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Self-organized symmetry-breaking current filamentation and multistability in Corbino disks

G. Schwarz, C. Lehmann, and E. Scho¨ll
Institut für Theoretische Physik, Technische Universita¨t Berlin, Hardenbergstraße 36, D-10623 Berlin, Germany

~Received 29 September 1999!

A complex symmetry-breaking current instability in doped semiconductors induced by low-temperature
impact ionization breakdown is investigated. We present computer simulations revealing the dynamics of the
self-organized formation of multiple current filaments inn-GaAs Corbino disks, i.e., samples with concentric
circular contacts. Our results explain the nascence of a filament in terms of two consecutive stages: a radially
symmetric impact ionization front spreading from the inner contact becomes unstable and breaks up into a
number of streamers evolving into prefilaments. With rising current, competition between those prefilaments
takes place due to the global coupling via the load resistance. Only a small number of these survive and grow
into fully developed filaments. Using the applied bias as a control parameter we find multistability and
hysteresis, with jumps in the current-voltage characteristic caused by the spontaneous formation of additional
filaments in the Corbino disk.
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I. INTRODUCTION

Impact ionization of charged impurities is a key proce
in inducing current instabilities in semiconductors includi
self-generated current oscillations and chaos as first obse
by Aoki1 and Teitsworthet al.2 Epitaxial semiconductor lay
ers in the regime of low-temperature impurity breakdo
have recently become a prominent model system for inv
tigating self-organized nonlinear spatiotemporal patterns
variety of geometries.3 Semiconductor materials liken-GaAs
at low temperatures exhibit an S-shaped current density-
relation due to impact ionization of carriers from shallo
donors into the conduction band under high electric fields
is known from various different physical systems that su
S-shaped negative differential conductivity~SNDC! can give
rise to the formation of current filaments4 often displaying
complex dynamic behavior.5–9 For doped GaAs the occur
rence and shape of such filaments has been studied e
sively both experimentally and in computer simulations
vestigating thin-film samples with point contact geometr
in the framework of phenomenological10,11 and microscopic
models.12–14

Sophisticated noninvasive measurement techniques
as quenched photoluminescence15 or near-field scanning
photoluminescence16 have allowed us to map two
dimensional carrier density distributions, and thus spatia
resolve filamentary structures. This has opened up the po
bility to directly observe current filaments inn-GaAs thin
films due to impact ionization of carriers from shallow d
nors. Moreover, it might also lead to new insights into t
avalanche process of carrier excitations over the Lan
gap17,18 and current filamentaton19–21 in quantum Hall effect
breakdown.

Recently, current instabilities in samples with circul
contact geometries, known as Corbino disks, have attra
interest by experimental groups.22 Those Corbino disks
mimic semiconductor samples without lateral boundaries
inducing current flow between a central point contact an
circular symmetric ring electrode. Thus they represent a v
satile model system for investigating current filamentation
the absence of lateral boundary effects. Here, unlike
PRB 610163-1829/2000/61~15!/10194~7!/$15.00
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samples with point contacts, the occurrence of a current
ment from a previously homogeneous or radially symme
current density profile represents a symmetry-breaking in
bility. Such filamentary structures due to impurity brea
down inn-GaAs have been observed experimentally by s
tially resolved quenched photoluminescence techniques.22

However, the origin of this symmetry-breaking filament
tion and the observed hysteretic behavior associated with
spontaneous nascence of additional filaments, and its for
tion dynamics, remain unclear. It is the aim of this paper
explain the complex spatiotemporal dynamics of those sp
taneous symmetry-breaking processes by detailed comp
simulations within a microscopic model using Monte Ca
data on the nonequilibrium scattering processes as an ap
priately parametrized input.

The organization of the paper is as follows. After a br
introduction of the model we present computer simulatio
of the formation process of a single filament at low bi
voltage. Using the applied bias as a control parameter
then study the consecutive self-organized creation of a
tional filaments as the bias is increased; this is associ
with multistability and hysteresis. Finally, we draw som
conclusions.

II. MODEL

In this section we shall briefly summarize the model u
derlying our simulations.23,12 We consider ann-doped semi-
conductor at liquid-helium temperature. The carrier dens
in the conduction band,n(x,t), and hence the current den
sity, is determined by the generation-recombination~GR!
processes, including impact ionization of carriers betwe
the conduction band and the donor levels. The experim
tally observed S-shaped current density-field relation in
regime of impurity breakdown can be explained in terms
GR kinetics involving at least two impurity levels.4 The GR
cycle starts with impact ionization from the donor grou
state, and is sustained at lower fields by impact ionization
much less strongly bound excited states, whose carrier c
centrations are denoted byn1(x,t) andn2(x,t), respectively.
10 194 ©2000 The American Physical Society
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Our theoretical approach self-consistently combines Mo
Carlo simulations of the microscopic scattering proces
and GR kinetics with rate equations for the macroscopic s
tiotemporal dynamics of the carrier densities,n, n1 , n2, ex-
pressed through the continuity equations

]n

]t
5

1

e
¹• j1f~n,n1 ,n2 ,uEu!,

]ni

]t
5f i~n,n1 ,n2 ,E!, i 51,2, ~1!

wheree is the electron charge,f, f1 , f2 are the respective
GR rates,E is the local electric field, and the current dens
j is given within the drift-diffusion approximation asj
5e(nmE1D ¹n) with mobility m and diffusion coefficient
D.

In an explicit GR model4 for low-temperaturen-type
GaAs, the transition rates between the levelsf, f i , which
must satisfyf1f11f250, are expressed by a set of no
linear rate equations including thermal ionization of the e
cited level~rate coefficientX1

S), capture of electrons into th
excited level (T1

S), relaxation (T* ), and excitation (X* ) be-
tween the excited and the ground levels, and impact ion
tion of the ground (X1) and excited (X1* ) levels. The impact
ionization and capture coefficients that occur therein and
contain the essential nonlinear dependences upon the ca
densities and the field have been determined forn-GaAs by a
single-particle Monte Carlo simulation.24 Those GR coeffi-
cients are evaluated by averaging the microscopic trans
probabilities over the nonequilibrium carrier distributio
function f (k), which is extracted from the MC simulation
Note thatf, and hence the GR coefficients, depend parame
cally on n, n1 , n2, andE. An iteration procedure, wheren1
andn2 are expressed through~1! by their steady-state depen
dence onn andE, is used to solve the above problem se
consistently.

It is possible to express the dependence of the GR c
ficients upon E and n through the electron temperatu
Te(E,n).23 Here we use the notion of electron temperatureTe
in the usual sense of the mean electron energy3

2 kBTe5^E&
5(\2/2m)^k2&, i.e., the electron temperature is extract
from the MC data essentially as the second moment of
nonequilibrium distribution functionf (k). This should not be
confused with the concept of a heated Maxwellian distrib
tion function, where the electron temperature appears
parameter. This latter concept is much more restrictive si
it assumes a quasithermal equilibrium of the conduct
band subsystem. The MC data yield a strong increase oTe
with rising electric field on the high-conductivity branch
the current-voltage characteristics as opposed to only a s
increase on the low-conductivity branch. The strong incre
is associated with a population inversion between the do
ground and the excited state on the upper branch.12

The local electric field is coupled to the carrier concent
tions via Gauss’ law

e¹•E5e~ND* 2n12n22n!, ~2!

where e is the dielectric constant andND* [ND2NA holds
with the donor concentrationND and the compensating ac
te
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ceptor concentrationNA . Finally, the total current through
the sampleI 5* j•df and the sample voltageU5*E•dx be-
tween the two contacts must satisfy Kirchhoff’s law

U5U02RI ~3!

with the load resistanceR and the applied biasU0. This
represents a global constraint for the system~1!, ~2!.

III. SIMULATIONS

For a given sample voltageU the electron distribution
n(x,t), n1(x,t), n2(x,t) and the electric field profile can b
calculated self-consistently using Eqs.~1!, ~2!. Since we con-
sider thin-film samples we solve~1!, ~2!, ~3! on a two-
dimensional spatial domain using an implicit finite-eleme
scheme in space combined with a backward Euler schem
time.25 The two ohmic contacts are modeled by Dirichl
boundary conditions for the electron densities. An exter
voltageU0 is applied via a load resistance ofR510 kV in
an initial linear voltage ramp of 1 ps, after which it is ke
constant.

We consider circular samples of radius 1.05 mm w
concentric contacts. First, we apply an external bias ofU0
52.05 V to a sample with a small circular central contact
radius 0.04 mm such that this contact is the cathode, i.e.,
injecting contact for majority carriers. Figure 1 shows t
spatial profile of the current density in a logarithmic scale
different timest of the simulation. Equipotential lines ar
also shown. Initially, att51 ps we have a homogeneou
nonconducting state, and the equipotential lines are con
tric circles corresponding to a radial electric field decreas
with distance. Then a radially symmetric impact ionizati
front forms at the inner contact, where the electric field
highest due to the circular sample geometry@Fig. 1~a!#. The
front moves towards the other contact, expanding in dia
eter. Note that the electric field behind the front is decrea
due to the higher carrier density, i.e., lower resistance, s
that almost all the voltage drop occurs in the nonconduct
region outside the circular front. The equipotential lines
dicate that the field is particularly high just ahead of t
front, encouraging further downstream impact ionization a
acceleration of the front. At aboutt50.15 ns@Fig. 1~b!# the
front spontaneously breaks up and evolves into five stre
ers of slightly different strength, each of which continues
expand towards the outer ring electrode@Fig. 1~c!#. This
spontaneous symmetry-breaking instability can be und
stood by inspecting the equipotential line that approximat
follows the contour of the front, corresponding to the inte
face between the conducting interior and the nonconduc
exterior region. A small local perturbation of the front co
tour will result in a squeezing of the equipotential lines su
that the field becomes highest at the point of maximum c
vature. Therefore impact ionization will be enhanced the
and the bulge of the front will grow further, forming
streamer. Note that the streamer expansion is driven by
collective impact ionization process, and not by individu
drifting carriers; it is about an order of magnitude faster th
the carrier drift velocity ~front velocity v f'63105 m/s,
electron drift velocity vd'53104 m/s). Similar self-
generated streamer instabilities ofplanar fronts have been
known also in plasma physics.26,27
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Upon reaching the anode the streamers form prefilam
that subsequently grow in current density while appro
mately retaining their width@Fig. 1~d!#. This leads to a rising
overall currentI and thus, via the external load resistance,
a reduction in the sample voltageU due to the global con-
straint ~3!. This induces a competition between the prefi
ments@Fig. 1~e!# and, eventually, to a winner-takes-all d
namics, which leaves as a fully developed current filam
only the one that has first reached the outer contact.
remaining prefilaments slowly decay into the nonconduct
state on the time scale of electron capture and subseq
relaxation into the donor ground state@Fig. 1~f!#, which is
the slowest process in the GR cycle. Figure 2 shows
evolution of the electron temperature distributionTe(x,t) for
the same parameters.Te is highest in the high-field region
ahead of the expanding front, and decreases behind it
cause the field is lower there and because impact ioniza
leads to substantial cooling of the electron gas.24

In the simulation depicted in Fig. 3 the bias voltage
reversed, i.e., the inner electrode is now the anode. Agai
impact ionization front spreads from the inner contact
though this is now the noninjecting contact@Fig. 3~a!#. The

FIG. 1. Simulation of spontaneous symmetry-breaking curr
filament formation in ann-GaAs Corbino disk~inner radiusr 1

50.04 mm, outer radiusr 251.05 mm) upon application of a con
stant bias ofU052.05 V ~center contact is cathode!. The spatial
distribution of the current density is depicted at different times~a!
t50.05 ns,~b! t50.15 ns,~c! t50.95 ns,~d! t55.15 ns,~e! t
57.75 ns,~f! t520.00 ns. Equipotential lines are plotted spac
by 0.2 V. The numerical parameters are the same as those us
Ref. 23 for simulations of rectangularn-GaAs samples with poin
contacts ND5731015 cm23, NA5231015 cm23, m
5105 cm2/Vs, e r510.9, X1

S51.173106 s21, X* 53.36
3103 s21, T* 54.13107 s21 (R510 kV, T54.2 K).
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reason is that the front is triggered by impurity impact io
ization in the high-field region near the small central circu
contact. It quickly breaks up into a number of streamers@Fig.
3~b!#. In this case the propagation of the streamers and
growth in current density is much faster than in Fig. 1@Fig.
3~c!#. This is due to the initially stronger field in the deplete
high-resistivity zone near the blocking central anode con
that strongly enhances impact ionization during the ea
stages. Additionally, the increased electron density near
injecting ring contact facilitates the rapid punch through
those streamers that are slightly ahead of the others@Fig.
3~d!#. As a result, small differences are strongly enhanc
and one obtains sharper streamer profiles than for pos
bias. The subsequent competition due to the global coup
via R eventually leads to a single remaining filament, as
fore in the case of positive bias@Fig. 3~e!#. The electron
temperature distribution~Fig. 4! also reveals a more distinc
decrease behind the front due to much lower fields, as c
pared to positive polarity. The field is very efficientl
screened by the impact ionized carriers.

Figure 5 depicts the total current as a function of time
both polarities. It can be seen that although the velocity
the streamers is more than twice as fast for negativeU0 and
the current rises much more rapidly, the basic mechanism
filament formation out of the radially symmetric initial sta
is the same in both cases. The different stages of strea
motion and growth of filaments are clearly distinguished.

Next, we vary the bias voltage and investigate how
stationary spatial current density patterns change upon
crease of the total current. To this end we sweep the biasU0
from 1.0 V to 150.5 V in steps of 0.5 V, allowing the syste
to relax to a stationary filamentary state for 20 ns betwe

t

in

FIG. 2. Same as in Fig. 1, but for the electron temperat
distribution.
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each bias step. We consider a concentric Corbino sam
with an outer radius of 1.05 mm and an inner radius of 0
mm and use the inner contact as cathode. AtU05150.5 V
we reverse the bias sweep direction, decreasing it agai
steps of20.5 V. The main diagram of Fig. 6 shows the tot
current I vs the voltage drop at the sampleU. The arrows
denote the sweep direction. The spatial distribution of
current density is depicted for different operating points
the current-voltage characteristic, given by the intersec
of the load line, Eq.~3!, and theI (U) characteristic. The
characteristic consists of consecutive discontinu
branches, each of which is associated with a specific num
of current filaments. As the bias voltageU0 is increased, the
load line, which is almost horizontal for the value ofR
510 kV chosen, is shifted parallel and the operating po
moves up on the lowest branch corresponding to a homo
neous nonconducting state@Fig. 6~a!#. At a threshold voltage
U'1.3 V ~corresponding to about 16 V/cm, if one assum
a linear voltage drop! this state becomes unstable, and up
further increase ofU0 the operating point jumps to th
branch@Figs. 6~b!–6~d!#, which corresponds to a single full
developed filament. The simulation of the nascence of a
ment in Fig. 1 was performed in this regime. Between Fi
6~b! and 6~c! the filament width and the current remain a
most the same, and only the internal field grows. IfU0 is
increased fromU0511.5 V, Fig. 6~d!, by one further bias
step, an additional filament forms, Fig. 6~e!, and the total
current I distinctly increases. Hence the sample voltageU

FIG. 3. Nascence of a current filament in ann-GaAs Corbino
disk for U0522.05 V ~center contact is anode!. The spatial distri-
bution of the current density is depicted at different times~a! t
50.15 ns,~b! t50.35 ns,~c! t50.75 ns,~d! t51.00 ns,~e! t
520.0 ns. Equipotential lines are plotted spaced by 0.2 V. Num
cal parameters as in Fig. 1.
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5U02RI drops sharply, reaching the lower end of a ne
branch in theI (U) characteristic. The internal field relaxes
a lower, almost homogeneous value visualized by essent
equidistant equipotential lines. Note that forU0 slightly be-
low this threshold the ‘‘ghost filament’’ is already visible i
the logarithmic current density plot Fig. 6~d!. Upon further
increase ofU0 successive branches with three, Fig. 6~f!, and
four, Fig. 6~g!, filaments are reached in the current-volta
characteristic on similar arguments. The jumps occur wh

i-

FIG. 4. Electron temperature distributions corresponding to F
3.

FIG. 5. Total currentI vs time t during the formation of a cur-
rent filament in a Corbino disk for different polarities of the appli
bias: center contact is cathode~full line! or anode~broken line!. The
letters correspond to the current density profiles depicted in Fig
and 3, respectively. Numerical parameters as in Fig. 1.
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FIG. 6. Voltage sweep~up and down! of ann-GaAs Corbino disk. Main figure: global current-voltage characteristic. Side figures: sp
current density distribution for different operating points on theI (U) characteristic:~a! external biasU051 V, ~b! U052 V, ~c! U0

511 V, ~d! U0511.5 V, ~e! U0512 V, ~f! U0543.5 V, ~g! U05150.5 V, ~h! U051.5 V. The same logarithmic scale as in Figs. 1
for the current density is used. Equipotential lines are plotted spaced by 0.2 V. Numerical parameters as in Fig. 1. The arrows in
bias sweep direction.
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the internal field becomes so high that an additional filam
tary channel~streamer! breaks through at a different location
The small discontinuities that can be observed within
branches are related to changes in the detailed shape
filament, particularly at the contacts, which results in
change of the overall current and thus of sample voltage

For bias downsweep we observe hysteretic behavior.
four stable current filaments, Fig. 6~g!, e.g., persist for much
lower U0, Fig. 6~h!, than the bias where they have first o
curred. This is explained by the holding field of impact io
ization that is generally much less than the threshold fie4

The current densityI decreases linearly with voltageU,
which means that the sample conductance determined e
tially by the carrier density in the filaments remains const
as long as the field does not fall below the holding field.
appropriate downsweeps starting from different branche
the characteristic a large number of multistable states co
sponding to different numbers of filaments can be reac
for a given biasU0. Thus this system exhibits a high degr
of self-organized multistability.

IV. CONCLUSIONS

Our simulations of nonlinear transport in a Corbino g
ometry with two concentric circular contacts have reveale
-

e
f a

e

.

en-
t

of
e-
d

-
a

spontaneous symmetry-breaking instability that explains
origin of the formation of stationary current filaments o
served experimentally in thin-film n-GaAs Corbino
samples22,28 in the regime of low-temperature impurit
breakdown. We find that this instability occurs as a two sta
process.

First, upon application of a dc bias via a load resistanc
radially symmetric impact ionization front spreads from t
central contact. This process is always initiated, regardles
the bias polarity, at the central contact due to the hig
electric field there, even if this is the noninjecting anode.
the impact ionization front expands towards the outer r
contact, it becomes unstable against azimuthal fluctuat
and breaks up into a number of fast streamers, thus spo
neously breaking the radial symmetry of the system. Wh
the streamers reach the ring contact they form prefilame
whose current density is still several orders of magnitu
lower than that of a fully developed current filament. T
formation process of the prefilaments, whose physi
mechanism is very similar to the initial stage of the nasce
of a single current filament in a sample with two poi
contacts,13 occurs on a subnanosecond time scale. If the c
tral contact is noninjecting, the process is even considera
faster due to larger fields and hence strongly increased
pact ionization.
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In the second stage, the current density of the prefilam
rises due to impurity impact ionization, sharply increasi
the overall current. Due to the external load resistance, wh
represents a global coupling of the individual filaments
the total currentI, an increase of the current in any of th
filaments results in a reduction in the sample voltageU and
thus in the average field in each filament. This mechan
leads to a winner-takes-all dynamics, where small initial d
ferences between the filaments are enhanced, and, for s
enough total current, eventually only one filament surviv
while the others decay, albeit on a slower time scale du
the slow recombination processes.

For larger total current, i.e., higher applied bias volta
U0, stable spatial patterns with two and more filaments
cur. With growing voltage, the filaments essentially reta
their size. If the field exceeds a threshold, an additional fi
ment is created at a different location in another symme
breaking instability. This has been demonstrated by swe
ing the bias voltage over a larger range such that, e.g., u
four filaments are successively created. Because of the s
load resistance, each increase in the number of filaments
hence increase of the overall currentI is associated with a
jump on theI (U) characteristic down to smaller sample vo
agesU. Therefore theI (U) characteristic consists of a se
quence of discontinuous branches corresponding to diffe
numbers of filaments. Reversing the bias sweep direction
find hysteresis because the sustaining voltage is substan
lower than the threshold voltage. Thus the Corbino sam
represents a highly multistable system, and various mult
filament states can be reached at the same bias voltag
appropriate sweeps. This multistability has an advant
over the multistable filamentary current-voltage characte
tics, which have been realized by arrays of point contact
rectangularn-GaAs samples,29 since in our case the multipl
filaments arise in a self-organized way and do not need c
plicated structuring of multiple point contact geometrie
Switching between different multifilamentary states in tho
structures has been discussed in the context of data sto
and synergetic computers. Other semiconductor syst
where multistable spatial patterns have attracted inte
.
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because of their potential prospects as multibit mem
elements include field domains in semiconduc
superlattices.30

It should be noted that our simulations do not involve a
intentionally introduced inhomogeneities or perturbations
the radial symmetry of the sample geometry or of the init
conditions. The minute, inevitable numerical inaccuracies
troduced by the algorithm and the discretization grid are s
ficient to trigger the spontaneous symmetry-breaking ins
bility of the radial front. Thus small numerical discrepanci
among different computer architectures can lead to differ
azimuthal positions of the final, fully developed filaments f
nominally identical simulations, as do unavoidable inhom
geneities and fluctuations in real physical systems. The p
cipal occurrence of the consecutive multiple filamentatio
however, is independent of numerics.

Our findings are in good agreement with recent expe
ments onn-GaAs Corbino disks,22,28 where a sequence o
successively generated filaments at increasing bias, as
ated with different current-voltage branches, and multista
ity due to a distinct hysteresis effect with respect to b
sweep up and sweep down have been directly observe
spatially resolved quenched photoluminescence. Our sim
tions cannot only explain these observations and give a
tional insight into the internal structure of these filamenta
states by calculating, e.g., the electron temperature and e
tric potential distributions, but also explore the dynamic p
cess of their formation that is not yet accessible experim
tally due to the short time scales involved. In particular,
have resolved the question if a second filament arises
splitting of the existing filament, or by an independe
symmetry-breaking process, which has been controvers
discussed previously.22
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