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Quantum phase transition in coupled quantum dots
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We study two quantum dots in the limit of strong dot-lead coupling and weak dot-dot tunneling. The model
maps on Ising-coupled Kondo impurities. We argue that a new quantum critical fixed point exists at an
intermediate value of the mutual capacitance, supporting non-Fermi-liquid behavior. We construct the total
conductance across the double dot structure. It exhibits a strongly peaked behavior as a function of the mutual
capacitance, gate voltage, and temperafi86163-182699)50632-3

Electron tunneling through quantum dots is fundamentallyarguments do not hold. The Hamiltonian of one lead-dot
affected by intriguing many-body effects. The Coulomb in-system can then be written
teraction imposes a prohibitive energy c&st on the trans-

fer of electrons, known as Coulomb blockddeFine-tuning

. . ; _ T T
of the gate voltage/; is required to reinstate charge flow, H—% €xCyoChatJ 2 CraCrrptH.CHHee, ()
manifesting itself in sharp conductance peaks as a function kiCazp
of Vg.

where €, is the energy of the electrong, is the tunneling
%mplitude, and the pseudospin indiecesnd 3 take the val-
Yes 1, when referring to the lead and 2 when describing
o electrons in the dot, anH_. is the electron-electron inter-
For metallic islands the analogy to the Kondo problemgion term that will be discussed below. Many particle tun-
was also recognized earfywith an exact formulation due neling terms are irrelevant and are hence dropped. In the

to Matveev? The Kondo-type slow rearrangement of pseudospin notation the tunneling term is proportional to

the electron states leads to a substantial downwarga+ﬁ+a—ﬁ) 5
. . 6 . « o N A i .
renormalization ofEc,” as well as a smoothing of the Next we discuss the electron-electron interaction. In the

conductance peaKs. Additional processes, such as the |ead the interaction only induces a Fermi-liquid-type modifi-
effect of higher order termisnd inelastic cotunnelif§were  cation of the parameters, but on the dot its effect is more
also analyzed. profound. When the interaction is treated on the Hartree
New effects arise when two such systems are allowed teevel, it can be represented by a charging energy, the scale of
interact. We argue that a robust quantum phase transitiowhich is Ec=e?/2C, whereC is the capacitance of the dot.
takes place in the coupled dot system when their mutuaExperimentally it is also possible to tune the overall potential
capacitance is varied. It is driven by a change of the degerof the system by a gate voltayk;. The electrostatic energy
eracy of the ground state. The total conductance exhibits aof the dot can then be expressed 5§=(Q—QG)2/2C,
inverse power-law temperature dependence at this criticalhere(essentially Qs=CVg andQ is the charge on the dot.
point. Tuning Q¢ beyonde/2 makes it energetically favorable to
We start by considering a structure of two metallic transfer an electron across the barrier, giving rise to the well-
quantum dots, each coupled to its own lead. Single leveknown set of parabolas as the “band structure” of the sys-
dots will be commented on at the end of the papertem. Transport becomes possible when the energies of states
The lead-dot barriers are assumed to be narrow such thatith different number of electrons are degenerate. Thus the
the tunneling can be modeled as a point contact. Furthermo@onductance shows sharp peaks as a functio@f with
we assume the presence of a strong enough magnetic fietdaxima atQg/e=n+1/2. In the vicinity of these degen-
to achieve a fully spin-polarized electron gas. Thus theeracy points the energies of the states witandn+1 elec-
number of “flavors,” i.e., of additional quantum numbers trons are much closer to each other than to any other state. It
of transverse momenta and electron spin, is restricted to is then reasonable to truncate the Hilbert space to two states.
Extensions to multiple flavors will be studied below. The dotA secondpseudospin o5=1/2 can be introduced to repre-
is assumed to be large enough to support a degenerasent this constraint on the allowed states. With this notation
electron gas with small level spacing. This level spacingH assumes the Kondo type form, as first derived in its en-
serves as a low energy cutoff,below which our scalingtirety by Matveev?

Remarkably, the charge transfer is accompanied b
an orthogonality catastrophe. Single level quantum dot
form a well-controlled realization of the Kondo model.

0163-1829/99/6(8)/51254)/$15.00 PRB 60 R5125 ©1999 The American Physical Society



RAPID COMMUNICATIONS

R5126 NATAN ANDREI, GERGELY T. ZIMANYI, AND GERD SCHON PRB 60

« ‘ sponding leads. Since the dot-dot coupling does not allow for
H"= kE €kCxkaCka charge transfer, these fluctuations remain confined to the dot
¢ and lead on the same side. Therefore the energies of the
F ot em - s , doublet’s two states renormalize symmetrically for firlije
+J Z Ckal 0apS + 0,58 )Cp—AS. (2 and thus the degeneracy is preserved. To sum up, the ground
ki af state is a singlet for small values bf, but changes its sym-
, metry to a doublet at large values lgf. This change cannot
HereA is the gap between theandn+1 electron states on g continuous: the two regions are necessarily separated by a
the dot. The introduction of the two types of pseudospingnase transition, describing an Ising type breaking of the
operators allows a complete mapping of a single dot to th%ymmetry.
Kondo problem in a magnetic field. Note that the Kondo The number of minima of the action is one for smigll
term is not spin-rotationally invariant, it contains only the .4 two for largd , . At the transition poin&ll three minima

spin-flip terms. Furthermore, the density of states in general g jegenerate, and separated by barriers: this raises the pos-
can be different on the lead and the dot. However, in a perz

) . - Sibility of the transition being first order. However, the op-
turbative analysis only the product of these density of state y d P

ar to[s) 1//T 7 connecting the central minimum
. . 121 %12).0 g

enters, since every tunneling process connects the lead al h one of the two side minima, have a dimensione
the dot. Thus this asymmetry is irrelevant.

; . . Therefore the interminima tunneling, represented by them,
Cal\J/\S/g dnt?;/lvtr;g?rluriitag‘la é;;ﬂggggﬁ]bﬂ‘ﬁeﬁﬁetggnt;'\rlgteddmsscglesup, destroying the ba}r_rier between these tvx{o states.
dot-dot coupling is proportional to n. where we intro- Thls makes the phase tran_s_ltlet_acond orderThe scaling of
. LR T this operator away from criticality was cut off by the energy

dyced the L, R notation for the left and right d,Ot' FeSPEC-jitference of the minima, and hence was ineffective.
tively. Her-en,_,R de.notss the charge of the left or right dot.. In In the related system of twisotropically coupled Kondo
pseudospin notatiors_ r=n,_g—1/2. The mutual capaci- nqities, a quantum phase transition as function of the in-
taEFce 'e";‘df to an antiferromagnetic Ising type couplinGieraction was predicted long ago. The results of numerical
Hir=1,SSg, wherel,~Ec . The total Hamiltonian then RG studie®® were confirmed by conformal field theoretical
takes the formH=HK+HK+H{%, describing two aniso- methods* and rationalized by phase-shift argumetits.
tropic Kondo impurities, coupled by an antiferromagneticHowever, in the isotropic case the ground state on both sides
Ising term. of the transition is a singlet, i.e., the symmetries of the

We proceed to analyze the physical content of the modelground states are the same. Thus the fixed point needs to be
At 1,=0 we have two decoupled Kondo models. &0 in  protected by additional particle-hole and spin rotational
the magnetic language two independisotropic Kondo sin- symmetries.’ In the present case, since an actual symmetry
glets are formed with a “binding energy* Ty, as the an- breaking occurs at criticality, the transition is robust.
isotropy of the Kondo coupling is known to be irrelevant We pause to make connection to previous work by re-
around this fixed point. In the charge language, the electrongiewing the band structure. The parabolas now have two
form strongly hybridized states between the lead and the dotndices, representing the charge states of the two dots. For
This hybridization manifests itself by the strong-couplingl,=0 the (0,00 and (1,1) curves are touchingco=0, the
Kondo phase shiftd=m/2. The key observation is that the latter displaced along the gate charg@c] axis bye. The
ground state is ainglet At finite but smalll, we generalize (0,1) and(1,0) curves are centered Qg=e/2, and are also
arguments originally used by Nozieres in the study of theshifted upward such that they go through the intersection of
stability of the Kondo fixed point& In our case the dot-dot the (0,0) and(1,1) curves. Exactly this degeneracy of states
interaction involves virtual hopping operators to fourth orderwith different number of charges allows for transport across
in the lead-dot hybridization amplitude. The correspondingthe dots and gives rise to the conductance peak. If we now
diagrams contain a large number of fermionic operators, anthtroduce the mutual capacitantg the upper parabolas are
thus are irrelevant. Alternatively the large number of fermioncustomarily shifted down by an amountl,. This creates
operators strongly confine the relevant phase space, leaditggo degeneracy points a@g~e/2(1+1,/E:). Thus the
to a positive exponent for the dependence, again yielding a original degeneracy of thé,0 and (1,0) states, which al-
vanishing effect aff =0. lowed for the Kondo effect, seems to have been destroyed.

In the opposite limit,|,=«, the dot pseudospins are In contrast we predict that this new quantum critical point
aligned antiferromagnetically. Th@,|) and(|,]) states are is observable The reason for this is that for smdl} the
degenerate and form doublet which is independent of the Kondo energy scal& is bigger than ,. Therefore one has
conduction electrons. In the charge language these statésstartby accounting for the formation of the Kondo singlet,
consist of one extra electron being either on the left or on the deeply nonperturbative effect. The subsequent inclusion of
right dot: (1,0) and(0,1). The energy of forcing on or taking |, means only a small perturbation, similar to a fluctuating
away a dot electron is-1,, and is thus prohibited in this magnetic field. According to the above reasoning such a field
limit. Let us recall that the interaction term between the leachas a vanishing polarizing effect on the Kondo singlet for
electrons and the pseudospin contains only spin raising ang<Ty. Thus the(0,1) and (1,0) parabolas should not be
lowering terms. Therefore in the allowed Hilbert space theviewed as shifted from thelr,=0 location, and their degen-
matrix elements of this coupling are zero, and thus the phaseracy is preserved. An analogous situation occurs in single
shift of the conduction electrons vanishes. The degeneracy afots? the effect of the Kondo processes is to stronghy-
the ground state extends to large but finijecouplings as lapsethe band structure, sustaining their degeneracy up to
well because dot electrons hybridize only with their corre-some finitel ,. On the other hand, fdr,>Ty it is reasonable



RAPID COMMUNICATIONS

PRB 60 QUANTUM PHASE TRANSITION IN COUPLED QUANTUM DOTS R5127

to account foi, first and then treat the Kondo coupling as a
perturbation. The two regimes are separated by the quantum
critical point atlS~Ty.

Next we determine the total conductance. We add an in-
terdot tunneling term

- i + o
Hun=1+> Cl2CkreS Sy +H.C. 3
kk'
The pseudospin index 2 appears explicitly, as we are consid- 5555502
2522522

S5
&%
L7

ering dot-dot tunneling. This term breaks the conservation of
electrons on each side, and is a relevant perturbation at the
qguantum critical point. One then expects that the low-
temperature behavior of the renormalized tunnebngriti-
cality exhibits a singularityl .(T)~T~ 7. In thel . <J limit

the bottleneck for the total conductan€ is the dot-dot
tunneling:

FIG. 1. The qualitative behavior of the conductar@eas a
function of T and|, .

e P smoothly connects to the usual split conductance peaks at
Gllz=1;, 1)~ (=) ~T"=. ) |A|=1, for 1,>1C. In this regionl ,> Ty is the largest energy
This is 0n|y a crossover behavio®s T is further |0wered’ scale and ConstrUCting the band structure first is appropriate.
| grows large and flows to an attractive fixed point, con- Constructing the picture from the large side, the mag-
trolling its asymptotic behavior. The structure of theterm  netic field A is trying to induce a spin-flip transition in the

is the same as that of the particle-hole symmetry breakina%_m'f_erromagr"3tIC singlet. It is competing with the singlet
operator, thus it is plausible that its dimension is the same akinding energy, so the spin flip can only occur when the
well. However, the actual value of still needs to be binding energy equals the Zeeman eneigy~1,, forming
determined® the usual V locus for the split peaks. Approaching the quan-

What happens away from criticality? Fdr,<IS the  tum critical point, however, the binding energyllapses to
Kondo singlets inhibit the transport. At=0 the binding is 2€ra hence the V becomes rounded, and closet; atas
complete, thusG(T=0)=0. Concentrating once again on Shown qualitatively in Fig. 2.~
the bottleneck dot-dot tunneling we compute the scaling di- 10 summarize, the key predictions of our work are as
mensions of the involved operators. The fermion operatorfollows. (i) For a gate voltage fixed &s=e/2 and tuning
carry dimension 1/2, the spin raising operator has dimensiohz: @ pronounced conductance peak has to be observed at a
1. The current operator is constructed from fheH] com-  critical valuel,=1;~Ty. (i) Staying atQs=e/2, 1,=13,
mutator. Collecting the terms the current-current correlatothe conductanc&(T) should exhibit a power-law singular-
decays with the sixth power of time. Substituting this into theity in its temperature dependendéi) The amplitude of the
Kubo formula finally yieldsG(T)~T#. The lead-dot process Split conductance peaks @+ e/2 should exhibit a marked
occurs via the Kondo coupling, which scaled to its unitaritycollapse as,— 17 from above. Experimentally these predic-
limit, thus it does not give rise to additional powersTaf tions can be observed by tunihg while keepingl . fixed,

In the regimel,>1; electrons have to break an Ising
bond. Thus at zero temperature ag&fT=0)=0, and at
finite T the temperature dependence takes an activated form,
G(T)~exp(—=WIT), whereW~1,. To sum it up, the conduc-
tance as a function df, at zero temperature is zero nearly
everywhere, and exhibits a resolution and size limited peak
at 1,=15. At finite temperatures the peak 6f(T,l,) devel-
ops asymmetricT dependent wings. The different regimes
are shown qualitatively in Fig. 1. Finally we examine the
effect of tuning the gate charge away from its special value
Qg=¢€/2, considered so far. In the Kondo language this
gives a finite value to the magnetic field For 1,<I the
Kondo singlet is protected by the largest energy schleat
T=0. For 0<KA<T the singlet is somewhat polarized, and
weak transport is possible. This manifests itself in two small-
amplitude “shadow bands”n a V shape determined by
|A|=1,. This is the locus of the crossing points of the
“shifted parabolas.” An important transport channel in this
region is cotunneling, which only virtually breaks the Kondo
singlet. Forl, =15 the pronounced conductance peak of the
quantum critical point is presemt A=0. This peak contin- FIG. 2. The conductance peak as a functior oénd the gate
ues out to finiteA, forming a parabolalike ridge, which voltage atT=0.
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whereas previous experimettsypically held|, fixed, and model the one channel critical fixed point expands into a

described the evolution of the peak structure with the tuningyery unusualarea of fixed pointé If such a structure

of I. . Also, asl,/T is the controlling dimensionless ratio, €merges in our case, then a broadened conductance peak will

experimentally it might be easier to keépfixed and tune form as a function of; at T=0, and the finite temperature

Ty instead by varying the lead-dot tunneling. conductance should exhibit singular temperature dependence
The above results apply to two coupled metallic islandsWith I; dependent exponents. The case of even larger number

each with a large density of states. In the case of two couple@f channels has been investigated for single scatterers in re-

semiconductor quantum daogssingle level is active on each 1ation to the physics of two level systerffslt has been
of them. As the Coulomb repulsion allows only for their shown that a two-dimensional subspace of the flavor indices

single occupancy, a true “impurity spin” is formed on each emerges to dominate exponentially over the others in the

dot. making the manpind to the Kondo problem exact. TherSPUrse of scaling. Therefore we expect the basic picture of
' 9 pping X P . ' Nwo distinct phases and a well defined quantum phase tran-
the Varma-Jones analysis establishes the existence of tlg

g . o . ftion in between to carry over, but obviously further calcu-
analogous quantum critical poifit. The main difference is lations are called for

that this transition has to be protected by more delicate tun-""|, <, we studied the system of two coupled quantum
ing, such as maintaining the particle-hole symmetry. Wheny,is \we established the existence of an intriguing quantum
the tuning is incomplete, we expect the same peak features {Qitical point. The experimental predictions include a con-
be present, but somewhat smeared. ductance peak @)g=e/2, an inverse power laW depen-
The above theory strictly applies only for the case of agence of the conductivity at this same point, and a marked

single channel. This requires a narrow, long constriction bebollapse of the split conductance peaks, when the experimen-
tween the leads and the dot, similar to the case Con5|derqg| parameters are in the suitable range.

in.2® We expect important changes when the number of fla-

vors of the electrons is increased. Switching off the magnetic We enjoyed illuminating discussions with I. Affleck, A.
field doubles the number of channels. It can be sH8whmt  Georges, B. Jones, A. Ludwig, A. Millis, T. Pohjola, A. Sen-
the Ising term is marginal around the “decoupled” fixed gupta, and G. Zaral. This work has been supported by
point, leading to a line of fixed points which terminates atGrant No. NSF-DMR-95-28535 and the SFB 195 of the
some intermediate value. In the related two Kondo impuritieDFG.
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