cm3 is used as damage criterion.

FIG. 9. Time dependence of internal energy of the free-elect
gas~dotted line!, phonon gas~dashed line!, and total absorbed lase
energy~solid line!. The calculation is performed for a laser puls
with electric field of 150 MV/cm and pulse length of 100 fs.
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FIG. 10. Electric laser field dependence of t
tal absorbed energy, internal energy of free ele
tron gas and of phonon gas, respectively, at
end of the pulse. Four different pulse length
were assumed.
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electron-phonon collisions, which are rather inefficient w
regard to energy transfer. The contributions of acoustical
optical phonon modes are nearly equal.32

After irradiation, the total deposited energy remains co
stant. The slight decrease seen in the figure is a nume
artifact. In fact, conservation of the total energy is a use
check of numerical stability. The kinetic energy of the ele
tron gas decreases through two processes. First, in im
ionization, kinetic energy is used to overcome the bandg
Second, energy is transferred from the electron gas to
phonon gas. This process continues long time after irra
tion until the electron temperature equals phonon temp
ture. ~Since our model does not include recombination
have the same situation as described by the two-tempera
model for metals.41 Note that equality of temperatures do
not imply equality of internal energies due to the large d
ference of heat capacities.!

When comparing the excited, nonequilibrium electron g
with an electron gas with the same internal energy conten
equilibrium, we find that the corresponding equivalent el
tron temperature reaches up to 40 000 K. However, n
when the free electron gas is not in equilibrium, this quan
has no direct physical meaning of temperature. The temp
ture increase of the phonon gas, on the other hand, is fo
to be only a few 100 K. We can estimate the maximu
temperature increase of the lattice at the end of the pulse
assuming thatall energy deposited into the crystal will b
contained in the lattice, for example, via nonradiating reco
bination processes. In this way we obtain a maximum te
perature increase of 2500 K of the SiO2 lattice, which is
above breakup temperature@crystalline quartz decays at a
mospheric pressure at a temperature of 1997 K~Ref. 28!#.
Note that this is an upper limit not only because of the ab
assumptions, but also because we do not account for
conduction in our model.

The final total energy deposited in the crystal, the ma
mum value of internal kinetic energy of the free-electron g
d
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and the phonon energy at the end of laser irradiation,
shown in Fig. 10 as functions of the electric laser field. T
calculations were performed for the four different pul
lengths as in Fig. 7.

All investigated types of energy amount increase w
electric laser field and duration of irradiation. The intern
energy of the phonon gas at the end of the pulse is alw
much smaller than the internal energy of electron gas, wh
in turn differs from the total amount of deposited energ
The heating of the phonon gas at the end of the puls
rather small for most investigated parameters, thus the in
nal energy is not sufficient for melting or even evaporati
during the pulse.~For SiO2, the lattice temperature in Kelvin
can be estimated by half of the value of the energy densit
J/cm3.! Using the above approximation to calculate the up
limit of temperature increase, we find that for pulses w
tL*50 fs, lattice temperatures far above breakup tempe
ture may be reached.

The estimated fluences necessary to reach breakup
perature show the same qualitative dependence on pulse
ration as the threshold fluences to reach critical electron d
sity ~see Sec. V D!. The values are higher than those of Se
V D, although of the same order of magnitude. Keep in m
that the fluence to reach breakup temperature is only a ro
estimate because we considered only intrinsic mechani
for laser absorption of a perfect~unreal! crystal. Moreover,
to investigate lattice damage in particular, processes
bond breaking due to high electron density42–44and intrinsic
effects like defect creation by recombination2,3,9 have to be
considered.

VI. CONCLUSION

We investigated irradiation of dielectrics with subpicose
ond laser pulses using a kinetic description. Thus, effect
particular collision processes on macroscopic material
sponse can be studied even for a highly nonequilibrium e
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tron gas. An appropriate system of coupled, time-depend
Boltzmann equations is solved numerically. Collision term
for strong-electric-field ionization and impact ionization a
included. Our model enables us to investigate intrinsic a
sorption processes as basic mechanisms for dielectric br
down. In contrast to other kinetic approaches,7,8,15,18,19,26we
explicitly calculate the transient free electron distribution a
phonon distribution by microscopic collision integrals avoi
ing any phenomenological or averaging parameter.

The results for SiO2 irradiated by a single laser pulse o
femtosecond duration demonstrate the high-nonequilibri
state of the electron gas and phonon gas during and a
laser irradiation. The free-electron gas is formed mainly
strong-electric-field ionization, whereas impact ionization
of minor importance for laser pulses below 100 fs. Only
pulses about 200 fs does the contribution to free elect
density by impact ionization become as important as stro
electric-field ionization. In contrast to other approaches,7,16

our description of ionization processes includes moment
conservation and an appropriate effective ionization poten
resulting in a higher critical energy for impact ionization
therefore we do not obtain an electron avalanche. Imp
,

k
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nt
s
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k-

d

m
ter
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s
t
n

g-

m
al

ct

ionization is restricted to a small period at the end of a
after the pulse because only then are energetic free elec
available. Thus, a duration of irradiation of 200 fs and low
appears too short for an electron avalanche to deve
Simple rate equations used by many authors to estimate
free electron density disregard the energy dependence o
pact ionization. We have shown that such equations are
applicable to femtosecond laser irradiation, therefore th
can lead to wrong results.

We have estimated threshold fluences using several c
ria for damage threshold as critical electron density and t
absorbed energy. The resulting damage thresholds ar
good agreement with experimental measurements.5–7,11
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