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Magnetic-field dependence of dynamical vortex response in two-dimensional Josephson junctio
arrays and superconducting films
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Department of Theoretical Physics, Umea˚ University, 901 87 Umea˚, Sweden

~Received 1 October 1999!

The dynamical vortex response of a two-dimensional array of the resistively shunted Josephson junctions in
a perpendicular magnetic field is inferred from simulations. It is found that, as the magnetic field is increased
at a fixed temperature, the response crosses over from normal to anomalous, and that this crossover can be
characterized by a single dimensionless parameter. It is described how this crossover should be reflected in
measurements of the complex impedance for Josephson junction arrays and superconducting films.
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Two-dimensional~2D! vortex physics is strongly reflecte
in the properties of Josephson junction arrays~JJA! and su-
perconducting films, as well as high-Tc superconductors.1,2

In the absence of a magnetic field, the phase transition i
the Kosterlitz-Thouless~KT! type and is driven by the un
binding of thermally created vortex-antivortex pairs. In t
presence of a perpendicular magnetic field, ordered flux
tices are formed which melt at high enough temperatu
Although these thermodynamic aspects are well known1,2

the dynamical response properties, which contain key in
mation of the vortex physics and can be extracted from m
surements of the complex impedance and the flux noise1–3

are much less well understood.1,2 In the present paper w
focus on the temperature region above the 2D flux lat
melting and infer that the dynamical response as a func
of the perpendicular magnetic field has intriguing charac
istics.

The features of vortex dynamics are contained in the co
plex impedanceZ(v) or equivalently the conductivity
s(v)51/Z(v), which can be expressed ass(v)51/RN
21/ivLke(v) with the normal-state resistanceRN , the ki-
netic inductanceLk , and the vortex dielectric function
1/e(v) describing the effect of the vortices on th
dynamics.1,4,5 In the present work we obtain 1/e(v) and the
resistanceR5Re@s21(v50)# from simulations and charac
terize the vortex dynamics in terms of these quantities.

We use the 2D resistively shunted junction~RSJ! model
on anL3L triangular lattice with periodic boundary cond
tions ~see Fig. 1!. The equations of motion in the presence
an external magnetic fieldB5Bẑ follow from the local cur-
rent conservation

u̇ i52(
j

Gi j (
k

8 @sin~u j2uk2Ajk!1h jk#, ~1!

whereu i is the phase of the complex order parameter at
i, Gi j is the lattice Green’s function, and the primed summ
tion is over six nearest neighbors ofj. The thermal noise
currenth jk in units of the single junction critical currentI c
satisfies ^h i j (t)&50 and ^h i j (t)hkl(0)&52T(d ikd j l
2d i l d jk)d(t), where^•••& is the ensemble average and t
temperatureT is in units of the Josephson coupling streng
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J[\I c/2e. The magnetic bond angleAi j [(2p/F0)* i
jA•dl

with the flux quantumF0 and the magnetic vector potentia
A5Bxŷ satisfies the plaquette sum(pAi j 52p f with the
frustrationf, corresponding to the number of flux quanta p
elementary triangle. The timet is in units of\/2eRNI c with
the shunt resistanceRN , and in the following we simplify the
unit system toRN5I c5\/2e51. We use a second-order a
gorithm for numerical integration with the time stepDt
50.05 and the system sizeL564. The key quantity is the
time correlation functionG(t), which is related with the di-
electric function 1/e(v) by

1

iv F 1

e~v!
2

1

e~0!G52E
0

`

dteivtG~ t !, ~2!

and is determined fromG(t)5(2r0T/A3L2)^F(t)F(0)&,6–8

where r05A3^cos(ui2uj2Aij)& is the superfluid density,8,9

and F(t)5(^ i j &sin(ui2uj2Aij)ei j • x̂, with the sum over all
links and ei j being the unit vector fromi to j. In our unit
systemr0 is the same as the kinetic inductance 1/Lk so that
the relation betweens(v) and 1/e(v) reduces to

s~v!512
r0

ive~v!
. ~3!

FIG. 1. Triangular array of Josephson junctions. The superc
ducting island at sitei is associated with an order parameter pha
angleu i and the Josephson junction between adjacent islands w
critical currentI c .
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Figure 2 shows the resistanceR as a function of frustra-
tion f at T50.1 and 0.5 obtained fromG(t) using Eqs.~2!
and~3! together withR5Re@1/s(v50)#. In order to check
the present method we have also calculated the resistan
a completely independent way using the fluctuating tw
boundary conditions described in Ref. 5. As seen in Fig
both determinations give consistent results but the pre
method appears to converge much better. The inset in F
showsR versusT and verifies thatT50.1 and 0.5 are both
well above the resistive transition temperature. The na
expectation is thatR is proportional to the density of fre
vortices which in turn is proportional tof.1 This corresponds
to a situation where all vortices effectively move diffusive
as independent particles. As seen in Fig. 2 this expectatio
borne out for T50.5 for the two lowest frustrationsf
51/64 and 1/32~these data points fall on a straight lin
through the origin!. However, the highest frustrationf
51/16 falls slightly below this line indicating a suppressi
of the free vortex diffusion. This effect is much more pr
nounced for the lower temperatureT50.1, where both resis
tances forf 51/16 andf 51/32 fall well below the straight
line through the origin. Since the vortex pinning caused b
triangular array is very weak,10 the essential part of the sup
pression is caused by some vortex correlation mechan
and not by a lattice pinning effect.

Figure 3 shows the real and imaginary part of 1/e(v)
obtained fromG(t) by aid of Eq.~2!. One immediately notes
a qualitative difference; in Figs. 3~a! and~b! the maximum of
uIm@1/e(v)# is very close to the crossing point wit
Re@1/e(v)#, whereas in Fig. 3~c! this maximum is displaced
to the right. In order to analyze these differences in a s
tematic way we parametrize the curves by an interpola
between two response forms. The first is the Drude fo
which corresponds to vortices effectively diffusing as ind
pendent particles. This form is hence expected to apply to
region where the resistance is linear inf ~as for f 51/64 and
1/32 atT50.5 in Fig. 2!. The time correlation function in
this case is of the exponential formGDrude(t)5(2/ẽp)e2ts0

and the corresponding response function is given by

FIG. 2. ResistanceR as a function of frustrationf at T50.5
~squares! and 0.1~circles!. The empty symbols representR obtained
as described in text, and the filled circles as obtained by the me
described in Ref. 5~denoted byRD). The dashed lines through th
origin correspond to expectation from free vortex diffusion. The f
drawn lines are guides to the eyes. The inset shows that the ons
resistance starts well belowT50.1.
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whereẽ describes an effective static polarization of the vo
tex interaction due to vortex-antivortex pairs,1 and
Re@1/e(v)#}v2 for small v. The second response form d
scribes the dynamical response ofbound vortex-antivortex
pairs whose phenomenological form has been propo
in Ref. 1@Minnhagen phenomenology~MP!# and is given by
Ref. 5: GMP(t)5(2/ẽp)@Ci(v0t)sinv0t2si(v0t)cosv0t#,
where Ci(x)[2*x

`dt cost/t, si(x)[2*x
`dt sint/t, andGMP

}1/t for large times. The corresponding response function
given by

ReF 1

e~v!
2

1

e~0!G5
1

ẽ

v

v1v0
,

which goes to zero linearly withv and gives a vanishing
resistance. It is sometimes referred to as an anomalous vo
dynamics since it exhibits a nonanalytic divergence of
conductivity for smallv: s(v)}2 ln v.11 This form has
been shown, from simulations of various models of 2D v
tex physics in the absence of magnetic field, to describe
response of the low-temperature phase,5,7,12 where the dy-
namics is dominated by bound vortex-antivortex pairs.1

In general both bound pairs and free vortices can exis
the same time, e.g., forf 50 above the KT transition and fo
a finite f above the resistive transition, and the dynami
response is expected to contain contributions from both

od

l
t of

FIG. 3. The response function 1/e(v) for ~a! T50.5 and f
51/16, ~b! T50.1 andf 51/64, and~c! T50.1 andf 51/16. The
full and dashed lines are the fits to the functional form described
text. For each pair (T, f ) this essentially gives a one-parameter ch
acterization.
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the response types.5,7 In the present work we use the inte
polation introduced in Ref. 5:Gint(t)5 ẽGDrude(t)GMP(t),
which contains three parameters,ẽ, s0, andv0, or equiva-
lently ẽ, r 5v0 /s0, andR. Herer is the important paramete
which changes the response from pure Drude forr 50 to
pure MP for r 5`, and R satisfiess05R@r0(p1r ln r)#/(1
2R)@pẽ(11r2)# from Gint together with Eqs.~2! and ~3!.
SinceR can be independently determined without curve
ting as in Fig. 2, we are left with only two fitting paramete
ẽ and r. Furthermore, for a finitef above the resistive tran
sition there are few bound vortex-antivortex pairs presen
the static limit so thatẽ'1,1 and the dynamical response
essentially characterized by the single parameterr. In the
following analysis we useR in Fig. 2 and fit data to the
dynamical response function 1/e(v) with two free param-
etersẽ andr. Figure 3 shows three typical examples; the fi
are very good and the obtained valuesẽ are in all cases close
to 1@ ẽ'1.0, 1.0, and 0.93 for Figs. 3~a!, ~b!, and~c!, respec-
tively#.

Figure 4 shows the characterization of the dynamical
sponse in terms of the parameterr. The response forT
50.5 corresponds to a smallr and hence Drude-like behav
ior. This is consistent with independent diffusion offreevor-
tices and with the linear relation betweenR and f found in
Fig. 2. However, as seen in Fig. 2,r increases somewha
with f, which suggests an increase of ‘‘vortex-pair-like’’ co
relations. This seems consistent with the small suppres
of R with increasingf for T50.5 in Fig. 2. The same featur
is much more dramatic forT50.1: r increases from a sma
Drude-like value to a large MP-like value withf, which sug-
gests that the response for the largestf is dominated by
‘‘vortex-pair-like’’ correlations, and is consistent with th
large suppression ofR at largef for T50.1 in Fig. 2.

An alternative way to analyze the crossover from Dru
to MP response is to focus on the peak ratio, defined as
ratio uRe@1/e(v)#/Im@1/e(v)#u at the maximum of
uIm@1/e(v)#u. For the pure Drude response this ratio is un
whereas for the pure MP response it is 2/p'0.64@see Fig. 3
where~a! and ~b! have peak ratios close to the Drude val
whereas the peak ratio in~c! is close to the MP value#. Fig-
ure 5 displays the peak ratios obtained directly from the d

FIG. 4. The parameterr characterizing the response as a fun
tion of f. At T50.5, r increases slightly with increasingf but re-
mains much smaller than 1, characterizing a Drude-like respo
At T50.1, r changes fromr !1 to r @1 with increasingf, signify-
ing a crossover from Drude-like to MP-like response.
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~by obtaining a sufficient number of data points close to
maximum! and shows that the crossover from Drude-like
MP-like behavior atT50.1 with increasingf is clearly sig-
naled as a decrease in the peak ratio.

Our simulations show that in a certain parameter ran
the dynamical response as a function of frustration cros
over from a free-particle-like response to a response wh
has the same form as the response of bound vor
antivortex pairs and that this crossover is linked to a supp
sion of the resistance. In Ref. 8 the same type of crosso
from Drude to MP response with increasing frustration w
found for a 2DXY model with time-dependent Ginzburg
Landau~TDGL! dynamics. In Ref. 11 it was found that
triangular JJA with a small finite frustration shows a MP-lik
response well below the zero-frustration KT transition and
Ref. 7 it was suggested, based on the peak ratio, that
same is true for the superconducting film measured in R
13.

Several theoretical attempts have been made to un
stand the origin of the anomalous dynamics:14,15 Ref. 14 as-
cribes the effect to a coupling between spin waves and v
tices, suggesting that there should be anomalous dyna
for TDGL but not for RSJ, in contrast to what has be
demonstrated in the present work. Reference 15 attributes
effect to vortex correlations which should apply to both t
TDGL and RSJ. However, none of the theoretical formu
tions yields a crossover to the MP form and a shift of t
peak ratio from 1 to 2/p with increasing magnetic fieldand
hence with anincreasing resistance. Thus an adequate theo
retical explanation is still largely lacking. In Ref. 8 it wa
found from simulations that an increase of the magnetic fi
also causes an increased density of antivortices sugge
that vortex-antivortex correlations may play a role with
possible connection to the fact that the MP response
describes the response of the low-temperature phase ff
50.

Our analyzing method makes it possible to assess to w
extent the crossover from normal to anomalous response
scribed here shows up in measurements on real system

The research was supported by the Swedish Natural
ence Research Council through Contract No. FU 04040-3
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FIG. 5. Peak ratio as a function of frustrationf. At T50.5 the
peak ratio decreases slightly with increasingf but remains close to
the Drude value 1. AtT50.1 the peak ratio crosses over from 1
the MP value 2/p.
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