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Analytic approach to the antiferromagnetic van Hove singularity model
for high-Tc superconductors
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An analytic approach to the antiferromagnetic van Hove singularity~VHS! model is developed to account
for the small oxygen-isotope effect of high-Tc cuprates. Starting from the hole dispersion in an antiferromag-
netic background, we derive and obtain analytic expressions for density of states~DOS! with a narrow VHS
peak. BothTc and the isotope coefficienta are calculated using the hole-boson coupling andd-wave gap
equation. It is shown that a very smalla at optimal doping stems from the fact that the half-width of the VHS
peak in the DOS is smaller than the maximal boson energy. The origin ofa varying with doping is also
discussed.@S0163-1829~99!00134-4#
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I. INTRODUCTION

It has been widely accepted that owing to layered str
tures of Cu oxides, carriers within the CuO2 planes exhibit
two-dimensional~2D! nature of electron dynamics. One
electron band-structure calculations1 showed that the Cu ox
ides are characterized by 2D Fermi-surface nesting. A
result, following the discovery of the high-Tc superconduct-
ors, the van Hove singularity~VHS! in density of states
~DOS! was proposed as aTc-enhancement mechanism fo
them.2 However, the idea of achieving high-Tc superconduc-
tivity with the aid of a sharp peak in DOS at the Ferm
energyEF along with a phonon-mediated pairing was n
widely accepted. The main objections to this high-Tc mecha-
nism mostly stem from the fact that its effectiveness in
hancingTc depends on the restriction ofEF being at or very
close the VHS, but at that time there was no convinc
experimental evidence for a DOS singularity nearEF . Fur-
thermore, the phonon-mediated pairing mechanism ra
doubts in the consideration of very small oxygen-isoto
effect3 ~i.e., a.0 –0.2, Tc}M 2a, where M is the atomic
mass of oxygen! observed in the cuprates with optimal do
ing.

The VHS model reinvoked in 1990 by Tsueiet al.4 to
account for the doping dependence of the oxygen-isot
mass exponenta observed experimentally in La22xSrxCuO4
~LSCO! ~Ref. 5! and YBa2Cu3O72x ~YBCO!.6 Since then
the van Hove scenario of the high-Tc cuprates has forged
rapidly ahead. First, high-resolution angle-resolved pho
emission spectroscopy~ARPES! experiments7,8 suggested
that an extended region of flat CuO2 derived band close to
EF exists for YBCO as well as other high-Tc cuprates with
optimal doping, providing a strong support for the concep
VHS in DOS. Second, band-structure calculations9 indicated
PRB 600163-1829/99/60~13!/9775~7!/$15.00
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that there is a VHS nearEF in the Hg-based cuprate
(HgBa2Can21CunO2n121d) for n50, 1, and 2. By varying
the dopant leveld, the location ofEF can be moved to co-
incide with the VHS. The calculated values ofd needed to
achieve the van Hove condition are in good agreement w
the Tc-optimized composition reported in the literature10

strongly supporting the existence of VHS nearEF in these
Hg cuprates. Third, the VHS model has been used to acc
for many anomalous superconducting and normal-state p
erties of high-Tc cuprate superconductors, including th
high-Tc and reduced isotope effect,4,11,12 the linearly
temperature-dependent resistivity,13 the specific-heat jump a
Tc ,14 the anomalous thermopower,15 the thermal
conductivity,16 and the uniaxial stress effect onTc .17 Finally,
the van Hove scenario has been developed well beyond
previous theoretical framework of the phonon-media
s-wave pairing. It was found that the VHS in DOS can
caused not only by the 2D band structure,11 but also by an-
tiferromagnetic ~AF! correlation effects in the CuO2
planes.18–20 It is well known that strong correlations of elec
trons and their quasi-2D behavior are two most import
features of the high-Tc superconductors. Both of them ar
close related to the existence of VHS, indicating that go
agreement between the VHS theory and the experimen
entirely by no accident.

Recently, the ‘‘antiferromagnetic van Hove’’~AFVH!
model was proposed by Dagotto and co-workers18–20that the
flat band nearEF or the VHS in DOS comes from the AF
correlation effects. Using the 2Dt-J model and the quantum
Monte Carlo method, the dispersion of one hole in an
background can be calculated accurately. At smallJ/t, the
hole dispersion is given by «k51.33J coskx cosky
10.37J(cos 2kx1cos 2ky) with J50.125 eV and strong cor
relation effects are included.19 This dispersion relation of the
9775 ©1999 The American Physical Society
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quasiparticle is similar to that derived from a 2D tigh
binding band structure in which the hole moves only with
the same sublattice to avoid distorting the AF backgroun

Earlier theoretical works on the van Hove scenario w
based on the assumption of conventionals-wave pairing. Re-
cently, the VHS theory has been extended to thed-wave
case,18–22 in which the pairing state is a highly anisotrop
dx22y2-wave state. In the study of the pairing symmetry
most important but unsolved problem is what kind of mec
nism creates attractive interactions between holes. In
BCS theory the usual hole-boson interaction is favorable
the s-wave pairing. In the cuprate superconductors, dest
lization of thes-wave pairing is caused by the presence
large on-site Coulomb repulsion. This large on-site repuls
is fatal in thes-wave channel, but it drops out of thed-wave
gap equation. The driving force for thed-wave pairing is the
attractive interactions between the holes on nearest-neig
sites. A most plausible candidate is the AF superexcha
J,18,19 which is known to be a huge effect (J;120 meV) in
the undoped insulators. However, while many numeri
studies suggested that the small AF correlation can subs
tially affect the quasiparticle dispersion~single-particle
Green’s function!, it has not been shown that it can also le
to pairing~two-particle Green’s function, with hole Coulom
repulsion included!. Thus Nazarenko and Dagotto20 recently
proposed a mixed phononic and electronic model wh
phononic pairing occurs between holes that are stron
dressed by AF fluctuations. Although the hole-phonon c
pling is much smaller than in normal metals, the large D
of dressed holes bootsTc to realistic values. Their numerica
calculations yield an oxygen-isotope coefficient that is sm
at optimal doping but becomes close to the BCS value 0.
the underdoped and overdoped regimes.

Since the AFVH model used to be solved numerically,
physical reason has not yet been clearly known why the h
dispersion used in Ref. 20 is able to result in a very sm
isotope coefficienta at optimal doping and an increasinga
with EF away from the VHS. In this paper we first deriv
analytically the DOS of the AFVH model with the dispersio
of Eq. ~1! and then use the hole-boson coupling andd-wave
gap equation to calculateTc and the isotope coefficient. It i
shown that the prefactors of two terms in the dispersion
particular the ratio between them, have important effects
the DOS, and the narrow van Hove peak in DOS play
critical role in reducinga and enhancingTc . From the ana-
lytical result for the isotope coefficient, we find that when t
half-width of the van Hove peak in the DOS is smaller th
the maximal boson energy, a very smalla can be obtained a
optimal doping. The origin ofa varying with doping is also
discussed.

II. DENSITY OF STATES

Starting from the 2Dt-J model and using the quantum
Monte Carlo method, the hole dispersion in an AF ba
ground at half-filling was obtained. It is approximately val
also at finite doping.20 If using the electronic language, w
write the dispersion as

Ek522t2@2 coskxa coskya1~g/2!~cos 2kxa1cos 2kya!#,
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whereg was taken to be different values:g51.53,18 1.113,19

and 1.055,20 anda is the lattice constant. As will be show
below, its reasonable value taken is very important in
AFVH model. This dispersion relation of the quasipartic
can be regarded as coming from a 2D tight-binding ba
model, in whicht2 and t35gt2/2 are the hopping integral
between second- and third-nearest-neighbor Cu sites on
CuO2 plane, respectively, but the nearest-neighbor hopp
is absent because the hole moves within the same subla
to avoid distorting the AF background. Making changes
variables intopx5(kx1ky)/A2, py5(kx2ky)/A2, and b
5A2a, we haveEp52t2Wp for a quasielectron where

Wp52cospxb2cospyb2g cospxb cospyb. ~2!

This result looks like that obtained from a 2D tight-bindin
model for a sublattice of the AF background by taking in
account nearest-neighbor and next-nearest-neighbor hop
integrals, the unit-cell area of the sublattice beingb252a2

and the corresponding Brillouin zone~BZ! rotated byp/4.
According to the Green’s-function approach,23 the electronic
DOS is associated with the imaginary part of the sing
particle Green’s functionG(E,p) by

N~E!5
1

p (
p

Im G~E,p!, ~3!

whereG(E,p)5(E2Ep2 i01)21 with 01 a positive infini-
tesimal. From Eq.~3! the electronic DOS is given by

N~E!5
b2

p2E0

p/b

dpxE
0

p/b

dpyd~E22t2Wp!. ~4!

Making changes of integral variables intou5cospxb, v
5cospyb and settingw52u2v2guv, we can rewrite Eq.
~4! as

N~E!5
1

2t2p2E21

1

dvE
21

1

du
d~«2w!

A12u2A12v2
, ~5!

where«5E/(2t2), and the integral region is confined withi
a square (21<u<1, 21<v<1). To perform integral
over u using thed function, we change further the integra
variables intov andw, and so Eq.~5! becomes

N~E!5
1

2t2p2E E dvdwd~«2w!

A12v2A~11gv !22~w1v !2
. ~6!

Here, owing tog.1, the integral regions ofv and w are
found to have a more complex pattern than in the case
g<1, as shown in Fig. 1~a!. For ease of understanding th
integral regions, we plot isoenergetic lines on the 2D B
(2p/b<px ,py<p/b) in Fig. 1~b!. For the region of«<2
2g, the lowest energy«5222g corresponds toG point in
the BZ; with increasing energy, the isoenergetic circle e
larges and becomes gradually square. As the energy is
creased to«522g, besides the squarish circle, the isoen
getic line also includes four vertexes of the B
corresponding to the point (v,w)5(21,22g) in Fig. 1~a!.
For the region of 22g<«,1/g, each isoenergetic line con
sists of two parts: an approximate square with round corn
and four arcs around the corners, shown by the dashed
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in Fig. 1~b!. In this energy range there are two integral r
gions; the approximated square in Fig. 1~b! corresponds to
the right integral region in Fig. 1~a!, while the four arcs
correspond to the left integral region. At«51/g, the isoen-
ergetic line consists of four straight lines with square cro
ing at upxu5upyu5p2cos21(1/g). Evidently, a ideal nesting
appears automatically in the AFVH model and it can be u
to account for abnormal normal-state properties observe
the high-Tc cuprate oxides. For the region of«.1/g, the
isoenergetic line evolutes into four arcs centered aro
(px ,py)5(0,6p) and (6p,0), respectively. Finally, at«
5g, the isoenergetic line reduces to four points (0,6p) and
(6p,0).

FIG. 1. ~a! Integral region ofv and« in Eq. ~6! is shown as the
shaded area. It can be divided into three energy ranges:222g
<«<22g, 22g<«<1/g, and 1/g<«<g. ~b! Isoenergetic lines
of quasielectron dispersion@Eq. ~2!#. From inside to outside,«k is
successively equal to222g ~center point!, 22.5, 0, 22g, 0.6
~dashed lines!, 1/g ~four straight lines!, 0.8, andg ~four points!.
The only parameter taken isg51.53 ~Ref. 18!.
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-
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d

In Eq. ~6!, the integral overw is readily performed with
the aid of thed function, leaving an integral overv. For the
lower energy region in Fig. 1~a!, where222g<«<22g,
the DOS is obtained as

N~E!5N0E
b

a

I ~v,«!dv, ~7!

where

I ~v,«!5
1

A~a2v !~v2b!~v2c!~v2d!
, ~8!

and N051/(2t2p2Ag221), with a51, b52(11«)/(1
1g), c521, andd5(«21)/(g21). In this energy region,
we havea.b.c.d. It is found that such an integral in Eq
~7! can be expressed as a complete elliptic integral of the
kind. Making use of integral formula~3.147! of Ref. 24, we
obtain forN(E) the following expression:

N~E!5
1

2t2p2A12g«
KS A12~«1g!2/4

A12g«
D . ~9!

As the modulus of the complete elliptic integralK(x) is
equal to 1,K(x) exhibits divergent behavior. It is eviden
that there is no singular point ofN(E) in this region, for the
modulus ofK(x) in Eq. ~9! is always less than 1. For th
middle region in Fig. 1~a!, where 22g<«<1/g, we have

N~E!5N0F E
b

a

I ~v,«!dv1E
c

d

I ~v,«!dvG , ~10!

wherea.b.d.c. It is easily shown that the two integral
in Eq. ~10! are identical to each other and can be also
pressed as complete integrals of the first kind, yielding

N~E!5
2

t2p2~g2«!
KSA~«1g!224

g2« D , ~11!

where a singular peak appears at«51/g. For the upper re-
gion in Fig. 1~a!, where 1/g<«<g, we have

N~E!5N0F E
d

a

I ~v,«!dv1E
c

b

I ~v,«!dvG , ~12!

wherea.d.b.c. Similarly, we obtain

N~E!5
2

t2p2A~g1«!24
KS g2«

A~«1g!224
D , ~13!

whose singular peak is also at«51/g. According to Eqs.~9!,
~11!, and~13!, N(2t«) has been drawn as a function of« in
Fig. 2 ~full line!. From these expressions forN(E) along
with Fig. 2, one comes to the following conclusions. Fir
there is a VHS atE52t2 /g. Taking into account the
asymptotic formulaK(x); ln@4(12x2)21/2# for x.1, one
finds that the DOS nearEs52t2 /g exhibits a logarithmic
singularity as N(E)} ln(D/uE2Esu) where D58t2(g2

21)2/g3. Since 8t25231.33J is small andg is very close
to unity, the presentD is much smaller than the correspon
ing value in the 2D tight-binding band calculation.11 Second,
the DOS is small in a wide low-energy region of«,22g,
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while there is a large accumulation of weight in DOS in
very narrow energy region between«522g and«5g. The
two features of DOS above are evidently favorable to
high Tc of the Cu oxides. Third, it is found from Eqs.~9! and
~11! that there is a discrete jump inN(E) at «522g,
i.e., N(«522g101)5K(0)/@ t2p2(g21)#52N(«522g
201) with K(0)51.5708. This jump arises from the fa
that the contributions of four vertexes of 2D BZ to the DO
are suddenly added as soon as« exceeds 22g.

III. Tc FORMULA AND ISOTOPE COEFFICIENT

For a given class of high-Tc cuprate superconductors, th
value of Tc as a function of dopant level peaks at an op
mized composition and decreases with the hole density
parting from its optimized value. Another anomaly in th
superconducting properties is the very small oxygen-isot
effect for optimized doping and its strong doping depe
dence. Within the framework of the BCS theory, we consi
hole-boson interactions in charge channel as the driv
force for thed-wave pairing:

H5V0(
is

nisni ,2s2 (
^ i , j &s

Vi j nisnj ,2s . ~14!

Here the interactions contain an on-site repulsion (V0.0)
and a nearest-neighbor attraction (2Vi j ,0), for example,
two holes on adjacent copper sites may experience an at
tive interaction due to motion of the intervening oxyg
atom. Boson-mediated attractions may provide two attrac
channels fors- andd-wave pairing.25 The interactions in the
coordinate space can be rewritten asV(r2r 8)5V0d(r2r 8)
2V1@d(r2r 86ax)1d(r2r 86ay)# whereax anday are the
unit lattice vector in thex andy directions, respectively. The
strength of the nearest-neighbor interactions in thex and y
directions is assumed to be2V1. In reciprocal space the
attractive interactionV(k2k8) is given by

V~k2k8!5V02V1@cos~kx2kx8!1cos~ky2ky8!#, ~15!

whereax5ay51 has been taken.V(k2k8) consists of the
extendeds-wave,d-wave, andp-wave channel interactions

FIG. 2. Electronic DOSN(E) ~solid line! and effective DOS
Ne f f(E) ~dashed line! for g51.113 ~Ref. 19!. Both N(E) and
Ne f f(E) have the VHS at«51/g. The inset shows the optima
doping density corresponding toEF52t2 /g as a function ofg.
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If the p-wave channel interaction is neglected since it do
not contribute to the spin-singlet pairing state, onlys- and
d-wave channel interactions need to be taken into acco
and Eq.~15! can be approximately rewritten as

V~k2k8!.2Vs2Vd~coskx2cosky!~coskx82cosky8!,

~16!

whereVs52V12V0 andVd5V1/2 correspond to thes- and
d-wave channel interaction constants, respectively. In suc
model, bothVs andVd are positive only if 2V1.V0. A posi-
tive Vs will give rise to a s-wave component of the orde
parameter.22 For large V0 , 2Vs>0 so that there is no
s-wave pairing and onlyd-wave pairing appears. It follows
that for thed-wave pairing the boson-mediated attractive
teractions have the same form as that induced by the
exchange interactions. Since we focus attention only on
d-wave pairing, we set2Vs>0 in this work. In this case the
order parameter is of the form

n~k!5nd~coskx2cosky!. ~17!

With expressions forn(k) andV(k2k8), the self-consistent
equation for thedx22y2-wave order parameter is given by

15VdE dk

~2p!2

~coskx2cosky!2

2Wk
tanhS Wk

2kBTD , ~18!

whereWk
25jk

21Dd
2(coskx2cosky)

2 with j the energy mea-
sured relative toEF . The critical temperatureTc is deter-
mined by settingnd50 in Eq. ~18!, in which the VHS in
DOS plays an important role. In order to compare the VH
effect in thed-wave pairing case with that in thes-wave case,
we define an effective DOS for thed-wave pairing as

Ne f f~E!5
1

p2E0

pE
0

p

dpxdpy~12cospx!~12cospy!

3d~E2Ep!. ~19!

Here we have used the relation (coskx2cosky)
25(1

2cospx)(12cospy) in the integral-variable transformatio
from k into p, and the quasiparticle dispersionEp has been
given in Eq.~2!. With the aid ofNe f f(E), theTc equation for
the d-wave pairing reduces to

15VdE
2Tc0

Tc0 dj

2j
tanhS j

2Tc
DNe f f~j1EF!, ~20!

where the interaction is assumed to be of the charge-cou
type, mediated by bosons, so that the maximum boson
ergy Tc0 ~settingkB51) is used as the cutoff energy of th
integral.Tc formula ~20! for thed-wave pairing has the sam
form as that in thes-wave pairing, but the effective DOS in
it is quite different fromN(E). Using the same calculation
procedure as in the preceding section,Ne f f(E) can be ob-
tained as

Ne f f~E!5N0E
b

a

I ~v,«!D~v,«!dv ~21!

for «<22g;
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Ne f f~E!5N0F E
b

a

I ~v,«!D~v,«!dv1E
c

d

I ~v,«!D~v,«!dvG
~22!

for 22g<«<1/g; and

Ne f f~E!5N0F E
d

a

I ~v,«!D~v,«!dv1E
c

b

I ~v,«!D~v,«!dvG
~23!

for 1/g<«<g, with

D~«,v !5
~12v !@11«1~11g!v#

11gv
. ~24!

Here a, b, c, and d as functions ofe5E/(2t2) have given
just below Eq.~8!. In thed-wave case,Ne f f(E) appeared in
the Tc formula is not a real DOS. Although it cannot b
expressed as a simple elliptic integral, its VHS behavio
expected to be similar toN(E) given in Eqs.~9!, ~11!, and
~13!. In order to make a comparison betweenNe f f(E) and
N(E), we used the same parameter (g51.113) to calculate
them. The calculated results are shown in Fig. 2, where
full and dashed curves representN(E) andNe f f(E), respec-
tively. It is easy to see that both peaks inNe f f(E) andN(E)
have similar divergent behavior at the same energy«51/g,
but the former appears higher and narrower than the la
With the energy being away from«51/g, Ne f f(E) de-
creases rapidly and vanishes whileN(E) decreases to a satu
rated value~about 0.1 in Fig. 2!. This feature ofNe f f(E) is
an important factor of producing a very smalla, as will be
shown below. IfEF is located right at or very close to th
VHS, Ne f f(E) is concentrated on the vicinity ofEF . As a
result, in thed-wave case, the averageNe f f(E) within the
region betweenEF2Tc0 andEF1Tc0 is large and so favor-
able to the high-Tc superconductivity.

With effective DOS formulas~21!–~24!, the supercon-
ducting transition temperatureTc is determined by Eq.~20!.
To determine the effect of VHS on the isotope-mass ex
nent a, one can differentiate Eq.~20! with respect toTc0.
According to the definition of the isotope shift,a5
2] ln Tc /] ln M, and the relationTc0}M 21/2, the isotope
shift for thed-wave pairing is obtained as

a5
1

2

Ne f f~EF1Tc0!1Ne f f~EF2Tc0!

2^Ne f f~EF!&
tanhS Tc0

2Tc
D ,

~25!

where

^Ne f f~EF!&5E
2Tc0

Tc0 dj

4Tc
Ne f f~EF1j!sech2S j

2Tc
D . ~26!

Taking into account that sech2(x).1 for x,1 and
sech2(x).0 for x.1, one finds that̂Ne f f(EF)& is equal to
an average ofNe f f(E) in the energy range fromEF22Tc to
EF12Tc . It is easily seen that ifNe f f(E) were a constan
independent ofE, Eq. ~25! would reproduce the BCS resul
a51/2.
s

e

r.

-

IV. RESULTS AND DISCUSSION

In the presence of VHS,Ne f f(E) is strongly energy de-
pendent, and a smalla can be achieved for narrow VHS
peak, in particular when the half-width of the VHS pea
2t2(g21/g), is smaller thanTc0. As EF is right at Es
52t2 /g, whereTc arrives at its maximum, it follows from
Fig. 2 thatNe f f(EF1Tc0)50 for Tc0.2t2(g21/g), and so
a is proportional toNe f f(EF2Tc0) according to Eq.~25!. In
this case, a smallNe f f(EF2Tc0) will give rise to a much
smaller than 1/2. AsEF is away from Es to the right,
Ne f f(EF1Tc0) remains vanishing butNe f f(EF2Tc0) in-
creases, giving rise to an increase ofa. If EF moves towards
the left, Ne f f(EF2Tc0) is very small andNe f f(EF1Tc0)
50 for 2t2g2EF<Tc0 so thata remains its small value
However, as soon as 2t2g2EF exceedsTc0 , a will in-
crease due to an increase inNe f f(EF1Tc0). For a wide VHS
peak,a is still smaller than 1/2 at optimal doping and it als
increases withEF away fromEs . In this case, however, the
calculated value ofa is often on the high side compared wit
its experimental data, as found in the previous VH
model.4,11

From the arguments above, the ratio betweenTc0 and
2t2(g21/g) is an important parameter related to whethe
very smalla can be obtained at optimal doping. We wish
point out here thatg appeared in dispersion~1! is not an
adjustable parameter but determined by the principle thatEF
is just atEs52t2 /g for the optimal doping so that there ar
the highestTc and the smallesta. According to this prin-
ciple, the optimal dopingxopt is given by

xopt5E
1/g

g

d«2t2N~2t2«!, ~27!

where the upper and lower limits are the energies of the b
top and the Fermi level, respectively. Since 2t2N(2t2«) is
independent oft2 , xopt is determined only byg. xopt as a
function ofg is plotted in the inset of Fig. 2. With increasin
g, the VHS peak moves towards the left and the correspo
ing xopt increases. From the inset of Fig. 2, one finds th
among several values ofg taken in Refs. 18–20g51.055 is
a relatively more reasonable value corresponding toxopt
50.15.

Figure 3 showsa at optimal doping as a function o
Tc0 /(2t2) for severalg. In the present calculations we hav
fixed 2t250.083 eV .960 K ~Ref. 19! and Tc540 K.
Since the variation ofTc0 will changeTc , we keepTc un-
changed by adjusting the interaction strengthVd in Tc for-
mula ~20!. It is found that a decreases with increasin
Tc0 /(2t2), decreasing rapidly forTc0 /(2t2),0.2 and slowly
for Tc0 /(2t2).0.2. In the case of narrow VHS peak (g
51.113 or 1.055!, a has been lower than 0.05 whe
Tc0 /(2t2) exceeds 0.2, becauseNe f f(EF1Tc0)50 and
Ne f f(EF2Tc0) is very small. For wider VHS peak (g
51.53), nonzeroNe f f(EF1Tc0) makes the value ofa rela-
tively higher. A sudden drop ofa nearTc0 /(2t2)50.2 stems
from the fact thatNe f f(E) as well asN(E) has a big drop at
«522g, being suddenly decreased by half, as has b
mentioned in Sec. II. In order to keepTc540 K unchanged
in the calculation above,vd must be adjusted with the varia
tion of Tc0, as shown in the inset of Fig. 3. In the BC
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theory,Tc may be enhanced either by increasingTc0 or by
increasingvd . As a result, a decrease invd can counteract
the increase ofTc0, making Tc constant. AsTc0 /(2t2)
.0.2, vd goes to its saturated value. This is because in
case, the integral range in Eq.~20! has been beyond th
region of nonzeroNe f f(E) so that the increase ofTc0 no
longer enhancesTc . As EF is away fromEs , the hole dop-
ing x departs from the optimal dopingxopt . Tc and a as
functions ofx are shown in Fig. 4 whereg51.055 andTc0
5150 K. In the range of 0.1,x,0.25, both the decrease i
Tc and the variation ina with x away fromxopt are small. As
x is beyond this range, however,a increases rapidly accom
panied with the decrease ofTc . This doping dependence o
a is very similar to the result of Ref. 20.

Finally, we wish to point out that unlike the nested-Ferm
liquid theory26 where there is an ideal nested Fermi surfa
only at the half filled case, the AFVH model has an ide
nesting of Fermi surface right at optimal doping, as shown
Fig. 1~b!. It has been shown26 that a nested region of Ferm
surface can yield an electron-electron scattering rate tha
linear in temperature at low frequencies and then beco

FIG. 3. Calculated results fora as functions ofTc0 /(2t2) for
g51.53, 1.113, 1.055, corresponding to the solid lines from up
down ~inset, from down to up!, respectively, taken in Refs. 18–20
The inset shows the electron-boson interactionvd vs Tc0 /(2t2)
with Tc540 K fixed.
:

an
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linear in frequencyv for v.T. Thus the AFVH model is
very suitable to accounting for many anomalous normal-s
properties of the high-Tc cuprates at optimal doping.

In summary, we have derived analytic expressions for
DOS from the quasiparticle dispersion in an AF backgrou
In the consideration of thed-wave pairing and hole-boso
interactions,Tc and the oxygen isotope coefficienta are cal-
culated within the framework of the BCS formalism. Th
VHS in the DOS always exists in a 2D system, no mat
whether the dispersion relation of the quasiparticle is deri
from a simple tight-binding band structure or from a strong
correlated electron system. The calculation of the AFV
model yields a very narrow VHS peak in a narrow ban
from which a very smalla has been obtained at optima
doping and the doping dependence ofa has been qualita-
tively reproduced. The physical origin can be understo
from the present analytic approach.
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o

FIG. 4. Calculated results fora ~full line! andTc ~dashed line!
as functions of the hole densityx. The parameters areg51.055,
Tc05150 K, andvd /(2t2)50.026.
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