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Intersubband electron transitions due to electron-electron interactions
in quantum-well structures

K. Kempa, P. Bakshi, J. Engelbrecht, and Y. Zhou
Department of Physics, Boston College, Chestnut Hill, Massachusetts 02467-3811

~Received 16 November 1999!

We have developed a full random-phase approximation formalism, and an efficient computational scheme
for calculating the electron-electron scattering rates in quantum wells in nonequilibrium steady state, including
the full dynamic screening. We apply our formalism to quantum-well systems studied in two recent experi-
ments, which report different scattering rates for similar structures and similar carrier densities, and obtain
quantitative agreement with both experiments. We show that the observed difference in the scattering rates is
the result of different excitation levels in these experiments. We have also shown that the temperature depen-
dence of the intersubband electron-electron scattering rate in one of the experiments is dominated by the
higher-order, noncollective electron-electron scattering events at low temperature. We propose a scenario that
could lead to the dominance of the electron-plasmon~collective! scattering processes. One of the experimental
indications of this would be an activated temperature dependency of the intersubband electron-electron scat-
tering rate.
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The electron-electron scattering processes in homo
neous electron systems are well understood, at least in
random-phase approximation~RPA!,1 and this has provided
a quantitative understanding of the mean free path of e
trons in metals.2,3 This is not the case in strongly inhomog
neous systems, even in those with the translational symm
broken only in one dimension. Simplified approaches h
been proposed4,5 to treat such systems, which emphasize
single-particle~Auger! nature of the electron-electron sca
tering, but ignore4 or phenomenologically approximate5 the
screening. A RPA-based approach, which includes effect
dynamical screening, was employed in Ref. 6 to study
relaxation of the nonequilibrium electron distribution fun
tion in a simple model quantum-well system.

Electron-electron scattering dominates the physics of
rier relaxation in quantum nanostructures for which the
tersubband separation is less than the LO-phonon en
~;36 meV in GaAs!. Knowledge of the electron-electro
scattering rates is therefore crucial in determining the e
trical and thermal transport properties of such structu
This is especially important for structures used as active
gions of devices designed for emission of radiation in
THz frequency range.7–9 Typically, these operate in a non
equilibrium steady state, and in some cases carry a la
electron population in the active region. Then the electr
electron scattering becomesthe limiting mechanism in
achieving population inversion. Of obvious interest here
the possibility of reducing those electron-electron scatter
rates~by appropriate structure design, or excitation schem!
so that a significant intersubband population inversion can
achieved.9 This could clear the way to a THz laser.9

Experiments show that the intersubband electron-elec
scattering rates in semiconductor quantum-well systems
be very high~of the order of 1 meV!, almost approaching in
some circumstances the intersubband scattering rate du
emission of LO phonons. However, two rece
experiments,10,11 performed on two-subband quantum-we
structures~with the intersubband separation below the L
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phonon threshold!, showed that the intersubband relaxati
rates, due to electron-electron scattering, differed in the
experiments by over an order of magnitude even though
structures were similar, and had the same total electron d
sity. An extension of the experimental scenario of Ref. 10
include a detailed study of temperature and density dep
dence of the scattering rate, has been given in Ref. 12.

We present in this work a full RPA formalism, and a
efficient calculational scheme, for the electron-electron sc
tering rate in quantum-well systems. This generalizes
previous efforts4,5 and includes fully the dynamic screenin
via a detailed calculation based on the self-energy formali
Such a complete treatment is essential for the proper jus
cation of the calculational scheme. Our analysis is relev
for the nonequilibrium steady-state systems with signific
carrier populations. We apply this formalism to the expe
mental scenarios of Refs. 10–12.

We consider here a nanostructure in which electrons
trapped, by an arbitrary confining potential, to a finite s
domain in thez direction, and are free to move in any dire
tion perpendicular toz. Assume, initially, that the energy
spectrum consists of only two subbands. Since we are in
ested here in a nonequilibrium steady-state situation, we
ceed as follows. First, we calculate the intersubband sca
ing rate for an equilibrium, nonzero temperature carr
distribution, using the Matsubara formalism.1 Second~after
performing all Matsubara summations!, we identify the Fer-
mion distribution functions with the state occupation facto
Finally, we employ these state occupation factors for
nonequilibrium steady state.

The averaged out scattering rate,gscat, of an electron in
the upper of the two subbands (n52), can be obtained from
the imaginary part of the corresponding self-energy, which
the RPA has the following form:13

( ~r ,r 8,vn!5
1

b (
vm

S~r ,r 8,ivm!G0~r ,r 8,ivn2 ivm!

~1!
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where b51/kT and the Matsubara frequenciesvm
52mp/b, vn5(2n11)p/b, wheren and m are integers.
The noninteracting propagator is given by

G0~r ,r 8,v!5(
Kn

CKn~r !CKn* ~r 8!

v2E~K ,n!1 id
, ~2!

whereK is the electron, in-plane, wave vector,n51,2 is the
subband index, andr5(R,z), whereR is the in-plane posi-
tion vector. The single-particle energy isE(K ,n)5K2/2m
1«n ~m is the effective mass,«n is the electron energy as
sociated with the motion inz direction!. In this paper we also
set\51. CKn(r ) is the corresponding single-particle eige
function of the stateK in the nth subband. We employ th
Lehman representation of the screened interaction:
he
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S~r ,r 8,ivm!52
1

p E dv8
Im@S~r ,r 8,v8!#

ivm2v8
. ~3!

The screened interactionS(r ,r 8,v), is given in the RPA by
the Dyson equation

S~r ,r 8,v!5v~r ,r 8!1E dr 9E dr-v~r ,r 9!

3x0~r 9,r-,v!S~r-,r 8,v!, ~4!

where the Coulomb potential isv(r ,r 8)5e2/«ur2r 8u, where
« is the dielectric constant of the semiconductor, and
single-particle susceptibility is
x0~r ,r 8,v!5(
Kn

(
K8n8

~nF@K ,n#2nF@K 8,n8#CKn~r !CKn* ~r 8!CKn8
* ~r !CKn8~r 8!

v1E~K ,n!2E~K 8,n8!1 id
~5!
-

s

with the Fermi distribution function given bynF@x#
51/(exb11). The expectation value of the self-energy in t
stateK ,n is

D~K ,n!5E drE dr 8( ~r ,r 8,E@K ,n# !CKn~r !CKn* ~r 8!.

~6!

Finally, the averaged scattering rate of an electron in
second subband is

gscat522^Im@D~K ,2!#&, ~7!

where^ & denotes averaging over all states of the upper s
band (n52).

Performing the standard Matsubara summations, Fou
transforming the in-plane quantities using@exp(2iQR)#,
and employing the cosine Fourier transforms14,15alongz, one
can show that

gscat5 K 2
4

p E dQ

~2p!2 F~1,2,Q!Im$G1212%L , ~8!

where

F~1,2,Q!5nB@E~K ,2!2E~K1Q,1!#

1nF@2E~K1Q,1!1m# ~9!

and nB@x#51/(exb21) is the Bose-Einstein distributio
function with m the chemical potential.
The interaction functionG is defined as

Gnn8mm85E dqE dq8S~q,q8,Q,v!Wnn8~q!Wmm8~q8!

~10!

with Wnn8(q)5*dzcos(qz)Cn(z)Cn8
* (z). It is calculated by

inverting the following matrix equation obtained from th
transformed Dyson equation~4!:
e

b-

er

Cmm8 l l 85(
n

(
n8

$«dmm8nn82xnn8~Q,v!Cmm8nn8%Gnn8 l l 8

~11!

in which n,n8,m,m8,l ,l 8 are all either 1 or 2. Explicitly,

Cmm8nn85Bmm8nn82@Q/~2pe!2#Amm8Ann8 , ~12!

Bmm8nn85E dq v~q!Wmm8~q!Wnn8~q!, ~13!

Amm85E dq v~q!Wmm8~q!, ~14!

wherev(q)54pe2/(q21Q2). The transformed susceptibil
ity function x, which enters Eq.~11!, is obtained by combin-
ing results of Refs. 15 and 16,

xnn8~Q,v!5
2mkF

«F
1/2p2 nF@E~Kn!#3 (

s521

1
s

2Q

3F E
0

`

dk
2pk

g exp~k2B!11
lnS ks1k

ks2kD G ,
~15!

where

ks5
1

2Q
$@E~Kn!2E~K1Q,n8!#s1~v1 id!2sQ2%

~16!

and Q5uQu/kF , V5v/«F , andB5b«F . The scaling fac-
tors are chosen to be the Fermi wave vectorkF , and the
Fermi energy«F5kF

2/2m, corresponding to the electron ga
of the same density atT50. g is obtained from

3T3/2

2 E
0

`

du ln@11g exp~2u2!#51. ~17!
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Equation~11! can be easily solved by mapping of indic
nn8→N, mm8→M , and l l 8→L, and subsequently by in
verting the resulting~in the case of two subbands only! 4
34 matrix. The obtainedG is used in the integrand of Eq.~8!
to finally yield gscat. An extension to multiple (n.2) sub-
bands is straightforward, and amounts essentially to incr
ing the range of the subband summations.

To extend this formalism to the case of a steady-s
nonequilibrium system, we first eliminate the Bose-Einst
distribution function from Eq.~9! by employing the identity

nB@B2A#~nF@A#2nF@B# !5~12nF@A# !nF@B#. ~18!

Then, we substitute all of the Fermi distribution functions f
the corresponding occupation factors, i.e.,nF@E(K ,n)#
→ f (K ,n).

In the experiments discussed below the scattering r
averaged out over the states of a given subband, is meas
for a given excitation condition. This justifies the averagi
procedure employed in Eqs.~7! and~8!, and also allows us to
use, as a good approximation, the averaged out~over thenth
subband! value of f (K ,n). Such an averaging procedu
would be unjustified in the calculations~not performed here!
of the nonequilibrium steady state, i.e., in calculations t
aim at determiningf (K ,n). Such calculations were per
formed in Ref. 6 by employing a formalism essentially sim
lar to ours, combined with the transition rate balance eq
tions.

We first apply our formalism to the experimental scena
of Ref. 10, where a double-well structure is remotely dop
so that electrons occupy the lower subband up to the Fe
level EFl54 meV. A beam of THz radiation excites some
the electrons to the upper subband. The intersubband se
tion is D511 meV. All other subbands in this structure are
least 100 meV above this doublet. The occupation of
upper subband (N2) is controlled by the radiation intensit
~I!, and can be estimated from the electron flux balance
tween the two subbandsN1gTHz5N2gscat, whereN1 is the
lower subband population, andgTHz , proportional toI, is the
upconversion rate due to the THz radiation. Figure 1 sho
our calculation~circles! of gscat vs I compared with the ex-
perimental results~squares!. The agreement is very goo
over the three orders of magnitude ofI.

FIG. 1. Intersubband scattering rate vs intensity of the THz
diation. Circles represent our calculation and squares the ex
mental results of Ref. 10.
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Next, we apply our formalism to a similar double-we
two subband structure of Ref. 11. In this case, a laser bea
used to excite electrons from the valence band into a nar
window which overlaps with both subbands in the condu
tion band. Since the excitation rate is very fast, the elect
population divides, essentially equally~due to the constan
density of states!, between the two subbands. The final res
of our calculation~circles! is shown in Fig. 2, and is in a
good, quantitative agreement with the experiment~squares!.

It should be emphasized that our calculations leading
the results shown in both Figs. 1 and 2 employed only
rameters that were specified by the experimental scena
In the experiment of Ref. 10, for most of the radiation inte
sities, the electron gas had a smaller population in the up
band, compared to the case of the experiment of Ref.
Then, a simple phase-space blocking argument, comb
with the quadratic scaling of the Auger process~pure two-
particle, noncollective scattering! with the upper subband
density, explains the smaller scattering rates measure
Ref. 10.

One of the results of the experiment reported in Ref.
was the temperature dependence of the intersubband sc
ing rate. It was suggested thatgscat;A exp(2Ea1 /kT)
1Bexp(2Ea2 /kT), with the activation energy Ea1
52.9 meV for small temperature~T!, andEa2524 meV for
large T. While Ea2 clearly is due to the emission of LO
phonons (vLO5D1Ea2535 meV), the origin of the lower
activation energyEa1 remained unexplained. In a late
study,12 this low-temperature domain was studied in detail
was shown that the temperature dependency in this very
T range (T,30 K) is more complex than earlier suggest
on the basis of a very limited number of data points. In fa
the scattering rate seems to followT2 dependency, in the
temperature range 10 K,T,30 K, before saturating at the
level of 109 sec21 for T,10 K ~see Fig. 3, squares!.

The results of our calculations (gscatvs T! for this case are
shown in Fig. 3~circles!, together with the experimental re
sults of Refs. 10 and 12~squares!. Our calculations agree
well with the experiment in the window 10 K,T,30 K. The
higherobservedscattering rates outside this range are due
mechanisms not included in our calculations~i.e., emission
of LO phonons forT.30 K, and acoustic phonons forT
,10 K). In Fig. 4 we separate the different contributions

-
ri-

FIG. 2. Intersubband scattering time vs total electron dens
Circles represent our calculation and squares the experimenta
sults of Ref. 11.
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our data in Fig. 3. The squares represent the full scatte
rate, diamonds represent Auger scattering, i.e., due to
static screening obtained by settingS to v in the Dyson equa-
tion, and finally circles represent the difference between
two, i.e., scattering from plasmons and higher-order electr
electron processes. These results show that the
temperature expansion for each of these curves is of the f
a1bT21¯ , wherea for each curve represents a small r
sidual scattering rate atT50. In Fig. 4 this term has bee
subtracted for each curve. It is clear that for smallT the
higher-order processescontribute strongly to the scatterin
rate. The relative importance of these diminish for largerT.
For the parameters of the experimental scenario of Ref
~aerial density of 1011cm22), however, even atT520 K,
they amount to 50% of the total scattering rate.

The T2 scaling of the scattering rate is reminiscent
metallic behavior at low temperature,17 and is entirely due to

FIG. 3. Intersubband scattering rate vs temperature. Circles
resent our calculation and squares the experimental results of
12.

FIG. 4. Intersubband scattering vs temperature for calcula
with all diagrams included~squares!, including only the first RPA,
‘‘ring,’’ i.e., Auger processes~circles!, and the contribution from all
‘‘rings,’’ except the first one~diamonds!.
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the phase-space limitations on the allowed transitions.
relate this interpretation to our situation, we have calcula
the absorption spectrum@;Im S(v,q)#. We employed here
the calculation scheme of Ref. 15. Figure 5 shows the
sorption spectrum for three representative wave vectorq.
The solid line shows that the spectrum for smallq is domi-
nated by collective excitations~the intrasubband and inter
subband plasmons! which lie outside of the single-particle
excitation continua. Note that the peaks are very narrow@the
slight broadening is due to a small parameterd50.1 meV,
used in Eq.~5!#, i.e., there is practically no Landau dampin
This means that each electron has to be excited acro
nonzero energy gap~of the order of the depolarization shift!
to emit a plasmon. On the other hand, for largerq ~indicated
by the dotted and broken lines!, the plasmon resonances e
ter the single-particle continua~note the large broadening o
the plasmon peaks!, and there is no need for an addition
excitation of an electron to emit a plasmon~gapless situa-
tion!. Since in the experimental scenario of Refs. 10 and
intersubband transitions from the upper band to the low
one can occur only for largeq ~smallq transitions are phase
space blocked due to the large occupation of the lower s
band!, the gapless scenario dominates the physics. The u
band electrons therefore decay through the continuum of
termediate electron-hole states, as in the case of metals.
explains theT2 dependency for all of the three curves show
in Fig. 4.

For the collective~plasma! effects to dominate the deca
process, a scenario is needed which allows for downwa
transitions with very smallq. This will necessarily occur in
structures, where a strong population inversion exists,
the lower subband is essentially empty~see Refs. 9!. In this
case~see Fig. 5 forq50.3kF), the absorption spectrum wil
be dominated by the intersubband collective excitation~in-
tersubband plasmon! which is separated from the edge of th
single-particle continuum by a small gapE ~of the order of
the depolarization shift!. We expect therefore an activate
behavior of the scattering rates, i.e., given by a Boltzm
factor g;exp(2E/kT), in this case.

p-
ef.

n

FIG. 5. Absorption spectrum vs normalized frequencyv/D. The
solid line is forq50.3kF , dotted forq50.6kF , and dashed forq
51.2kF .
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In conclusion, we have developed a full RPA formalis
and an efficient computational scheme for calculating
electron-electron scattering rate in semiconductor nanost
tures, which includes fully the dynamical screening effec
Our calculations are in good quantitative agreement with
cent experimental results, with no adjustable parameters.
have also shown that the temperature dependence of th
tersubband electron-electron scattering rate in the quan
well system of Refs. 10 and 12 is dominated by the high
order electron-electron scatterings belowT520 K. We
e
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propose a scenario of strong population inversion that can
achieved in a wide class of structures, which leads to do
nance of the electron-plasmon scattering. One of the exp
mental indications of this would be an activated depende
of electron-electron scattering.
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