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Order-parameter holes and theory of microwave conductivity in YBa2Cu3O7Àd

Matthias H. Hettler*
Argonne National Laboratory, 9700 South Cass Avenue, Argonne, Illinois 60439

P. J. Hirschfeld
Department of Physics, University of Florida, Gainesville, Florida 32611

~Received 20 January 2000!

We propose that the low-temperature discrepancy between simpled-wave models of the microwave con-
ductivity and existing experiments on single crystals of YBa2Cu3O72d can be resolved by including the
scattering of quasiparticles from ‘‘holes’’ of the order parameter at impurity sites. Within a framework pro-
posed previously, we find in particular excellent agreement with data of Hosseiniet al. on slightly overdoped
YBa2Cu3O72d samples over the entire temperature range down to about 2–3 K, and for a wide range of
frequencies. Remaining discrepancies in the ‘‘universal’’ regime at very low temperatures are discussed.
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INTRODUCTION

One of the few areas of the high-temperature superc
ductivity problem where a well-defined theoretical descr
tion is available is the superconducting state of the optim
doped materials. Although the normal state of the cupra
cannot be described in terms of weakly interacting Land
quasiparticles as in a simple metal, it appears that such s
are well defined below the critical temperature,1 due in part
to the well-known2 collapse of the quasiparticle scatterin
rate.3,4 This justifies the application of the BCS theory, wi
a dominant pairing component that is now widely agreed
correspond todx22y2 symmetry. The successes of thed-wave
theory are many, and have been amply reviewed.5 The agree-
ment of experiment and theory is particularly impressive
the YBa2Cu3O72d ~YBCO! system, where steady advanc
in the quality of single-crystal growth in the past seve
years have allowed the cleand-wave superconducting stat
to be probed.

One qualitative discrepancy that remains in the comp
son ofd-wave theory with bulk measurements probing theab
plane concerns the low-temperature microwave conducti
s(V,T). Measurements on yttria-stabilized zircon
crucible-grown, nominally pure, YBCO crystals at low fr
quenciesV of the order of a few GHz showed an appare
linear temperature dependences;T for temperaturesT suf-
ficiently far below a large peak at 30–40 K.4,6 Theories of
the dynamical conductivity in thed-wave state7,8 have been
successful in explaining roughly the size and position,
well as the frequency and disorder dependence of the p
However, at low temperatures and small microwave frequ
cies, where transport is dominated by elastic scattering
the theory should be simplest, the theoretical prediction
s;T2, not T.

A pure linear temperature dependence turns out to be
difficult to obtain within the framework of the BCS theory
however. In the original work of Bonnet al.,4 it was sug-
gested thats;T is a natural result at low temperature
since the assumed Drude form of the conductivitys
;(e2/m)nqp(T)t(T) yields s;T if the quasiparticle den-
sity varies asnqp;T as expected for ad-wave supercon-
ductor at low energies, and if the effective quasiparticle sc
PRB 610163-1829/2000/61~17!/11313~4!/$15.00
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tering time t(T) saturates at low temperatures, as in
normal metal. While the assumption of a Drude form of t
conductivity was supported by microscopic analysis,7 it was
shown that pair correlations in the usual impurity scatter
models generically lead to strong temperature dependenc
the scattering time, e.g.,t(T);T ~unitarity limit! or t(T)
;1/T ~Born limit!. Attempts to resolve this problem b
choosing intermediate scattering strengths8 have not pro-
vided obviously better results.

Ultimately, the problem can be traced back to the fact t
the BCS Green’s function has quasiparticle poles atv5

6Ek , where Ek5Ajk
21Dk

2, jk is the single-particle band
energy, andDk5D0cos 2f is the d-wave order paramete
~OP! over an isotropic two-dimensional Fermi surface. Th
leads naturally to an analytic expansion of theV→0 con-
ductivity in powers ofT2, regardless of band structure o
phase shift~though the range where this expansion is p
sible can vary dramatically!. The leading term in thed-wave
case is the ‘‘universal’’ ~disorder-independent! constant
s(V→0,T→0)[s005ne2/(mpD0),9 hence theT2 result
obtained for the subleading term in Ref. 7. While initial
microwave cavity experiments did not have the resolut
required to determine this constant, its analog in the cas
thermal conductivity was confirmed recently by Taillefer
al.10 Whether the same discrepancy regarding the sublea
temperature corrections exists in the case of thermal curr
is not known, since the electronic corrections are obscu
by the phonon contribution.

The microwave conductivity impasse was broken very
cently with data on extremely pure BaZrO3 crucible-grown
YBa2Cu3O6.99 single crystals by Hosseiniet al.11 In addition
to observing the increase in peak height and decrease in
temperature predicted by the Drude picture for pu
samples, it was noted that the very-high-resolution data
not support thes(V→0,T);T result anticipated on the ba
sis of the earlier measurements. Rather, theT dependence of
the lowest frequency (;1 GHz) data was slightly sublinear
crossing over to superlinear dependence above a cross
frequency of about 13 GHz. This unusual behavior has led
to reconsider a proposal we advanced recently,12 that the
standardd-wave theory of impurity scattering should b
modified, particularly in the case of transport properties,
11 313 ©2000 The American Physical Society
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include the effects of order parameter ‘‘holes’’ near the i
purity sites.12–14 This leads to additional scattering at lo
energies due to the formation of an additional scatter
resonance.12 A recent calculation on the spatial structure
the local density of states around impurities sites has u
similar methods.15 In this paper we argue that, with th
proper inclusion of the corrections due to OP suppressio
nearly all features of the low-T microwave conductivity data
can be understood quantitatively. The exception is the va
of the residualV→0 conductivity, which we discuss in
some detail.

IMPURITY t MATRIX

We assume in our approach12 that the bare impurity can
be described by ad-function scattering potential,Û(R
2Rimp)5U0d(R2Rimp)t3, where thet i are the Pauli ma-
trices in particle-hole space. We then argue further12 that for
bulk transport properties the only essential features of
order parameter suppression induced by this potential
that it retains roughly the same symmetry as the backgro
order parameter~induced subdominant pair components c
be included but we deem them less important! and deviates
substantially from the bulk value over a range of order of
inverse Fermi wave numberkF

21 around the impurity site.
Since this length scale is small in the cuprates it is justifia
to replace the order parameter suppression by a poin
potential,dDkd(R2Rimp), whereRimp is the impurity site
and we take the spatial average of the order parameter
tuation to have the formdDk[ddcos 2f. In Ref. 12 the am-
plitude dd is then determined self-consistently through t
BCS gap equation for a single impurity. Both the gap eq
tion and the conductivity, calculated now by standa
impurity-averaging methods, then contain the effective i
purity potentialÛ(p,p8)5(Û0t31ddcos 2ft1). Thus we ex-
plicitly account for the fact that electrons moving near t
impurity feel an effective one-body potential due not only
the bare impurity but to the order parameter fluctuat
around it.

The impurity t matrix is given as usual by~in matrix
notation! T̂5Û1ÛĜ0T̂, with Û defined above. In the usua
‘‘dirty d-wave’’ theory, thet matrix is taken independent o
momentumT̂5T̂(v) for the case of isotropic scatterers.
becomes momentum dependent in the current theory
d-wave OP suppression.

The solution for thet matrix at q5p82p50 in the
present ansatz for a single impurity may be written

T̂k~v!.
U0

2g01U0t3

12U0
2g0

2 1
dd

2g01~dd2dd
2g2!cos 2ft1

~12ddg2!22~ddg0!2 ,

~1!

whereg0 andg2 are the components of the momentum in
grated Green function,g0[(1/2)(kTrĜ(k,v) and g2

[(1/2)(kTr t1cos 2f Ĝ(k,v). Again, subleading OP contri
butions have been neglected.12 The disorder-averaged sel
energy is now defined in the limit of a densityni of indepen-

dent impurities to beŜ(k,v)[niT̂k(v), and determined
self-consistently with the averagedĜ via the Dyson equation
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Ĝ215v2jkt32Dkt12Ŝ(k,v)[ṽ2 j̃kt32D̃kt1. The first
term in Eq. ~1! is the usual dirty d-wave theory result fo
arbitrary scattering phase shiftd052cot21@1/(N0pU0)#,
yielding in particular a resonance atv50 in the unitarity
limit U0→`.

The denominator in the second term, due to OP scatter
leads to a similar resonance, at a position to be numeric
determined. Introducingcf5(pddN0)21 we estimated in
Ref. 12 the quantityv/D05@22/p2cf #[2 c̃f , which de-
termines the position of the off-diagonal resonance to bec̃f
.20.16 asU0→`. It is important to note that this determ
nation was based on a solution to the one-impurity probl
neglecting the average suppression of the gap due to d
der, and without accounting for induced subdominant p
components. We expectuddu in a complete theory to be
somewhat smaller, and for the moment takecf to be a free
parameter. The main point, however, is that some additio
spectral weight is shifted from the gap edge down to low a
intermediate frequencies12 when compared to the usua
d-wave model. We now investigate how this affects the m
crowave conductivity and compare to the experimental d
of Hosseiniet al.11

MICROWAVE CONDUCTIVITY

In Ref. 12, we discussed theV→0 conductivity and com-
pared with the expecteds;T behavior; at that time it was
noted that no pureT-linear behavior could be identified in
the theory, although the deviations from the theory witho
off-diagonal scattering were pronounced and of the ri
qualitative size and sign. The data of Hosseiniet al.11 now
make it clear that a subtle crossover in the temperature
pendence is taking place in the 1–20 GHz regime. We the
fore calculate the full frequency-dependent conductivity

s i j ~V!52
ne2

mVE
2`

`

dv@ f ~v!2 f ~v2V!#Im

3E df

2p
k̂i k̂ jF ṽ18 ~ṽ11ṽ18 !1D̃k18 ~D̃k12D̃k18 !

~j01
2 2j

01

82
!

3S 1

j018
2

1

j01
D

1
ṽ28 ~ṽ11ṽ28 !1D̃k28 ~D̃k12D̃k28 !

~j01
2 2j

02

82
!

3S 1

j01
1

1

j028
D G , ~2!

wherej6[6Aṽ6
2 2D̃k6

2 , the subscripts6 indicate evalua-
tion at v6 i01, and primed quantities are evaluated atv
2V. The first term in Eq.~2! gives rise to the ‘‘universal’’
T→0 conductivity s00, which is unrenormalized with re
spect to the theory without order parameter scattering, w
the second term determines the leading temperature co
tions. As in Ref. 7, quasiparticle states are broadened in
calculations by an inelastic scattering term 1/t inel(T) calcu-
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lated from a model of spin-fluctuation scattering as descri
in Ref. 16.

In Fig. 1 we show the best fit obtained to the low
frequency data of Ref. 11, with normal state scattering r
G50.0005Tc in the unitarity scattering limit, and takecf;
20.95 andD0 /Tc53. We note that the theory indeed repr
duces the slightly sublinear behavior at low frequencies,
crosses over at around 13 GHz to a superlinear behavior
eventually toT2. At low T the theory curves are consistent
below the experimental data, but the relative discrepanc
not large, with the exception of the very low-temperatu
regime below 2–3 K.

In Fig. 2 we show the frequency dependence of the the
for the same parameters at experimental temperatures;
the agreement is excellent. As noted by Hosseini et al.,
most remarkable aspect of the data is the extremely w
temperature dependence of the width in frequency of
residual conductivity peak at low temperatures; this is w
reproduced by the theory. In the inset to Fig. 2, we plot
experimental determination of this width, called 1/t(T), ob-
tained by a fit to a Drude~Lorentzian! spectrum.11 However,
in the microscopic model we propose, the relaxation r
1/t(v) for nodal quasiparticles is frequency dependent. F
thermore, we find that the momentum dependence of
off-diagonal impurity self-energypreventsa derivation simi-
lar to Ref. 7 providing a microscopic justification for a Drud
or ‘‘two-fluid’’ analysis. Thus 1/t(T) has no well-defined
microscopic meaning, but for comparison’s sake we h
also performed a Drude fit to the theoreticals(v,T), the
result of which is shown in the inset to Fig. 2. We note th
the deep minimum in 1/t(T) found without OP scattering7

has been nearly eliminated, but the scattering rate still r
at the lowest temperatures due to the increase of the el
scattering rate in the unitarity limit~see inset!.7 However,
this rise is somewhat misleading as the conductivity sp

FIG. 1. Normalized microwave conductivity for the frequenci
of Ref. 11. Solid lines, theory withG/Tc50.0005, cf520.95,
D0 /Tc53. Dashed line, sameG, f 52.25 GHz, without OP scat
tering. Dot-dashed line,G50.0014, f 52.25 GHz, without OP
scattering.
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trum becomes distinctly non-Lorentzian belowg;AGD0
;2 –3 K, indicating a further breakdown of the Drude i
terpretation. We note that in the present theory the minim
of 1/t(T) occurs at an energy of roughly 1/tmin
5(G3D0)1/4.

Finally, in Fig. 3 we show the behavior of the conducti
ity over the entire temperature range, where the inela
scattering plays a much more crucial role. It is remarka
that with the same parameters used to describe the e
frequency range at low temperatures, the peak positio
also well described. However, the theoretical curves r
faster than the experimental data belowTc and fall faster
than experiment below the peak temperature. At first gla
this seems to be a shortcoming of our treatment of the
elastic scattering following Ref. 16. On the other hand,
inset of Fig. 3 shows that the scattering rate extracted fr

FIG. 2. Normalizeds(V) at variousT. The open symbols are
experimental data from Ref. 11, the solid symbols are results f
our theory, with G/Tc50.0005 andcf520.95. Inset: effective
scattering ratet(Tc)/t(T) vs T. The solid line corresponds to
theory with parameters as above, the dashed line is the theory w
out OP scattering. The symbols are data from Ref. 11.

FIG. 3. s(T) at various external frequencyV. The symbols are
experimental data~Ref. 11, with the sharp peak atTc truncated!.
The solid lines are results of our theory withG/Tc50.0005,cf5
20.95. Inset: comparison of inelastic scattering rate after Ref.
and the experimental ratio of normal fluid fraction and conductiv
at 1.14 GHz. For the considered temperature range the impu
contributions to the scattering rate are unimportant.
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the experimentala-axis penetration depth and conductivit
data via 1/t(T);na

n(T)/s(T) is in excellent agreement with
the result of Ref. 16 in theT range dominated by inelastic
scattering@here,na

n(T)512la
2(T50)/la

2(T) is the normal
fluid fraction#. We therefore believe that the neglect of ban
structure effects in the calculation of the density of states
the major source of the discrepancy at higher temperatur

CONCLUSIONS

We have shown that the inclusion of the order parame
suppressiondDk at impurity sites dramatically improves th
fit of the weak-coupling BCSd-wave theory of the micro-
wave conductivity to recent experiments on very pu
samples of YBa2Cu3O72d . The excellent fit over a wide
range of temperatures and frequencies is found for an im
rity scattering rate of approximatelyG/Tc50.0005, confirm-
ing that the samples measured by Hosseiniet al. are signifi-
cantly purer than the previous generation of yttria-stabiliz
zirconia YBa2Cu3O6.95 crystals. Although our treatment o
dDk is crude, it captures the basic physics of the curate
perconductors, namely, that the bulk order parameter is
nificantly suppressed over a very short length scale.

There are two sources of concern that suggest that
current approach needs to be refined still further. The firs
that we were forced to treat the positionc̃f of the off-
diagonal resonance as a fit parameter rather than determi
it self-consistently, as originally proposed in Ref. 12. W
have suggested that the facts that~i! the value determined
from the fit is quite close to the self-consistently determin
value (cf;20.8 with weakT dependence in the strong sca
tering limit!, and~ii ! the approximations made, namely, ne
glecting the effect of disorder on the average gap value in
determination ofcf as well as induced subdominant pa
components, tend in the right direction to account for t
8
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discrepancy, but we have no estimate of the magnitude
this error. Both a more complete, self-consistent calculat
within our framework, as well as a full calculation of th
disorder-averaged one-electron spectral function in
framework of the Bogoliubov–de Gennes equation are de
able.

The second problematic aspect is the limiting value a
behavior of the conductivity forT&2 –3 K. As seen in Fig.
1, the T→0 value appears to be 3–5 times the calcula
s00/s(Tc)5t21(Tc)/(pD0). We have considered sever
kinds of corrections to the theory as described herein
tend to increases00, or the extrapolateds(T→0). The first
are nonlocal corrections, which are negligible in the geo
etry considered by Hosseiniet al. The second are deviation
from the unitarity limit, which have been discussed by
Ref. 8. We find, as these authors did, that such deviati
rapidly lead to increasing positive curvature ins vs T and
are never consistent with the measureds(T) when s(T
→0) is large enough to resemble experiment. More like
sources of error include the neglect of vertex corrections
to anisotropic impurity scattering and Fermi liquid corre
tions, which may change the residual conductivity by a fa
tor of order unity.18 The final possibility is that a few twin
boundaries are present within the skin depth of the exp
ment. Twins have been shown to dramatically increase
residual conductivity in poorer samples,17 and lead to an
‘‘extrinsic’’ contribution to the transport that is poorly un
derstood at present.
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