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Magnetic impurities in d-wave superconductors
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We solve the problem of a magnetic impurity irdg_2-wave superconductor by a variational method. A
moment is found to exist in the superconducting state only if the Kondo temperature in the normal state is
larger than the maximum in the superconducting gap function. If a moment exists in the superconducting state,
and provided spin-orbit coupling is nonzero, it induces a time-reversal breaking superconducting state locally
around the inpurity which is a linear combination of tthe_,. andd,, states. The current pattern around the
impurity in this state is evaluatefiS0163-182@09)06137-9

INTRODUCTION time-reversal breaking state. In agreement with earlier con-
clusions, a finite spin-orbit coupling is found essential. With
Since magnetic impurities break time-reversal invariancethe variational wave-function, we also calculate the current
they tend to destroy superconductivityn superconducting distribution induced around the impurity. We also briefly dis-
ground states paired in a finite angular momentianits ~ CUSS the problem of several impurities to conclude that a
appropriate generalization in a laticeonmagnetic impuri- ~ global time-reversal breaking phase is unlikely to result from
ties are also pair-breaking since their potential, in generafhis mechanism.
does not transform in the same way as the order parafeter.
Recently a new phenomenon associated with magnetic THE MODEL

impurities in ad,2_,2 condensate was proposed. It was ar- We consider the usual BCS HamiltoniaH o9 and the

gued that the interaction between the magnetic impurity SpirAnderson Hamiltonian,) to describe the superconductor
and the orbital moment of the condensate can help to stabgnd the impurity respectilvely'

lize a new time-reversal violating phasedxz,szri,dey.“
The physical point is that such a state has a finite orbital

moment around the impurity. Provided the spin-orbit cou- HBCS=E )\k'ylg'ykg-i- Ec D
pling is finite, such a state interacts linearly with the mag- ko

netic moment. Therefore it is necessarily induced with th%ith N _\/;er—Az where e, are the energy of conduction
. . . . k— ’ k
ratio B/« of orderEg,/ SE. whereEg, is the spin-orbit cou- electrons V\I;ith krespect to the chemical potentiAl

pling energy andE. is the difference in condensation en- :Ek’VEISS<C—kiCkT> is the superconducting order parameter,

ergy of thed,2_,2 and thed,, states. BCS . L .

In this paper we examine this idea through a variationalVkk 1S the BCS attractive interaction, am; creates an
method introduced for the Kondand mixed-valendeprob-  €lectron with momenturk and spinf:
lem in normal metals.The variational method foreshadowed + +
the development of the noncrossing approximafidme 1/N Yir=WCki ~VkCk s Y-k =ViCk tUC (2
method and the slave-boson approdtRor the ground state

. nnihilate and create the quasiparticles in the superconduct-
properties these methods produce the same results as t

e X _ state and
variational approach. First we ask the question: Under what
condition can a moment exist in the superconducting state. 1 . 1 ol A
This is the question of the disappearance of the Kondo-effect U= _< 1+ X V= A /_< 1__k) ko 3)
in a d-wave superconductor. This problem also has been 2 A 2 Mo/ A

examined'® We hope, our simple approach, with results . .

equivalent to those derived earlier, makes the physical issues Theé ground state is given by |G)=II,(ux
clearer. Because the density of states of quasiparticles goesvkCiiC' )0) with an energyE .

to zero linearly in energy, the logarithmic Kondo singularity ~ The impurity Hamiltonian is

in the scattering matrix of the moment with conduction elec-
trons is absent but, with a finite exchange coupling, the
Kondo effect and the disappearance of the magnetic moment H= fog dg, dog + UoNojNo, + kE(, Vicdg, Ciegt H-C.

is still possible. The condition for the moment to exist in the (4)
superconducting state is found to Be/A=<1, whereTy is

the Kondo temperature in the normal state anid the maxi- d}, creates an electron with spin in the impurity orbital
mum in the superconducting gap functidithis is a more and noT:dgTdoT. We take the limitUy—co.

stringent condition than iswave superconductof$!) Sec- With the Bogoliubov transformation, Eq2), the hybrid-
ond, we find the necessary condition for inducing the locallyization term[third term in Eq.(4)] is
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The first two terms are mixed by the hybridization, while the

Hyc= kE Vil df; (Ul i +vieyD ) +dd, (= vieyi, last term, which is a singlet pair of quasiparticles coupled to
7 the local moment is mixed with the first term by the spin-
+uly_y)]+H.C, (5) _orbit coupling under certain conditions. Thle= constraint
is obeyed.
where we have assum& =V _y. The variational functionsy, , a, are determined by the

We also include the spin-orbit interaction between thecondition 5((D|H|D)—Ep(D|D))=0, where the doublet

spin of the impurity §) and the angular momentum of the energy € is referred to the energy of the BCS state. We
conduction electronsL(): get

s(0)-L(r)

Irf?

with s=d$aoaﬁdoﬁ (o are the usual Pauli matricesnd
L(r)=c;rULcw. L* andL~ mix states which are even with
odd under reflection about they plane. As odd states have
zero amplitude in the-y planeL™ andL ™~ are irrelevant in
two dimensions, which is the case we consider with copper
oxide metals in mindL, scatters & state to &’ states with
k| =k"].

The spin-orbit interaction can therefore be rewritten as

g ,
6) ED=eO—§k: Vi — 5 > L (upvy, —vEug ) ag .
kk'
9

One should notice that, anda,,, have the symmetry of
Vi andL,- vy, respectively. In a purd,2_,2 superconductor
au hasd,, symmetry(asl’ ppq®I'g1g=1g2g). IN the sym-
metric s wave ay,» =0 because the form factdf;=u,v;

-V, Uy vanish for [k|=|k’|. It is also worth noting that
momentak, k' with different signs of the coherence factgr
give the largest contributions. The complete expresion,of
anday. andEp are given in the Appendix.

Consider next the state without a moment in the ground

Hs_o:gf dr?

Hso=0s, 2, Lgkrclack/rr state.Hgcs andH; commutes with total sping;, impurity
kk'c +conduction electron spisvhile H,_o does not. Then the
, eigenstates dfl cannot be classified by the total s@n. As
=0s; E Liék Clgck’a a consequence the usual singlet solutiSp=0) is replaced
kk'o by a state with total spin projection Sz=0, we will con-
, tinue calling this state the singlet for simplicity.
ngzk% LS v v = Y Y-k D (U, +vievys)) The simplestsinglet variational wave-function has the
i form

Tt
+ Vkﬂ—m(ukvk’ — VU ) +H.cl.

L, anticommutes with the time-reversal operaf®y. There- S Ek: P % k" Ykt Y-k

fore le(k': —L'Z“k:(L‘;'k)* =i Im(L‘é’k). For planes waves b
Lok ~jrK2/R sin(e—¢'), whereR is the radius of the + > ";"‘"Tiyl,ﬂik"l 1G), (10)
sample. We absorb the coefficientlin defining a coupling Kk K"

g’. L, is invariant under rotations arouzcand changes sign

under reflection over planes which contains thelf the
problem has square symmetry in tkg plane then we have
a C,y group symmetry andl, transforms as the one dimen-
sional representatioA,y. The other possible representation Again the last term can be nonzero only due to spin-orbit
of the same group are the one dimensioAal(s), By,  scattering. The first three terms naturally arise in a model
(dye_y2), and B,y (dy,), and the double representatiéh  with hybridization andU =."* The complete expresion of

t_ gt f t T
Sk_dOT'yfkl_dOL')/kT’

t_qf LT T T
Tk_dOT’Y—kl—'—dOl’ykT .

(Px» Py)- the coefficients of Eq(10) as well as the expression for the
The model Hamiltonian considered in this paper is ground state energlis are given in Appendix B.
In a normal metal, due to the Kondo-effect, the singlet
H=HpgcstH +Hs 0. (7)  always has lower energy. In the limit<—|V/,
VARIATIONAL CALCULATIONS €0~ —2V2pg |n< e Es) , (11)

We consider a variational wavefunction which is a spin- ) ] )
doublet, reflecting a moment in the ground state, as well as §herepo in the density of states at the Fermi level ands
variational wave function which does not have a moment irfhe half-width band. We obtain the usual Kondo temperature

the ground state. For the doublet we choose the wave func-

i -1
tion Te=Ep—E =Wexp{ ) 12)
k=Ep—Es 2po) (
i 2
IDT)={d§;+ 2 vy T84 A v v i, |1G)- with J=V?/||.
R A Ko For an sswave superconductorAg=A,) in the same

(8)  limit, Es— €p+ Ao while Ep— €,. As a consequence the low
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FIG. 1. Doublet energﬁSD:Eg (full line), and singlet energies

ES (dotted ling andEg (dashed lingas a function oAy, for swave
and d,2_2 superconductorsAg and AY denote the values of the
superconducting order parameter where the levels crosses. othd
parameters are, /W= —0.4, V/W=0.28\.. The inset show&?
andEZ with the inclusion of an spin-orbit interaction, with a con-
stant couplingg’/W= 0.1 (dashed linescompared with they’ =0

case(full lines), near the crossingg.

—€o/|V| grows!*?In both cases the contribution of spin-

orbit term is 0.

conductor with nodegoints in 2D, lines in 3Dat the Fermi

1.0

FIG. 2. Critical valuesAY/T,(J) as a function of|eo|/W for
fferent values ofl.

Figure 2 shows\? as a function of o|/W for different
values ofJ. It can be seen tha&gj approximately scales with
Ty=Wexp(=WJ). The quotientA‘c’/TK lies in the range

0.8—2.4 whileTx and A, vary by several orders of magni-
energy state evolves from a singlet to the doublet when tude.

Changes in the macroscopic superconducting density of

statesp(w~0) will change the above results. A finite con-
The low energy limit of the density of states of a super-centration of impurities in d superconductor induces a finite

p(w=0)? and helps to stabilized the singlet, while a com-

level is p(w) = pow/A. The logarithmic singularity leading Pléx macroscopic phase suchds_2+id,, has the oppo-
to the Kondo effect is replaced by a term proportional tosite effect.

o In(w) in the superconductor. An approximate analytic ex-
presion of binding energy obtained from E¢B1),(B2) is

condensate

€0~ _2V2p0 AO

+In

W )
wc+(ER—EQ)

where we have assumed a superconducting density of stat
linear in energy up ta.~A,, and constant from there W,
and we have approximated the self-energy terms in(E2),
—T';(\k—Eg)—T's(A\—Eg), by E3 — &,. Using Eq.(12), it

it possible to re-express E(L3) as

Ao Ao

We conclude from Eq.14) that the doublet has lower energy

if A>Ty

In Fig. 1 we showEp and Eg as a function ofA, for a
dy2_y2 order parametek, = A, cos(2p), whereg is the polar
angle, and as-wave superconductof,=A,. We assume a
constant noninteracting density of stajgs= 1/2W, with W
the half-band width. Other parameters arg/W= —0.4,
V/W=0.28. It can be seen that whilg, remain almost con-

3£ ( E8—E9 )+wc
Ed—Ed+ o,

Ep—ES, [|Ep—E] Ao
In ~In| =—

Ao (Dofc_g C|Do)

(Do|Do)

13

=UVg 1-

2 2
a/k-l-Z Ay
k

We can see how the doublet modifies the superconducting

1+; ai-i-

> aik’

(15

L£an be seen that the presence of the impurity diminishes
the k1, —k|) pairing; this reduction is of the orderN./(N
is the number of sitgsfor one impurity but is measurable
for a finite concentration of impurities. F&f =V, the larg-
est values ofx; occur at the nodes af,. Therefore these

states lose a greater relative weight. This tendency agrees

) . (14
K

with the extended gapless region located in the gap function
centered around the nodes, found in a momentum-dependent
scattering for nonmagnetic impurities in unconventional
superconductorsThe singlet has a similar effect on the cor-

relation functior{c_y cy;) [a2+ Ek,aik, should be replaced

ak).

stant and equivalent fog and d, Eg grows asA increases.
This reflects the displacement of the low-energy excited
states to higher energies and is faster for the gajspeave
(E2). As a consequence there is a crossing of levels at a
givenA.. In the inset the effect of the spin-orbit coupling is If the symmetry of the pure superconductordig_ 2, FEk,
shown. BothEY) andE§ takes advantage of this term gaining ~id,y. We can calculate the induced order parameter in real

a similar amount of energy and Ieavimgf unaffected.

space:

D
(Do|Do)F ., =(Dalc_gCx1| Do)

B Igalm(L‘;k )(UkrVkr—VkUk)

(At N+ 6p)

by 282+ 3, M2, + Sy bl in EQ. (13)]. In this case a
bigger distortion is expecte@in generalB, is greater than

The spin-orbit interaction introduces a new correlation

(16)
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FIG. 3. Current density(R) around the impurity. The magni- FIG. 4. Current de_nsitp(R) around the impurity gfter _substract-
tude and direction of the arrows represent the current at that point?d the net currentFig. 5. The magnitude and direction of the
The sense of the currents depends on the impurity spin projectiof/"OWs represent the current at that point.

S,
site sensdsee Fig. 4. The sense of the net current depends

(Dalcg_,Crsri|DO) on the impurity spin projectiors,. Figure 5 shows the net

Ai(R,r)= (Do|Do) current flowing[ J(R) = (1/27)j(R)d¢] as a function of the
distance to the impurity. As before we can get the approxi-
1 _ _ mate analytical results
== elR(k*k’)elr(kJrk’)Fka/. (17)
N o )

BR LRLR)

IR~ + —

Note that ak# k', A; depends orR. Taking the impu- (20

rity site (R=0) as the center of the symmetry this state has
ad,, symmetry. Centered at a different sRe A;(R,r) does ) . .
The sign of the current varies with distance but the total

not have a definite symmetry in the relative coordinate . o ve
This state produces a complex pattern of spontaneous cupurrent around the impurity is not zero. We have neglected

rents around the impurity which can be seen evaluating th@"Y diamagnetic current produced by the magnetic field in-
current density operator duced by the spontaneous current. For the singlet the two

momenta correlation giveEfk,=Mkk,(uk,uk—vkvkr), but
j(R)(Da|Do)=(Dolj(R)|Do) for v\ real (real macroscopic superconducting statihis
state preserves the time-reversal symmetjgf=|S)) and

- ) does not have any spontaneous current.
:O'CE eIR(k—k )(k+kr) Yy sp
Kk’

X (UgVir = ViU ) g (18) CONCLUSIONS

_ In summary we have shown, in agreement with previous
where the constard=e#/m Vol. results, that a magnetic impurity indgz_,2 superconductor

. 2 .
Expanding the form facton(v: —viU)* of EQ.(18)in  haq 5 transition from a Kondo singlet to an unscreened dou-
the first two spherical harmonics we can get an approximate

analytical form for this current

1.0

. %(R) 3R Ji(R)I(R) 508

(R —cos(¢)| —x— 8 =2 +ee £ 0.6

& ]

(19 = 0.4

whereJ,(R) is the usual Bessel function of order 0.2

In Fig. 3 we show the current densijt{R). The magnitude 0.0

and direction of the arrows represent the current at that point. 0.2

This pattern can be understood as the sum of a net current T T T —

around the impurity and eight secondary currents. Four of 0 2 4 e 8 8 10

F

them are around the pointRkg=(*4,0) and Rkg=(0,
+4), and have the same sense as the net current, and theFIG. 5. Net current)(R) =1/27$j(R)d¢ as a function of the
other are around the poinkr=(*=4,=4), with the oppos- distance to the impurity.
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blet as the superconductivity is turned on. The coupling berepresentations. In &€, group this is only possible if'y
tween the spin of the impurity and the orbital momenta of the=E(p,,p,). This means that the excitgdecond and third
electrons induces a complex secondary component of therms in Eq(8)] connected withng via H, are not connected
superconducting order parameter around the impurity in théo each other. The third term in EqéA1) contributes if
doublet. r,=ry.

What are the observable consequences of the complex Considering the most relevant terms the doublet energy
order parameter around the magnetic impurity for the case gt is given by
dilute impurity concentrations? A complex order parameter
by itself leads to a finite gap in the excitation spectra of the Ep—€o=—90p=—11(—Ep)—T'x(—Ep) (A3)
superconductor. But the potential scattering due to the impu-
rity, not considered in this paper, if it is not sitting in a centerWith
of symmetry of the crystal, produces a finite density of states
at low energies and spoils this effect. The principal effect of
such a potential scattering in the current around the impurity [y(x)= 2 '
. . h k’ Eo+ )\k/-i-X
is that the current decays in a length of the order of magni-
tude of the mean-free path, rather than as a power law ob- )
tained in this paper. I _9 D

Global time reversal breaking due to the current around 2X)= 4 5 ot N AN FX
the magnetic impurities is possible only if they are aligned
ferromagnetically. This is because the direction of the cur-
rent depends on the direction of the magnetic moment. Fer- APPENDIX B
romagnetic aligment is unlikely in general. A spin glass gqr the single{Eq. (10)], the ground state energy is cal-
state, with an associated glassy pattern of currents, is muchjated to be
more likely. If a ferromagnetic aligment of the impurity
spins is achieved, the nature of superconductivity is strongly

2 . 2
ViU,

|LZ(uv—vu)|ik,

affected and may be even destroyed. The physical properties Es= €0~ s=22, BVivp (B1)
in such a case have been discussed fewave K
superconductors:** where
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APPENDIX A 2 B AL, — A +ig/2[ L(uu* +vv*) g}
.. . COI'I':
The coefficient of the doublgEq. (8)] are given by k Nt €o—Es—Tj(A\r—Eg)—To(A—Eg)
* (B3)
. g Kk VkaVkrVkr
akk,= —1 _Im(Lz )(ukvkr —Vkukr)+ —_—
2|kk’ ()\k_ED)Ikkl A(l)— Vkuka/uk/
PN
ﬁ E,, Vk//Vk//ak//k, (Al)
(M= Ep)lucr & @) 9° L (uv = VU)oL ,(Uv —vUu) g
Akk’ :Z 2 ’

Ikk’:60+)\k+)\k’_EDl k" )\k+)\k’+)\k”+€0_ES

=V Uy . g —(V
- _i B kUBir + Vi Uy B)
K AN—Ep—Ta  2(\—Ep—Tg) Mukr = M+ Ay —Es ’ (B4)
+ (UVier = Vi)
% , */ kk
% Vv, Im(L;") ™ , (A2) ] :_ig,gk|m(LZ)(uv—vu)k,k” (85)
- Kk 2 )\k+)\k/+)\k//+ EO_ ES .
r,=3 ViV
= . (1) (2) i i i
ak S ot Mt ho—Ep Ayl Ay and the last term in EqB3) contribute only in

very special casefi.e., A(k? gives a contribution only if
The second terms in EqéAl) and (A2) (e anday:)  T'yely=T, (I'y=T,=A4(s) or['y=E(py,py)]. They do
only gives a contribution to the energy If,@T',oT", not contribute for thel-wave superconductor consider in the
=TIy, wherel'y, I',, andI'| , are the respective irreducible main text.
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