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Quasiparticle-quasiparticle scattering in high-Tc superconductors
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~Received 11 January 2000!

The quasiparticle lifetime and the related transport relaxation times are the fundamental quantities which
must be known in order to obtain a description of the transport properties of the high-Tc superconductors.
Studies of these quantities have been undertaken previously for thed-wave, high-Tc superconductors for the
case of temperature-independent elastic impurity scattering. However, much less is known about the
temperature-dependent inelastic scattering. Here we give a detailed description of the characteristics of the
temperature-dependent quasiparticle-quasiparticle scattering ind-wave superconductors, and find that this pro-
cess gives a natural explanation of the rapid variation with temperature of the electrical transport relaxation
rate.
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Early measurements of the surface impedance of the h
temperature superconductor YBa2Cu3O61x ~YBCO! at GHz
frequencies1 and at THz frequencies2 found that the real par
of the conductivity,s1(T), exhibited a strong peak as a fun
tion of temperature when the temperature was lowered be
the critical temperatureTc . This effect was interpreted a
being due to a rapid increase in the transport scattering
of the superconducting quasiparticles as the temperature
lowered. The rapid increase in the scattering time belowTc
is confirmed by Hall-effect measurements in the flux-flo
regime3 and by thermal Hall-effect measurements,4 and is
now well established~further and more recent evidence
reviewed in Refs. 5 and 6!.

Obtaining a quantitative measurement of the tempera
dependence of this transport relaxation time has not b
easy, and it is only with the measurements of Hosseiniet al.5

that information sufficiently precise to test current theoreti
ideas has become available. These recent measurem
show that the transport relaxation rate is essentially indep
dent of temperature below 20 K, and increases at leas
rapidly asT4 above this temperature. In comparing their r
sults with the most relevant of the current theories, Hoss
et al. found that theirT4 experimental result for the relax
ation rate was about one power ofT faster than theT3 relax-
ation rate obtained in the theory of quasiparticle scattering
spin fluctuations in a model fordx22y2 superconductivity.7

The quasiparticle relaxation time is the mean free ti
between collisions of a quasiparticle. The electrical~or ther-
mal! transport relaxation time is, roughly, the mean free ti
between those collisions that significantly change the ele
cal ~or heat! current. Understanding these relaxation tim
and their differences is central to understanding the trans
properties of superconductors~see, e.g., Ref. 8!. Quasiparti-
cle scattering by impurities~relevant at the lowest tempera
tures! has been studied intensively~representative reference
are Refs. 8 and 9! and has been found to lead to a number
unusual properties, including the phenomenon of ‘‘univers
ity’’ predicted by Lee8 and demonstrated experimentally b
Taillefer et al.10 Inelastic quasiparticle scattering has be
much less intensively studied theoretically, and the one
evant theoretical study7 which does exist does not appear
give a sufficiently rapidly varying relaxation rate at low tem
PRB 610163-1829/2000/61~17!/11285~4!/$15.00
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peratures, as noted above. It is therefore of interest to in
tigate further different possible mechanisms of inelastic q
siparticle scattering.

In many heavy fermion metals, the electrical resistiv
r(T) at very low temperatures is found to vary asr(T)
5r01AT2. According to Ref. 11, such aT2 temperature
dependence is usually taken as a criterion for the identifi
tion of Fermi-liquid behavior,12 whereas Ref. 13 notes tha
this T2 dependence could also arise from scattering fr
spin fluctuations. In any case, the fact that serious cases
been made that the quasiparticle lifetime in heavy ferm
metals might be limited either by quasiparticle-quasiparti
scattering~the Fermi-liquid interpretation! or by scattering
from spin fluctuations, suggests that both these mechan
should be investigated in the case of the high-Tc (d-wave!
superconductors. Furthermore, angle-resolved photoemis
spectroscopy~ARPES! studies of high-Tc superconductors
have been interpreted as giving evidence that the ARP
linewidths are linked with electron-electron interactions14

Because scattering by spin fluctuations has already bee
vestigated ford-wave superconductors7 ~as well as ins-wave
superconductors15!, our article is devoted to the study o
quasiparticle-quasiparticle scattering. Interestingly, althou
both give a T2 temperature dependence in the low
temperature limit12,13 for a normal metal, we will find that
the predicted temperature dependences are different for
case of ad-wave superconductor. These two mechanis
should thus be experimentally distinguishable ind-wave su-
perconductors.

It should be emphasized that the superconducting stat
the high-Tc superconductors is by no means well understo
In looking at the inelastic scattering of quasiparticles in t
state~assuming that quasiparticles exist! it is desirable to get
as broad a view as possible of a number of different poten
mechanisms for such scattering~not only the spin fluctua-
tions and quasiparticle-quasiparticle scattering just m
tioned, but also order parameter phase fluctuations,16 stripe
fluctuations,17 and phonons! before reaching definitive con
clusions. The characteristics of quasiparticle-quasipart
scattering elucidated in this article, and in particular
agreement with experiment, suggest that it has consider
promise as an explanation of the low-temperatu
temperature-dependent transport properties.
11 285 ©2000 The American Physical Society
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Another point of interest is that even if spin fluctuatio
are an important source of inelastic scattering at most t
peratures, the spin susceptibility is expected to decreas
the superconducting state, and the quasiparticle-quasipa
scattering should then become more important relative to
scattering by well defined spin fluctuations as the tempe
ture is lowered. A well defined spin fluctuation is a strong
correlated electron-hole pair. As the temperature is lowe
in the superconducting state and the spin susceptibility
comes smaller, the correlation of the electron and the h
will become weaker, until at very low temperatures the el
tron and hole will behave independently. Thus, at low te
peratures, a calculation of the quasiparticle lifetime due t
scattering by spin fluctuations such as that carried out in R
7 would be expected to give a result similar to our calcu
tion of this lifetime by the quasiparticle-quasiparticle scatt
ing mechanism. This is what we find, as both our result a
the spin fluctuation result have a low-temperatureT3 varia-
tion with temperature. However, it is also clear that beca
of the small spin susceptibility at low temperatures there
no fluid of spin fluctuations separate from the gas of in
pendent electron and hole excitations. This means that
normal quasiparticle scattering processes as calculated b
and the related processes calculated in Ref. 7 cannot r
the momentum or the electrical current, and umklapp p
cesses must then be considered.

According to Hosseiniet al.,5 the rapid temperature de
pendence of the transport relaxation rate observed at
temperature would be expected in any situation where
inelastic scattering comes from interactions that are gap
belowTc . The end result of our low-temperature calculati
~described below! of the transport relaxation rate for th
electrical conductivity resulting from quasiparticle
quasiparticle scattering, namely,

tel
215 f ~T!exp~2DU /kBT! ~1!

has just such a gap, making quasiparticle-quasiparticle s
tering an attractive possible explanation of the lo
temperature inelastic scattering in YBCO. Here, the gapDU
is some fraction of the maximum superconducting gap,
f (T) is a prefactor which is relatively slowly varying, bu
nevertheless important for the fit of the experimental dat

Quasiparticle-quasiparticle scattering at low temperatu
in d-wave superconductors has some interesting proper
The scattering of nodal quasiparticles yields a quasipart
relaxation rate varying with temperature asT3. For a typical
Fermi surface corresponding to an optimally doped Cu2
plane of YBCO,18 however, such processes are all norm
processes~conserving the total momentum with no add
reciprocal-lattice vector! and so do not contribute to the re
laxation rate observed in electrical transport~see, e.g., see
Ref. 12!. The processes that determine the electrical trans
relaxation time are the quasiparticle-quasiparticle umkla
processes, and these are forbidden unless the energy o
of the incoming quasiparticles is greater than a thresh
energyDU . This is the reason for the exponential depe
dence onDU occurring in Eq.~1!. It will be shown below
that Eq.~1!, which is characterized by the exponential fac
that varies rapidly withT at low temperatures, gives goo
agreement with the experimentally measured temperature
pendence oftel

21 .
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Calculation of the quasiparticle relaxation rate. The qua-
siparticle lifetime t can be evaluated using the ‘‘golde
rule,’’ and is given by

1

t~k1!
5

2p

\ (
k2k3k4

uMk1k2k3k4
u2nk2

0 ~12nk3

0 !~12nk4

0 !

3d~Ek1
1Ek2

2Ek3
2Ek4

!. ~2!

Here Mk1k2k3k4
is a matrix element that will contain BCS

coherence factors since we are treating the scattering
BCS-like quasiparticles. This matrix element contains ad
function conserving the quasimomentum such that

k11k25k31k41G, ~3!

where G is a reciprocal-lattice vector. The processes
which G50 are called normal processes, whereas ifGÞ0
the processes are called umklapp processes. Also,nk

0

5n0(Ek)5@exp(Ek /kBT)11#21 is the equilibrium value of
Fermi Dirac distribution functionnk , andEk is the quasipar-
ticle energy.

At temperatures much less than the maximum gap,
thermally excited quasiparticles have momentum vectors
ing close to the gap nodes on the Fermi surface~see Fig. 1!.
In the scattering of a thermally excited quasiparticle by a
other thermally excited quasiparticle the outgoing quasip
ticles must also have momentum vectors lying close to
gap nodes in order to conserve energy. It can be seen
studying the Fermi surface geometry of Fig. 1 that the sc
tering processes in which only nodal quasiparticles are
volved must be normal processes.

Now, the current associated with quasiparticles lyi
close to the nodes in ad-wave superconductor is given by th
expression

J5(
k

e
\k

m*
nk , ~4!

i.e., the quasiparticle current is proportional to the total q
siparticle momentum~see, e.g., Ref. 8!. Because the scatter
ing processes just discussed are normal processes, they

FIG. 1. The Fermi surface associated with a single CuO2 plane
of YBCO. The superconducting gap varies with momentum alo
the Fermi surface, going to zero at the nodes~indicated by solid
circles!. The wave vectorsQi on the Fermi surface are associat
with quasiparticles involved in an umklapp process~see text! andG
is a reciprocal-lattice vector.
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not change the total quasiparticle momentum, and he
cannot contribute to the transport relaxation rate associ
with electrical current.

It is easily seen that the normal processes discussed a
cause significant changes to the heat current carried by
quasiparticles. These normal processes thus determine
the quasiparticle relaxation rate and the transport relaxa
rate appropriate for the quasiparticle contribution to the th
mal conductivity. Therefore we comment briefly on the
temperature dependence. The excitation energies of
nodal quasiparticles can be parametrized in the usual way8 as

Ek5A~vFp1!21~v2p2!2, ~5!

where the momentump is measured from the node and h
componentsp2 along the Fermi surface andp1 perpendicular
to it. The matrix elementM in Eq. ~2! is taken to be inde-
pendent of momentum~except for thed function conserving
momentum!, and Eq.~5! is used. A scaling argument applie
to the momentum integrations then yields the result

tqp
215DT3 ~6!

for the temperature dependence of the quasiparticle re
ation rate at temperatures well below the energy gap (D is a
constant!. This same result~except for a change of the con
stantD) is obtained when the appropriated-wave BCS co-
herence factors are included in the matrix element.

Quasiparticle-quasiparticle umklapp processes do cha
the total quasiparticle momentum and electrical current
hence determine the electrical current transport relaxa
time tel . The quasiparticle momentum vectors for one p
ticular umklapp process are shown in Fig. 1. Here, the m
mentumQ1 of the low-energy quasiparticle whose relaxati
rate we wish to calculate lies in the vicinity of a node. T
vector Q2 is determined by the parallelogram constructi
indicated in Fig. 1 and by the fact that it lies on the Fer
surface. The four quasiparticle momenta satisfyQ11Q2
5Q31Q41G whereG is the nonzero reciprocal-lattice vec
tor indicated. A study of Fig. 1 shows that the quasiparti
Q2 is the lowest energy quasiparticle that can enter int
collision with the nodal quasiparticleQ1 in an umklapp pro-
cess. The energy of the quasiparticle atQ2 is calledDU (U
for umklapp!. We expect that the umklapp process scatter
rate will be proportional to the mean number of quasipa
cles in a state of wave vectorQ2, which is exp(2DU /kBT) for
kBT!DU . Umklapp processes involving collisions with
quasiparticle with its momentum and energy fairly close
those of quasiparticleQ2 occur for quasiparticles in the
neighborhood ofQ2 shown by the shaded region in Fig.
The sum over all of these umklapp processes gives a r
tively slowy varying temperature-dependent prefactor to
exponential temperature dependence just mentioned, a
will now indicate.

For k i in the neighborhood ofQi , let \k i5\Qi1pi . The
quasiparticle energy fork2 in the neighborhood ofQ2 can
then be written, in a manner similar to Eq.~5!, as

Ek2
5DU1v28p21

vF8
2

2DU
p1

2 ~7!
ce
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with a similar equation forEk4
. With this parametrization the

integrals over the momentum and energy conservingd func-
tions in Eq.~2! can be done analytically, giving the result o
Eq. 1. Here the prefactorf (T) is ~to within a constant!

f ~T!5E
2`

`

dxE
0

`

dyE
0

2p

duE~x!F~y!G~x,y,u! ~8!

with the function E(x)5exp(2x2g2DU /kBT), F(y)
5exp@2yDU /(2kBT)#, and G(x,y,u)5(Z2b)@1
2n0(u)#/(aZ). Also, a(u)5(g21cosu2sinu)2, b(x,u)5a
1@(g8/g)2x#cosu1(g81gx)sinu, Z5Ab21ay, and u
52aDU(Z2b)/a. These equations contain four undete
mined parameters,a5vF /vF8 ,g5v2 /vF ,g85v28/(A2vF8 ),
andDU . For an initial investigation of the integral forf (T)
we choseg51/14, in agreement with experiment,19 and also
made the arbitrary choicesa51,g851/(14A2), andDu /kB
5105 K. We find that, in the temperature range of inter
(20,T,60 K), f (T)5CT2 to an accuracy of about 2%
This approximateT2 temperature dependence is not sensit
to reasonable variations of the parameters. Thus, to a g
approximation,

tel
215CT2n0~DU!@12n0~DU!#. ~9!

In this last result, the exponential function has been repla
by the product of Fermi Dirac distribution functions, whic
should give a somewhat more accurate result as the temp
ture is raised. With the parametrization of Eq.~7!, however,
this result is still correct only in the limitkBT!DU .

The electrical transport relaxation ratetel
21 has been de-

termined experimentally5 by fitting the microwave conduc
tivity determined at a number of different frequencies to
Drude line shape~which it fits well!. The experimentally
determined values oftel

21 are reproduced in Fig. 2. For th
chosen value 105 K ofDU /kB , the theoretical result of Eq
~9! can be seen, in Fig. 2, to be in agreement with experim
to within the experimental error. From the Fermi surfa
shown in Ref. 18 from the fact that the superconducting g
is found to vary roughly asucoskx2coskyu on the Fermi
surface,18 and from the parallelogram construction of Fig.
we find thatDU is about two-thirds of the maximum supe
conducting gapDmax. Based on this reasoning our value
DU /kB of 105 K yields aDmax of 14 meV. The valueDmax
is not a very well established value experimentally. For e

FIG. 2. A comparison of the theoretical curve oftel
21 versus

temperature as determined by Eq.~9! with C50.0139
31011 K22 sec21 and DU /kB5105 K, and the experimental re
sults ~with error bars! of Hosseiniet al. ~Ref. 5!. A constant has
been subtracted from the experimental data so that the l
temperature limit oftel

21 is zero.
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11 288 PRB 61BRIEF REPORTS
ample, for the various samples studied in Ref. 18,Dmax has
values which lie between approximately 11 and 31 meV~in-
cluding the uncertainty due to experimental error!. Given the
uncertainties in our method of estimatingDmax from our
scattering rate formula, and the fact that the value that we
obtain is within the bounds established by the ARPES
sults, the agreement of our theory with experiment must
considered satisfactory.

In conclusion, this article gives a detailed description
the characteristics of quasiparticle-quasiparticle scatterin
a high-Tc superconductor such as YBCO, valid at tempe
tures well below the maximum energy gap. The quasipart
relaxation rate and the transport relaxation rate appropr
for a description of the microwave electrical conductivity a
found to be controlled by different processes. The quasip
ticle relaxation rate is due to the scattering of nodal qua
particles off one another and has aT3 temperature depen
dence. The electrical transport relaxation rate, on the o
ev
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hand, is due to quasiparticle-quasiparticle umklapp p
cesses. In the presence of thed-wave gap, there is an energ
threshold for these umklapp processes such that one o
incoming quasiparticles must have an energy greater tha
threshold energyDU (DU is some fraction of the maximum
superconducting gap!. This gives the electrical transport re
laxation ratetel

21 a T2exp(2DU /kBT) temperature depen
dence at low temperatures. This theoretical result reprodu
the rapidly varying temperature dependence oftel

21

observed5 at low temperatures, as can be seen in Fig.
Quasiparticle-quasiparticle scattering is thus a promis
mechanism for understanding the low-temperature inela
quasiparticle scattering rates ind-wave superconductors.
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