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Presentation and experimental validation of a single-band, constant-potential model
for self-assembled InAsÕGaAs quantum dots

M. Califano and P. Harrison
Institute of Microwaves and Photonics, School of Electronic and Electrical Engineering, University of Leeds,

Leeds LS2 9JT, United Kingdom
~Received 27 September 1999!

A single-band, constant-confining-potential model is applied to self-assembled InAs/GaAs pyramidal dots in
order to determine their electronic structure. The calculated energy eigenvalues and transition energies agree
well with those of more sophisticated treatments which take into account the microscopic effects of the strain
distribution on band mixing, confining potentials, and effective masses. The predictions of the model are
compared with several spectra reported in the literature by different authors. Very good agreement with both
energy position and number of peaks in such spectra is found. The hole energy splitting between ground and
first excited states deduced from capacitance and photoluminescence measurements is in excellent agreement
with our calculated values. The simplicity and versatility of the model, together with its modest computational
demands, make it ideally suited to a routine interpretation and analysis of experimental data.
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I. INTRODUCTION

Spatially quantized systems have attracted large inte
since the development of molecular-beam epitaxy~MBE!
made possible the fabrication of atomically sharp heteroju
tion interfaces. Recent studies proved three-dimensio
~3D! confinement of charge to be attainable within strain
islands of many semiconductor heterostructures~SH’s! that
form on the surface of a substrate during t
Stranski-Krastanow1 growth method. This growth mode pro
ceeds via successive MBE layer depositions of the SH
material 1 on a material 2 SH substrate. Due to the lat
mismatch between deposited material and substrate, af
critical thickness is reached, which depends on the partic
heterostructure, the two-dimensional growth changes in
three-dimensional one and coherent2 ~dislocation free! is-
lands of material 1 with a pyramidal shape form sponta
ously ~with a thin wetting layer left under the islands!. The
quantum dot~QD! island is then covered~capped! with a
layer of the substrate material.

The energy levels of such structures cannot be easily
culated, both because of the finite-potential confining bar
~often of the order of 200–400 meV! and the nontrivial ge-
ometry of the dot. The Schro¨dinger equation must thus b
solved by means of a numerical method.

Gershoniet al.3 developed a numerical method in whic
they expand the envelope function of a rectangular quan
wire ~2D confined system! using a complete orthonormal s
~COS! of periodic functions, which are solutions for a rec
angular wire with an infinite barrier height and suitably ch
sen dimensions. The advantage of this method is that it
be applied to structures of arbitrary shape. Moreover, all
matrix elements can be calculated analytically. Gan
padhyay and Nag4 extended this method to study 3D co
fined structures such as parallelepipeds and cylinders bu
our knowledge such an approach has not been presente
far for pyramidal structures.

The aim of this paper is to extend Gershoniet al.’s
method to determine the energy levels of pyramidal sha
~self-assembled! InAs dots. In Secs. II and III we give a
PRB 610163-1829/2000/61~16!/10959~7!/$15.00
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overview of the method, while Sec. IV presents a critic
view of the experimental situation and of the problems co
nected to the interpretation of the experimental spectra.
nally, in Sec. V we present the results, compare them w
the available experimental data, and discuss the met
highlighting the most relevant features.

II. THEORY

The Schro¨dinger equation for the envelope function in th
effective mass approximation can be written as

2
\2

2 S ¹
1

m* ~x,y,z!
¹ D C~x,y,z!1V~x,y,z!C~x,y,z!

5EC~x,y,z!. ~1!

This form ensures, among other things, that it is Hermiti
that the wave functions are orthogonal, and that probab
current is conserved at the interface of the heterojunct
The envelope function of the pyramid,C(x,y,z), is then
expanded in terms of a COS of solutions of the cuboi
problem with infinite barrier height, i.e.,

C~x,y,z!5(
lmn

almnc lmn~x,y,z!, ~2!

where

c lmn5A 2

Lx
sinF lpS 1

2
2

x

Lx
D GA 2

Ly
sinS mp

y

Ly
D

3A 2

Lz
sinFnpS 1

2
2

z

Lz
D G . ~3!

We have chosen the domains@2Lx/2,Lx/2# and
@2Lz/2,Lz/2# for the variation ofx andz, and@0,Ly# for that
of y ~see Fig. 1!.

Care has been taken to move the boundariesLx , Ly , and
Lz away from the pyramid, so that the energy eigenvalues
essentially independent of their choice. An attraction of t
approach is that there is no need to explicitly match wa
10 959 ©2000 The American Physical Society
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10 960 PRB 61M. CALIFANO AND P. HARRISON
functions across the boundary between the barrier and
materials. This method is thus easily applicable to an a
trary confining potential. Substituting expression~2! into Eq.
~1!, multiplicating on the left byc l 8m8n8

* , and finally integrat-
ing over the cuboidLxLyLz , yields the matrix equation

~Mmlnm8 l 8n82Edmm8d l l 8dnn8!almn50, ~4!

where use has been made of the orthonormality of the w
functions. The matrix elementsMlmnl8m8n8 are given by

Mlmnl8m8n852
\2

2 E c l 8m8n8
* ¹S 1

m* ~x,y,z!
¹c lmnD dxdydz

1E c l 8m8n8
* Vc lmndxdydz. ~5!

Carrying out the derivation, the first integral of Eq.~5! be-
comes

2
\2

2 F E c l 8m8n8
* S ¹

1

m* ~x,y,z!
D ~¹c lmn!dxdydz

1E c l 8m8n8
*

1

m* ~x,y,z!
¹~¹c lmn!dxdydzG . ~6!

We then integrate by parts the second integral of Eq.~6!: one
term ~the nonintegral one!, coming from the partial integra
tion, vanishes~remember that the wave functions vanish
the boundaries of the cuboidLxLyLz), and another term can
cels the first integral of Eq.~6!, so that we are left with only
one term@besides the one containing the potential in Eq.~5!#.
We finally obtain

Mlmnl8m8n85
\2

2 E 1

m* ~x,y,z!
¹c l 8m8n8

* ¹c lmndxdydz

1E c l 8m8n8
* Vc lmndxdydz. ~7!

The problem here is still the spatial dependence of the ef
tive mass in the integral, i.e., the discontinuity of its value

FIG. 1. Schematic representation of the theoretical configura
used in the calculations.
ot
i-

ve
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passing from the well region into the barrier region. To ov
come this we split the integral into three parts, within each
which the effective mass is constant: first, we take an integ
with m* 5mB over the whole cuboid~i.e., barrier plus well
regions!; second, we subtract the integral withm* 5mB over
the well region; and third, we add the integral withm*
5mW over the well region. The same procedure has b
adopted for the integral containing the potential, which
zero in the well region, leading to the final expression

Mlmnl8m8n85F\2p2

2

1

mB
S l l 8

Lx
2

1
mm8

Ly
2

1
nn8

Lz
2 D 1VG

3d l l 8dmm8dnn81
\2

2 S 1

mW
2

1

mB
D

3E
W

¹c l 8m8n8
* ¹c lmndxdydz2V

3E
W

c l 8m8n8
* c lmndxdydz, ~8!

where the subscriptW in the integrals means that the inte
gration is over the pyramidal~well! region. A very relevant
feature of this method is that all the integrals in Eq.~8! can
be performed analytically. We have used a basis of 19 w
functions in each direction for expanding the envelope fu
tion, which is the minimum number required to achieve co
vergence for the electron energy eigenvalues to within l
than 1 meV. Equation~4!, where Mlmnl8m8n8 is a 6859
36859 matrix, is then solved by using standard mathem
cal software such asLAPACK.5

III. MODEL AND ITS APPLICATION

Energy levels of pyramidal shaped InAs/GaAs dots ha
been calculated using the parameters values listed in Tab
In the dot material the compressive stress alters the curva
of the bulk bands, causing the effective masses to differ fr
the unstrained ones. We have used the value of 0.04m0 ~Ref.
6! for the effective mass of InAs in the conduction band~the
unstrained value is 0.023m0) to account for the strain, a
suggested by Cusacket al.7 Most authors use two differen
values for the hole effective masses, one along the symm
axisz and the other along the planexy normal to that axis, to
account for the mass anisotropy. This choice while on o
hand increasing the~computational! complexity of the treat-
ment, on the other hardly improves the approximation,
mass for the motion along transverse directions~where the
holes spend the most of their time! still being undefined.
Accurate pseudopotential calculations in quantum we8

n

TABLE I. Calculation parameters:mB , barrier region effective
mass;mW , well region effective mass~all in units of the bare elec-
tron massm0); V0, carrier confining potential~in meV!.

Electron Heavy hole

ParametrizationC ParametrizationG
mB mW V0 mB mW V0 mB mW V0

0.0665 0.040 450 0.3774 0.59 266 0.3774 0.341 3
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have revealed the in-plane massesmxy , of electrons, light
holes, and heavy holes to be similar to those commonly
cepted for the motion along the z axis. The values for
heavy-holes effective masses in InAs along the@001# and
@111# directions, i.e.,mhh,z andmhh,xy , used by Grundmann
et al.9 in their calculations, differ by only 2.5%, wherea
Cusack et al.10 predicted very different values:mhh,z
50.590 andmhh,xy51.347. In the latter work, however, th
difference for the light-hole effective masses along
growth and the in-plane directions is only about 7%. Aimi
at a realization of a simple~but not necessarily less reliab
or less accurate! model, every unnecessary complicatio
which, after confirmation, does not significantly improve t
agreement with experiment or introduce additional phys
effects, has been avoided. We therefore restricted ourse
to only one value for the hole effective mass, i.e.,mhh
5mhh,z .

Performing empirical pseudopotential andab initio local-
density calculations for the band structure of InAs und
strain, Cusacket al.10 estimated the mass for the heavy ho
along the@001# ~z! direction to be 0.590me , near the center
of the pyramid in structures with an aspect ratio of 1. On
other hand, Grundmannet al.9 used a value ofmhh,z
50.341 in their calculations, also for pyramids with an a
pect ratio of 1. We performed our calculations using bo
aiming to decide after comparison with experimental res
which one was better suited for describing the system.
the heavy-hole effective mass in the barrier~GaAs! material,
the commonly accepted value ofmB,hh50.3774 has been
taken.

The strain affects the confining potential of the carriers
well, which becomes a piecewise continuous function
position,7 and differs from the square well formed by th
difference in the absolute energy of the conduction-
valence-band edges in the bulk dot and barrier material.
square well ~constant potential! approximation, however
still gives good results for the conduction band;9 thus the
electron confinement potential has been taken as the ave
over the QD, i.e.,V05450 meV.9 Even though the sam
treatment is less suitable for the hole’s confining potenti
their shapes being more complex, we assumed them t
constant within the dot. The average heavy-hole confin
potential relative to each of the mass values has been d
mined by performing several calculation sets, for all dot
mensions considered, with different values ofV0,hh , and
choosing the potential value which gave the best agreem
with the theoretical results reported in the cited papers.
therefore determined two different parametrizations~i.e., two
different pairsV0,hh and mhh,z), for the heavy holes~see
Table I!: C ~after Cusacket al., the results of which are wel
reproduced by this set of values! and G ~for Grundmann
et al., this set giving the best agreement with their calcu
tions!.

The strain also induces a piezoelectric polarization, wh
results in a piezoelectric potentialVp(x,y,z). However it
generally affects the energies of levels involved in opti
transitions by less than 1 meV;9 therefore, it has been disre
garded in our calculations. The inclusion of such a poten
would reduce the symmetry of the pyramidal dot fromC4v to
C2v , leading to a lifting of degeneracies. The Coulomb
teraction has also been neglected since the QD’s consid
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are in thestrong confinement regime,11 the size quantization
representing the main part of the carrier energy~their effec-
tive radius is small compared to the bulk exciton Bohr
dius!.

Since it has been reported9 that the strain distribution in a
quantum dot does not depend on the actualsizeof the dot but
on its shape, ~provided that the aspect ratio of half base a
height also remains constant10!, the same values for effectiv
masses and potential have been used throughout the cal
tion for all the dot sizes considered~see Table II!.

IV. EXPERIMENTS AND THEORETICAL
CALCULATIONS

A huge quantity of experimental data are available
InAs/GaAs QD’s since the fabrication of samples with na
row size and uniform density distribution has been ma
easy to achieve by the Stranski-Krastanov growth metho1

Islands of various sizes and shapes have been reported
pending on the growth conditions, such as temperature, I
coverage, growth rate, time delay before GaAs regrowth,
The dots grown by Grundmannet al.12 have been observe
to be square-based pyramids by high-resolution transmis
electron microscopy, whereas the same shape for the
studied by Moisonet al.14 has been evidenced by atom
force microscopy~AFM! images. Frickeet al.15 and Leonard
et al.13 estimated their InAs islands to be lens shaped fr
atomic force micrographs. Finally, Sauvageet al.16 reported
the dots investigated in their work to have a square b
pyramidal shape before GaAs regrowth, and a lens sh
after that, with a smaller size than what is observed by AF
due to the quenching of their evolution by the GaAs depo
The effect of capping could result on another hand in a sli
elongation of the dots as a reminder of the extreme ani
ropy of InAs islands on GaAs for submonolayer coverage
suggested by Nabetaniet al.17 and Frickeet al.,15 who re-
ported experimental evidence~far-infrared FIR spectra!
about the associated breaking of the symmetry in the
and second excited electron states.

The tools employed to investigate the size and shape
these islands can be divided into two groups: On the
hand there are techniques such as scanning tunneling mi
copy and AFM which allow the dots to be seen directly b
need them to be uncapped, whereas the samples used i
actual measurements@of photoluminescence~PL! spectra, for
instance# are all capped~the usual way to proceed is to gro
two samples in the same conditions and to cap one of th
for the measurements, leaving the other uncapped for

TABLE II. Dimensions of the structures studied.

Structure b(Å) h(Å)

1 60 30
2 80 40
3 100 50
4 120 60
5 140 70
6 160 80
7 180 90
8 200 100
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10 962 PRB 61M. CALIFANO AND P. HARRISON
AFM investigations. As it is clear from the preceding discu
sion however, the capping process may introduce both sh
and size variations in the islands!. On the other hand, analy
sis such as TEM can give structural information on capp
QD’s, but the images tend to overestimate the dot’s dim
sions and do not give good estimates of the composit
Another structural investigation technique, scanning tra
mission electron microscopy, was recently proposed,18 which
allows more detailed estimates of the size and shape of
dots to be made, avoiding the problems associated with
usual TEM.

An accurate estimate of size and shape of the isla
emitting a given PL spectrum~which is essential for theoret
ical calculations to give an accurate description of the e
tronic structure of the QD, and therefore to succesfully
produce its spectral features!, is nevertheless still very
difficult to obtain. Moreover the situation for the theorist
made even more complex by the shape of the PL spectra:
to the size distribution of the dots in the sample, in the b
cases they have a full width at half maximum~FWHM! of
about 50 meV, which is too broad an energy range to rep
sent a severe enough test for a theoretical model.

So far we have considered only the main feature of the
spectra, where the strong signal is attributed to recomb
tion from the dot ground state. The origin of higher-ener
spectral features is still the subject of some debate at
present time. Grundmannet al.9 attributed them to transi
tions between the electronic ground state and several
states, allowed by the lack of symmetry along the grow
axis, whereas Schmidtet al.19 identified them with transi-
tions between states with the same quantum numbers.

Aware of all these limitations we have tried to apply o
simple model to interpret the experimental features of s
eral PL spectra, not pretending to be able to reproduce t
in great detail, but aiming at putting our theory to the test
order to determine its range of applicability and its poten
ality. In Sec. V we compare our predictions with those
two other different theoretical approaches as well.

V. RESULTS AND DISCUSSION

In Fig. 2 we present the results for the InAs QD electr
energy levels as a function of the base dimension, plo

FIG. 2. Electronic energy levels as a function of base length,
InAs square-based pyramidal QD’s, with respect to the unstra
GaAs conduction band. Comparison of our results~full line! with
those of Ref. 7~diamonds! and Ref. 9~circles!.
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relative to the unstrained GaAs conduction-band edge,
compare them with the results of Refs. 7 and 9. Despite
simplicity of our calculations, which do not account for ban
mixing and the spatial variation of the confining potentia
due to strain, but assume a constant average~strained! poten-
tial throughout the dot, the ground-state electronic energ
given by our method agree very well with those, more s
phisticated, theoretical studies which take into account
these features.

Our model predicts no bound electron states for b
lengths smaller than about 60 Å, and three electron lev
for structures with base dimensions between approxima
120 and 160 Å. This number increases for bases larger
160 Å, up to ten bound states for 200 Å. As in Ref. 7, t
first and second excited electron states have been found
degenerate, as expected, due to theC4v symmetry of the
pyramidal dot.

By choosing two different couples (C andG in Tables I
and IV! of well effective masses and average confining p
tentials, the heavy-hole ground-state eigenenergies obta
in the previously cited references have been reproduced~see
Fig. 3!, and the calculated energies for theC1→V1 transi-
tion in each structure consequently agree well with tho
values.

In Ref. 20, Grundmannet al.compared the results of the
calculations with experimental PL data. Their model predi
only one bound electron state, therefore the peaks are at
uted to transitions between the ground-state electron le
and ground or excited hole states. Unfortunately Grundm
et al. did not give the exact dimensions of the QD the P
spectrum refers to. They referenced a previous pape
theirs, but there they presented the absorption spectrum
sample with average deposited InAs thicknesstav51.2 nm,
~base 1261 nm, height 561 nm), whereas the PL spec
trum of Ref. 20 refers to atav51.0 nm sample. We have
deduced the approximate dimensions of the dot by com
ing the values they presented in the diagram for the transi
energies as a function of pyramid size and the values t
reported on the PL spectrum as their predicted transition
ergies. In Table III we report the energetic positions of t
PL peaks together with our theoretical predictions for

r
d

FIG. 3. Heavy-hole energy levels as a function of base leng
for InAs square-based pyramidal QD’s, with respect to the
strained GaAs valence band. Comparison of our results@full ~pa-
rametrizationC) and dashed~parametrizationG) lines# with those
of Ref. 7 ~diamonds! and Ref. 9~circles!.
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PRB 61 10 963PRESENTATION AND EXPERIMENTAL VALIDATION OF . . .
square-based pyramid withb5110 Å andh560 Å. The
agreement obtained with parametrizationG is very good for
all three peak positions, whereas in this particular case,
rametrizationC only gives a good estimate of the transitio
energy to the third excited state~since our model predicts th
first and second excited hole states to be degenerate, the
peak has been attributed to a transition to the third exc
hole level in Table III!.

For an InAs pyramidal dot withb5200 Å and h
570 Å, our calculations, unlike those of Refs. 21,7, and
which, as they themselves admitted,7 are unable to reproduc
this feature, predict five different electron states~actually we
predict six bound states, the first and second excited st
being degenerate in our model, so that there are only
distinct energy levels!. The PL spectrum of such a samp
grown by Schmidtet al.19 shows five peaks which they a
tributed to transitions between electron and hole states
the same quantum numbers and therefore are consistent
the existence of five different electronic energy levels in
QD. They also mentioned the existence of the double deg
eracy of the first electron and hole excited states, withm5
61. Moreover, as can be seen in Table IV, the transit
energies we predict for such a QD with both parametri
tions are in good agreement with the experimental val
deduced from the PL spectra. In this particular case, par
etrizationC seems to be more suitable for the calculation
the ground state recombination energy, whereas paramet
tion G appears to be more appropriate for excited level tr
sitions. It is worth mentioning, however, that in both th
samples used by Schmidtet al. the substrate was not rotate
during the InAs deposition, allowing the formation of do
with a wide range of sizes and densities. As a result a bro
ening of the PL peaks is obtained, with a FWHM of th
Gaussian best fit to experimental data of about 60 meV.
discussed in the above Sec. IV, this again implies that wit

TABLE III. Transition energies: comparison between expe
mental values~deduced from PL spectra reported in Ref. 20!, and
our theoretical predictions obtained using different values for
pair’s confining potential and effective mass.C: mW,hh50.59, V
5266 meV.G: mW,hh50.341,V5316 meV.

Transition Eexp ~eV! EG ~eV! EC ~eV!

0→0 1.1 1.112 1.144
0→1(2) 1.17 1.176 1.197
0→3 1.24 1.224 1.236

TABLE IV. Transition energies: comparison between expe
mental values~deduced from PL spectra of Ref. 19!, and our theo-
retical predictions C: mW,hh50.59, V5266 meV. G: mW,hh

50.341,V5316 meV.

Transition Eexp ~eV! EC ~eV! EG ~eV!

0→0 1.01 1.017 0.979
1→1 1.10 1.143 1.112
2→2 1.17 1.239 1.214
3→3 1.23 1.262 1.237
4→4 1.29 1.288 1.264
a-
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d
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this error it is hardly possible to decide which of the tw
parametrizations used~i.e., which pairV0,hh , or mhh,z! is the
most suitable one for describing this system.

The calculated energy splittingsDE01,hh
C 522 meV and

DE01,hh
G 529 meV between the ground and first excit

heavy-hole states in this structure are also in excellent ag
ment with the experimentally estimated value ofDE01,hh

exp

527 meV, obtained by combining capacitance and
measurements.19 The predicted electron energy splittin
DE01,e however, is about two times larger~104 meV! than
was determined to be by capacitance19 and far-infrared22,15

measurements~i.e., '50 meV) on the same or simila
samples.

Perhaps, as pointed out by Nishiguchi and Yoh,23 an
energy-dependent effective mass would improve the ag
ment with the experimental data, reducing the energy-le
separation which is overestimated by the usual effecti
mass approximation. The constant confining potential
proximation, which is the other main assumption our calc
lations are based on, should not significantly influence
electronic level separation, as its actual value is always
most constant throughout the dot, but is expected to af
the hole level alignment because of the more complex sh
of its real profile in structures with an aspect ratio of 1.
should be a better approximation for flatter structures w
high aspect ratios, where both the electron and hole con
ing potentials have almost a square well shape.10

In a more recent paper, Nodaet al.24 reported six excited
level transitions, which they identified as transitions betwe
excited states of electron and holes with the same quan
number. In Table V we present a comparison between t
experimental values and our theoretical predictions obtai
by using the usual two parametrizationsC and G, for the
transition energies of a rectangular-based pyramidal QD
height 30 Å and base dimensions 250 and 300 Å alo
@110# and @11̄0# directions, respectively. In this case o
model predicts the first and second excited levels not to
degenerate, because of the different symmetry of the sys
~i.e., the pyramid is not square based!. It must be mentioned
that the transition between the electron and hole sta
u100&,u110&, and u020& ~reported in Table V as 1→1, 3
→3, and 5→5) do not appear in the PL spectrum as visib
peaks, but were identified by Nodaet al. as hidden peaks by
means of a careful comparison between theoretical and

e

-

TABLE V. Transition energies: comparison between expe
mental values~deduced from PL and PLE spectra of Ref. 24!, and
our theoretical predictions obtained using different values for
pair confining potential and effective mass.C: mW,hh50.59, V
5266 meV.G: mW,hh50.341,V5316 meV.

Transition EC ~eV! EG ~eV! Eexp ~eV!

0→0 1.199 1.168 1.220
1→1 1.288 1.261 1.270
2→2 1.306 1.280 1.284
3→3 1.360 1.338 1.332
4→4 1.363 1.341 1.340
5→5 1.398 1.378 1.380
6→6 / / 1.412
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10 964 PRB 61M. CALIFANO AND P. HARRISON
perimental studies of the PL and photoluminescence exc
tion polarization properties, which permitted the modes
the higher energy levels of the PL spectrum to be assign
They suggested that the weak emission of these hidden p
could be due to the strong interaction with phonons, since
energy difference betweenu000& andu100& in the conduction
band is close to twice the InAs LO-phonon energy.

Again parametrization C gives a good estimate for
ground state energy levels, while the values calculated w
parametrization G are in excellent agreement with the tr
sition energies between excited states. Our model pred
six bound electron states, thus the absence of any value
the transition between the sixth excited electron and hea
hole energy levels. However, Nodaet al. mentioned that this
last peak may be due to the wetting layer signal as well.

The sample grown very recently by Murrayet al.,25 using
a relatively high substrate temperature and a very low gro
rate, presents a very small linewidth of only 24 meV, whi
indicates a small size distribution of the dots,~this has been
confirmed by atomic force micrographs that evidenced
lands with a mean height of 7 nm and a diameter of 40 n!,
and an emission wavelength for the ground-state transitio
1.29 mm ~5961 meV!, as obtained from a PL spectrum
room temperature. The emission from the first excited s
is present around 1.2mm ~51033 meV!. For a square-base
pyramid of the same dimensions, our model~parametrization
C) predicts such transition energies at 962 and 1025 m
respectively. This is an astonishingly excellent agreem
and means that QD’s grown under such conditions are v
stable, and their dimensions are not altered significantly
the capping process.

Another spectral position well reproduced by our mode
that obtained by Todaet al.26 in near-field magneto-optica
spectroscopy measurements of single self-assembled Q
The structures they investigated have lateral size of;200 Å
and height of;20 Å, as indicated by AFM studies of un
capped layers. The typical magnetic-field dependence of
peak energies from a single QD they showed has a valu
about 1347 meV for zero magnetic field. The values cal
lated with our model are 1346~parameterizationC) and
1321 meV ~parameterizationG). We calculate only one
bound electron state for such structures. It is worth menti
ing, however, that the spatially resolved luminescence sp
trum reported presents a number of sharp emission lines
tending from;1260 to;1350 meV.

We would like to stress that even though our theory is
directly affected by the particular aspect ratio of the d
~because we do not compute the couple confining poten
and effective mass for each structure, but rely on the va
of more sophisticated treatments given in the literature!, the
shape of the pyramids nevertheless indirectly influences
results due to the different confining potential and effect
h.
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mass pairs that have to be chosen for different aspect ra
of the dots. Thus our method for computing energy eig
states and eigenvalues for pyramidal quantum dots ca
principle be applied to any pyramidal structure with any a
pect ratio, but the accuracy of the results depends strongl
the particular choice of the confining potentials and stric
related effective masses to be used in the calculations. N
ertheless, the valuesmW,hh50.59 andV5266 meV~param-
eterizationC) have proved to reproduce well the groun
state energies of all the experimental spectra conside
while the pairmW,hh50.341 andV5316 meV ~parametri-
zation G) gives a good agreement with the transition en
gies between excited states.

VI. CONCLUSIONS

A single-band, constant-confining-potential model h
been applied to self-assembled InAs pyramidal dots in or
to determine their electronic structure. By choosing differe
pair of heavy-hole confining potential and effective mass
the calculated energy eigenvalues and transition energies
be tuned to agree with those derived by means of more
phisticated treatments which take into account features s
as the microscopic details of the strain, the mixing betwe
light-hole and heavy-hole bulk bands, and the variation
the confining potential as a function of position inside t
dot. The predictions of the model have been compared w
several spectra reported in the literature by different auth
Very good agreement with experimental values of the tr
sition energies~deduced from PL spectra! has been found.
Furthermore the number of peaks~i.e., transitions between
electron and hole states of the same quantum numbe
identified by the experimentalists! in such spectra matche
the theoretically predicted number of bound states for
considered structure~a feature which other more comple
models fail to reproduce! and the hole energy splitting be
tween ground and first excited states deduced from cap
tance and PL measurements is in excellent agreement
our calculated values. The model therefore has proved to
suitable not only to predict ground-state eigenenergies
also the number and energy values of the transitions betw
bound excited states~with the same quantum number!. It is
postulated that an energy dependence for the effective m
in the Hamiltonian could improve the agreement with t
energy separation between ground and first excited elec
states.
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