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Phenomenological theory of size effects in ultrafine ferroelectric particles of lead titanate
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A new phenomenological model is proposed and discussed to study size effects on the first-order ferroelec-
tric phase transition of lead titanate ferroelectric particles. This model, by taking size effects on the phenom-
enological Landau-Ginzburg-Devonshire coefficients into consideration, can successfully explain the observed
size effects on the Curie temperature,c/a ratio, and thermal and dielectric properties of lead-titanate-type
ferroelectric particles. Theoretical and experimental results for PbTiO3 fine particles are compared and dis-
cussed. The relationship between the current model and the model of Zhonget al. @Phys. Rev. B50, 698
~1994!# is also discussed.@S0163-1829~99!10637-4#
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I. INTRODUCTION

Size effects on ferroelectric materials have been stud
both experimentally1–6 and theoretically.7–13 Experimental
results all showed that there are strong size effects on fe
electric materials. All the experiments done on PbTiO3,
BaTiO3, and PbZrO3 particles show that the Curie temper
ture, tetragonality~c/a ratio!, latent heat, and soft-mode fre
quency all decrease with decreasing particle size. Theo
cally, Cottam, Tilley, and Zeks7 investigated the occurrenc
of surface modes in semi-infinite ferroelectric materia
Three different approaches were used:~1! a microscopic
pseudospin theory based on the Ising model in a transv
field, ~2! a macroscopic Landau theory in which surface
fects can be introduced phenomenologically, and~3! a polar-
iton model appropriate for the very-long-wavelength regio
Existence conditions and dispersion relations were dedu
for the localized surface modes, which were predicted by
three methods. The results were illustrated by means of
merical examples. Methods~1! and ~2! gave rise to similar
results within certain limits, and a formal relationship b
tween these two approaches was established. Tilley
Zeks8 also discussed phase transitions in ferroelectric t
films using a theoretical model based on the Land
Devonshire expansion. A surface is characterized by an
trapolation lengthd, the negative of the logarithmic deriva
tive of the order parameter at the surface. For negatived, the
critical temperatureTc of a film is increased above the bu
value, while for positived it is decreased. It was shown th
depolarization effects further decreaseTc in general. Using
this theory, Tilley and Zeks8 discussed the thickness effec
on the second-order ferroelectric-paraelectric phase tra
tion in ferroelectric thin films. By introducing a sixth-orde
term, Scottet al.14 discussed the thickness dependence
first-order ferroelectric-paraelectric phase transitions
ferroelectric thin films.

A Landau-type phenomenological theory for a size-driv
phase transition in ferroelectric particles of BaTiO3 and
PbTiO3 was clearly demonstrated by Zhong a
co-workers,9–13 taking the surface and nonequilibrium e
ergy into consideration and the introduction of a surface
trapolation lengthd. The model can be used for some pa
PRB 600163-1829/99/60~14!/9978~5!/$15.00
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ticles having a simple geometry, such as thin films a
spherical and cylindrical particles. It may be solved nume
cally. For spherical ferroelectric particles, we may assu
uniaxial polarization, the magnitude of which depends o
on the radius. Contrary to the case of thin films, the extra
lation length was shown to be size dependent. The s
dependent phase transitions have the same order as
temperature-driven phase transitions. The polarization
creases with decreasing particle size and eventually di
pears~a size-driven phase transition!; i.e., the Curie tempera
ture decreases with decreasing particle size and reaches
at the critical size. The calculated size dependence ofTc for
PbTiO3 and BaTiO3 was said to be in excellent agreeme
with the experimental results for sol-gel-~SG-! derived pow-
ders.

This model9 successfully explains the size effects on fe
roelectricity and the phase transition temperature, but fail
explain the thermal properties of PbTiO3 and PbZrO3 fine
particles. All the experimental results on PbTiO3 ~Refs. 2 and
6! and PbZrO3 ~Ref. 5! phase transitions showed that th
entropy jump dropped sharply with decreasing particle s
but the calculated value15 showed a small increase with de
creasing particle size based on the model of Zhonget al.9

This forces the calculated latent heat to decrease more slo
than the Curie temperature, which contradicts the experim
tal results. The results for PbTiO3 ultrafine particles showed
that as the particle size decreases from 1mm to 23 nm, the
Curie temperature decreases from 493 to 477 °C, a dro
only 16 °C, but the latent heat decreases from 1740 to
J/mol, which is a much larger percentage decrease. C
fitting showed that the relationship between the size and
tent heat was very close to exponential.15 This model failed
because the phenomenological coefficients were assume
be size independent. Careful comparison with experime
results implies that, in order to explain the size effect
latent heat and entropy jump of phase transition, the s
effect on the phenomenological coefficients has to be ta
into consideration.

In this paper, a model derived by the authors is propos
The relationship between our model and the model of Zho
et al. is also discussed and results for the physical proper
referred to above are given.
9978 ©1999 The American Physical Society
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II. MODEL

The size dependence of the phenomenological coeffici
was already observed in experiments. Basceriet al.16 re-
ported that the first-term coefficient of the Landau-Ginsbe
Devonshire~LGD! power series was the thickness depe
dence for barium strontium titanate~BST! ferroelectric thin
films. For ferroelectric particles such as PbTiO3, which have
a first-order phase transition, it was necessary to take
account the size dependence of both the first- and sec
term coefficients for the LGD power series in order to e
plain the experimental results. After careful study of the e
perimental data for PbTiO3, it was found that if the
phenomenological coefficients are assumed to be size de
dent and have the following relation, good agreement w
experimental results was obtained:

G5
1

2
a~T,d!P21

1

4
b~d!P41

1

6
gP6, ~1!

a~T,d!5a0~T2T0`!1
A

d2Ds
, ~2!

b~d!5b` expS 2
B

d D , ~3!

assumingg @Eq. ~1!# is size independent. Equations~2! and
~3! are derived from the empirical formula for size effects
the Curie temperature and the latent heat of PbTiO3 fine
particles, respectively. Hereb` is the value ofb for bulk
crystals andA andB are constants derived from the expe
mental values. For PbTiO3, A50.04 J m2 C22 and B
580 nm. Ds is a special particle size very close to the cri
cal size and obtained from experiment.Ds58.8 nm for
PbTiO3.

2 T0` is the Curie-Weiss temperature of the bu
materials, andd is the particle size. Other parameters for le
titanate are a052.793105 J m C22 K21, b`521.62
3109 J m5 C24, andg54.2331011J m9 C26.17

A. Microscopic explanation

Following Devonshire’s formulas,18 the phenomenologi-
cal coefficientsa and b are related to the crystal structu
and force constants. From the experimental results
BaTiO3, PbTiO3, and PbZrO3 fine particles2,5,6,19 the mea-
suredc/a ratio decreases with decreasing particle size. T
will change the force the ions feel. The dependence of
force constants on particle size was also shown by the s
mode measurements. Raman scattering on PbTiO3 ~Ref. 2!
showed the soft mode decreasing sharply with decrea
particle size. Since the force constants change with par
size, the phenomenological constantsa andb should also be
size dependent.

B. Macroscopic explanation

According to Tilley and Zeks8 and Zhonget al.,9 the sur-
faces of ferroelectric thin films and particles are differe
from the inner part of the particle. The surface region h
different polarization and dielectric constant. The free ene
of the whole system can be expressed as a sum of su
and bulk terms:
ts
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G5Gsurface1Gbulk5S 1

2
asurfacePsurface

2 1
1

4
bsurfacePsurface

4

1
1

6
gsurfacePsurface

6 D1S 1

2
abulkPbulk

2 1
1

4
bbulkPbulk

4

1
1

6
gbulkPbulk

6 D
5

1

2
aeffectivePeffective

2 1
1

4
beffectivePeffective

4

1
1

6
geffectivePeffective

6 . ~4!

The ions near the surface will feel a different force th
those at the inner part of the crystal. The phenomenolog
coefficient for the surface will be different from that for th
bulk material. When the particle is very large, the surfa
effects can be neglected andaeffective, beffective, andgeffective
will equal their bulk values. On the other hand, they w
approach the surface values when the particle size is v
small.

III. SIZE EFFECT ON FERROELECTRIC PROPERTIES
BASED: OUR MODEL

Based on the assumption of a size dependence of the
nomenological coefficients, our model is now formulat
and used to predict the size effects on the ferroelectricity
spherical particles. All the calculations are based on PbT3
to allow the theoretical calculations to be compared with
experimental results. Note that, so far, no distinction h
been made in the size effect theory between ferroelectric
antiferroelectric phase transitions.

A. Size-driven phase transition

From Eq. ~1!, the spontaneous polarizationPs , phase
transition temperatureTc , and spontaneous polarization
Tc (Psc) can be written as

Ps
25

2b~d!1Ab~d!224a~T,d!g

2g
, ~5!

Tc5T0`2
A

~d2Ds!a0
1

3b~d!2

16a0g
, ~6!

Psc
2 52

3b~d!

4g
. ~7!

Substituting Eq.~5! into Eq. ~1! and takingT50 K, the free
energy as a function ofd can be obtained. Figure 1~a! shows
the theoretical results. Clearly, there exists a size-dri
phase transition and a critical sizedc , below which polariza-
tion cannot be established in the particle. The spontane
polarizationPs at T50 K, as a function of particle size, i
shown in Fig. 1~b!. It has the characteristic of a first-orde
phase transition; the spontaneous polarization jumps to
where the particle size reaches the critical sizedc . The size
dependence of the phase transition temperature, calcu
according to Eq.~6!, is compared with experimental value
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in Fig. 2. Note that the calculated temperature is renorm
ized to 766 K whend5`. The agreement is very good, an
the Curie temperature has a significant drop only near
critical size.

B. Size effect on the latent heat and entropy change

The discontinuous change in polarization causes a dis
tinuous change in entropy. The entropy jumpDS at Tc can
be written as

DS~d!5
1

2
a0Psc

2 5
3a0b~d!

8g
. ~8!

The resulting latent heat is

FIG. 1. Size dependence of the free energy and spontan
polarization.

FIG. 2. Size dependence of the Curie temperature.
l-

e

n-

DQ~d!5TcDS5S T02
A

~d2Ds!a0
1

3b~d!2

16a0g D 3a0b~d!

8g
.

~9!

Figure 3 shows the size effect on the entropy and latent h
Note the calculated value ofDS(d5`) is renormalized 2.3
J mol21 K21 andDQ(d5`) is renormalized to 1750 J mol21

to compare with the experimental results. It can be seen f
these figures that the agreement between experimental
and theoretical calculation is excellent.

Substituting Eq.~3! into Eq. ~8!, we have

DS5
3a0b`

8g
expS 2

B

d D , ~10!

so

ln~DS!52S B

d D1 lnS 3a0b`

8g D . ~11!

This formula gives a linear relationship between ln(DS) and
1/d, with gradient2B. From the experimental values, th
measured gradient is280 nm.2,15 Thus B580 nm for
PbTiO3.

C. Size effect on the crystal structure„c/a ratio …

According to the Devonshire18 calculation, (c/a21) is
proportional toPs

2. Therefore, we have

h~d![
c

a
215KPs

2~d!, ~12!

whereK is a constant.
Substituting Eq.~5! into Eq. ~12!, choosing the appropri-

ate value forK, and puttingh(d5`)50.0652, which is the
bulk value for PbTiO3, we have

us

FIG. 3. Size dependence of the latent heat and entropy jum
the Curie temperature.
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R~d![h~d5`!2h~d![S c

aD
d5`

2S c

aD
d

5K@Ps
2~d5`!2Ps

2~d!#. ~13!

Figure 4~a! shows the size dependence ofh(d) for PbTiO3
particles; the solid line is the theoretical calculation, a
solid and open circles are experimental data measured
x-ray diffraction. ln$R(d)% versus reduced particle size (d
2Dc) is shown in Fig. 4~b!. Clearly, this is a linear relation
ship when the particle size is larger than 25 nm. So
relationship betweenR(d) and (d2Dc) can be written ap-
proximately in the exponential form

R~d![S c

aD
d5`

2S c

aD
d

'K exp@2C~d2Dc!#, ~14!

whereDc is the critical particle size andC and K are con-
stant. Whend is equal toDc , the particle changes to th
paraelectric phase and (c/a)d5Dc

51. Substituting into Eq.
~14!, we obtain

K5S c

aD
`

21. ~15!

Formula~13! can be rewritten as

S c

aD
d

5S c

aD
`

2F S c

aD
`

21Gexp@2C~d2Dc!#. ~16!

This is the empirical formula obtained by Chattopadhy
et al. from experimental values of PbZrO3 and PbTiO3
particles.5,6 This formula is a very good approximation fo
relatively larger particles. For example, it applies above
nm for PbTiO3 fine particles very well.

FIG. 4. ~a! Size dependence of thec/a ratio. ~b! Relationship
between ln$R(d)% and (d2Dc) In ~a! d, from Zhonget al. ~Ref. 2!;

* from Ishikawaet al. ~Ref. 4!.
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D. Size effect on the dielectric property

From Eq.~1!, the susceptibility below the Curie temper
ture Tc(d) can be obtained as,

x1~T,d!5
]2A

]D2U
E50

5a~T,d!13b~d!D215gD4

524a~T,d!1
3b2~d!

g F11A12
4a~T,d!g

b2~d!
G .
~17!

Above the Curie temperature, the susceptibility is

x2~T,d!5
1

a~T,d!
. ~18!

For ultrafine particles, it is assumed that the particle sized is
distributed about an average sized0 according to a Gaussia
distribution function of the form

f ~d!5 f 0 expF2
~d2d0!2

2s2 G , ~19!

wheres is the standard deviation andf 0 is the normalization
factor. Defining a deviation factorj5s/d0 to represent the
spread of particle sizes, the effective susceptibility is the

xeffect~T,d0!

5

E
0

dc~T!

x2~T,d! f ~d!dd1E
dc~T!

`

x1~T,d! f ~d!dd

E
0

`

f ~d!dd

,

~20!

wheredc(T) is the critical size at temperatureT. If the tem-
perature is higher thanT, all the particles having size les
thandc(T) will be in the paraelectric phase.

In this model the real integration is taken from the critic
size dc to ` because the model is invalid when the crys
size is belowdc . The above equation becomes

xeffect~T,d0!

5

E
dc

dc~T!

x2~T,d! f ~d!dd1E
dc~T!

`

x1~T,d! f ~d!dd

E
dc

`

f ~d!dd

.

~21!

Figure 5 shows the susceptibility versus temperature for
ferent particle sizes and deviation factorsj. The dielectric
peak decreases and moves to lower temperatures whe
particle size decreases. Also, with a larger deviation factoj,
the dielectric peak becomes smaller and diffuse, in agr
ment with the experimentally measured results for BaTiO3,
PbTiO3 ferroelectric, and PbZrO3 antiferroelectric
particles.1,5,6,20 Note that we do not try to explain the siz
effect on the dielectric constant measured at room temp
ture for BaTiO3 ~Ref. 21! and PbTiO3 ~Ref. 22! ultrafine
particles by this theory. That behavior has been explai
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successfully by Shaikhet al.21 by taking the effects of strain
and domain walls into consideration.

E. Validity of our model

The inverse relationship between the LGD coefficie
a(d) and the particle sized makes the model invalid whe
the particle size is less thandc . The inverse relationship
forces thea(d) to diverge atds and gives invalid results
below dc . Therefore, our model cannot be used when
particle size is less thandc . This problem stems from the
simple assumption used fora(d). The relationship was ob
tained from experimental empirical formulas and it is a go
approximation for relatively lager particles. When the p
ticle size becomes very small, the inverse relationship is
valid and another kind of formula should be proposed
discuss the physical properties of smaller particles.
present, there are not enough experimental data to realiz
approximate formula fora(d) of particle size near and be
low dc . This model was based on the Landau general ph

FIG. 5. Dielectric susceptibility of different particle sizes an
deviation factors.
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transition theory. It may be valid for all ferroelectric an
antiferroelectric particles with first-order paraelectri
ferroelectric phase transitions.

IV. RELATIONSHIP WITH THE MODEL OF ZHONG et al.

In the original mode of Zhonget al., only surface effects
and nonequilibrium effects were taking into consideration
the free energy formula. They assumed that the LGD coe
cients were size independent. The model introduced h
takes size effects on the LGD coefficients into considerati
Furthermore, surface effects and nonequilibrium terms
considered and reintroduced into the size dependence o
LGD coefficients. Thus the coefficients should be the eff
tive coefficients of the particle. By this modification, th
thermal properties of ferroelectric particles can be explain
successfully. Another advantage of this model is the simp
free energy expression. It can be solved easily, and the ph
cal properties can be discussed analytically.

V. SUMMARY

An improved phenomenological theory is proposed
taking the size effects on the LGD coefficients into accou
By assuming the size dependence of the LGD coefficienta
andb, one can successfully explain the size effects on ph
cal properties of PbTiO3-type ferroelectric particles, includ
ing the thermal property,c/a ratio, dielectric property, and
Curie temperature. Our model also predicts a size-dri
phase transition for which the ferroelectricity disappe
when the particle size reaches a critical particle size.

ACKNOWLEDGMENTS

This work was supported, in part, by the Australian R
search Council. The authors thank Dr. J. L. Peng~University
of Melbourne! and Professor W. L. Zhong~Shandong Uni-
versity! for helpful comments on the manuscript.

d

,

s.

ng

n.

.

*Electronic address: bursil@physics.unimelb.edu.au
1W. L. Zhong, P. L. Zhang, Y. G. Wang, and T. L. Ren, Ferr

electrics160, 55 ~1994!.
2W. L. Zhong, B. Jiang, P. L. Zhang, J. M. Ma, H. M. Cheng,

H. Yang, and L. X. Li, J. Phys.: Condens. Matter5, 2619~1993!.
3K. Ishikawa, K. Yoshikawa, and N. Okada, Phys. Rev. B37,

5852 ~1988!.
4K. Ishikawa, T. Nomura, N. Okada, and K. Takada, Jpn. J. Ap

Phys., Part 135, 5196~1996!.
5S. Chattopadhyay, P. Ayyub, V. R. Palkar, and A. V. Gurjar,

Phys.: Condens. Matter9, 8135~1997!.
6Soma Chattopadhyay, Pushan Ayyub, V. R. Palkar, and M

Multani, Phys. Rev. B52, 13 177~1995!.
7M. G. Cottam, D. R. Tilley, and B. Zeks, J. Phys. C17, 1793

~1984!.
8T. R. Tilley and B. Zeks, Solid State Commun.49, 823 ~1984!.
9W. L. Zhong, Y. G. Wang, P. L. Zhang, and B. D. Qu, Phys. Re

B 50, 698 ~1994!.
10Y. G. Wang, W. L. Zhong, and P. L. Zhang, Solid State Commu

92, 519 ~1994!.
11Y. G. Wang, W. L. Zhong, and P. L. Zhang, Solid State Commu
o-

.

pl.

J.

nu

v.

n.

n.

90, 329 ~1994!.
12Y. G. Wang, W. L. Zhong, and P. L. Zhang, Phys. Rev. B51,

5311 ~1995!.
13Y. G. Wang, W. L. Zhong, and P. L. Zhang, Phys. Rev. B53,

11 439~1996!.
14J. F. Scott, H. M. Duiker, P. D. Beale, B. Pouligny, K. Dimmler

M. Parris, D. Butler, and S. Eaton, Physica B150, 160 ~1988!.
15B. Jiang, Ph.D. thesis, University of Melbourne, 1999.
16Cem Basceri, S. K. Steriffer, and Angus I. Kingon, J. Appl. Phy

82, 2497~1997!.
17C. L. Wang and S. R. P. Smith, J. Phys. Condens. Matter7, 7163

~1995!.
18A. F. Devonshire, Philos. Mag.42, 1040~1949!.
19Ren Tianlin, M.Sc. thesis, Shandong University, 1994~in Chi-

nese!.
20Qu Baodong, Jiang Bin, Wang Yuguo, Zhang Peilin, and Zho

Weilie, Chin. Phys. Lett.11, 514 ~1994!.
21A. S. Shaikh, R. W. Vest, and M. G. Vest, IEEE Trans. Ultraso

Ferroelec. Freq. Control36, 407 ~1989!.
22T. Nakamura, M. Takashige, H. Terauchi, Y. Miura, and W. N

Lawless, Jpn. J. Appl. Phys., Part 123, 1265~1984!.


