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Magnetic impurities in d-wave superconductors

M. E. Simon and C. M. Varma
Bell Laboratories, Lucent Technologies, Murray Hill, New Jersey 07974

~Received 6 May 1999!

We solve the problem of a magnetic impurity in adx22y2-wave superconductor by a variational method. A
moment is found to exist in the superconducting state only if the Kondo temperature in the normal state is
larger than the maximum in the superconducting gap function. If a moment exists in the superconducting state,
and provided spin-orbit coupling is nonzero, it induces a time-reversal breaking superconducting state locally
around the inpurity which is a linear combination of thedx22y2 anddxy states. The current pattern around the
impurity in this state is evaluated.@S0163-1829~99!06137-8#
ce

ra
er
e
ar
p
ab

ita
u
g

th

n-

na

d

s
h
at
fe
ee
lts
u

go
ity
c

th
e

he

ll

on-
ith
ent
is-
t a
m

r

n

er,

uct-
INTRODUCTION

Since magnetic impurities break time-reversal invarian
they tend to destroy superconductivity.1 In superconducting
ground states paired in a finite angular momentum~or its
appropriate generalization in a lattice!, nonmagnetic impuri-
ties are also pair-breaking since their potential, in gene
does not transform in the same way as the order paramet2,3

Recently a new phenomenon associated with magn
impurities in adx22y2 condensate was proposed. It was
gued that the interaction between the magnetic impurity s
and the orbital moment of the condensate can help to st
lize a new time-reversal violating phaseadx22y21ibdxy .4

The physical point is that such a state has a finite orb
moment around the impurity. Provided the spin-orbit co
pling is finite, such a state interacts linearly with the ma
netic moment. Therefore it is necessarily induced with
ratio b/a of orderEso /dEc whereEso is the spin-orbit cou-
pling energy anddEc is the difference in condensation e
ergy of thedx22y2 and thedxy states.

In this paper we examine this idea through a variatio
method introduced for the Kondo~and mixed-valence! prob-
lem in normal metals.5 The variational method foreshadowe
the development of the noncrossing approximation,6 the 1/N
method7 and the slave-boson approach.8 For the ground state
properties these methods produce the same results a
variational approach. First we ask the question: Under w
condition can a moment exist in the superconducting st
This is the question of the disappearance of the Kondo-ef
in a d-wave superconductor. This problem also has b
examined.9,10 We hope, our simple approach, with resu
equivalent to those derived earlier, makes the physical iss
clearer. Because the density of states of quasiparticles
to zero linearly in energy, the logarithmic Kondo singular
in the scattering matrix of the moment with conduction ele
trons is absent but, with a finite exchange coupling,
Kondo effect and the disappearance of the magnetic mom
is still possible. The condition for the moment to exist in t
superconducting state is found to beTK /D&1, whereTK is
the Kondo temperature in the normal state andD is the maxi-
mum in the superconducting gap function.~This is a more
stringent condition than ins-wave superconductors.11,12! Sec-
ond, we find the necessary condition for inducing the loca
PRB 600163-1829/99/60~13!/9744~6!/$15.00
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time-reversal breaking state. In agreement with earlier c
clusions, a finite spin-orbit coupling is found essential. W
the variational wave-function, we also calculate the curr
distribution induced around the impurity. We also briefly d
cuss the problem of several impurities to conclude tha
global time-reversal breaking phase is unlikely to result fro
this mechanism.

THE MODEL

We consider the usual BCS Hamiltonian (HBCS) and the
Anderson Hamiltonian (HI) to describe the superconducto
and the impurity respectively:

HBCS5(
ks

lkgks
† gks1EG ~1!

with lk5Aek
21Dk

2, whereek are the energy of conductio
electrons with respect to the chemical potentialDk

5(k8Vkk8
BCS^c2k↓ck↑& is the superconducting order paramet

Vkk8
BCS is the BCS attractive interaction, andck↑

† creates an
electron with momentumk and spin↑:

gk↑5ukck↑2vkc2k↓
† , g2k↓5vkck↑

† 1ukc2k↓ ~2!

annihilate and create the quasiparticles in the supercond
ing state and

uk5A1

2 S 11
ek

lk
D , vk5A1

2 S 12
ek

lk
D Dk

uDku
. ~3!

The ground state is given by uG&5)k(uk
1vkck↑

† c2k↓
† )u0& with an energyEG .

The impurity Hamiltonian is

HI5e0(
s

d0s
† d0s1U0n0↑n0↓1(

ks
Vkd0s

† cks1H.c.

~4!

d0s
† creates an electron with spins in the impurity orbital

andn0↑5d0↑
† d0↑ . We take the limitU0→`.

With the Bogoliubov transformation, Eq.~2!, the hybrid-
ization term@third term in Eq.~4!# is
9744 ©1999 The American Physical Society
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Hd,c5(
ks

Vk@d0↑
† ~uk* gk↑1vkg2k↓

† !1d0↓
† ~2vkgk↑

†

1uk* g2k↓!#1H.c., ~5!

where we have assumedVk5V2k .
We also include the spin-orbit interaction between

spin of the impurity (s) and the angular momentum of th
conduction electrons (L ):

Hs-O5gE dr2
s~0!•L~r !

ur u3
~6!

with s5d0a
† sabd0b (s are the usual Pauli matrices! and

L (r )5crs
† Lcrs . L1 andL2 mix states which are even wit

odd under reflection about thex-y plane. As odd states hav
zero amplitude in thex-y planeL1 andL2 are irrelevant in
two dimensions, which is the case we consider with copp
oxide metals in mind.Lz scatters ak state to ak8 states with
uku5uk8u.

The spin-orbit interaction can therefore be rewritten as

Hs-O5gsz (
k,k8s

Lz
kk8cks

† ck8s

5gsz (
k,k8s

Lz
kk8cks

† ck8s

5gsz (
k,k8s

Lz
kk8@~gk↑

† gk8↑2g2k↓
† g2k8↓!~ukuk8

* 1vkvk8
* !

1gk↑
† g2k8↓

†
~ukvk82vkuk8!1H.c.#.

Lz anticommutes with the time-reversal operator~T!. There-

fore Lz
kk852Lz

k8k5(Lz
k8k)* 5 i Im(Lz

k8k). For planes waves

Lz
(k,w)(k,w8). i\kF

2/R sin(w2w8), whereR is the radius of the
sample. We absorb the coefficient inLz defining a coupling
g8. Lz is invariant under rotations aroundẑ and changes sign
under reflection over planes which contains theẑ. If the
problem has square symmetry in thex-y plane then we have
a C4V group symmetry andLz transforms as the one dimen
sional representationA2g . The other possible representatio
of the same group are the one dimensionalA1g(s), B1g
(dx22y2), and B2g (dxy), and the double representationE
(px , py).

The model Hamiltonian considered in this paper is

H5HBCS1HI1Hs2O . ~7!

VARIATIONAL CALCULATIONS

We consider a variational wavefunction which is a sp
doublet, reflecting a moment in the ground state, as well
variational wave function which does not have a momen
the ground state. For the doublet we choose the wave fu
tion

uD↑&5S d0↑
† 1(

k
akgk↑

† 1d0↑
† (

kk8
akk8gk↑

† g2k8↓
† D uG&.

~8!
e

r-

-
a

n
c-

The first two terms are mixed by the hybridization, while t
last term, which is a singlet pair of quasiparticles coupled
the local moment is mixed with the first term by the spi
orbit coupling under certain conditions. TheU5` constraint
is obeyed.

The variational functionsak , akk8 are determined by the
condition d(^DuHuD&2ED^DuD&)50, where the doublet
energy (ED) is referred to the energy of the BCS state. W
get

ED5e02(
k

akVkuk* 2
g

2 (
kk8

Lz
kk8* ~uk* vk8

* 2vk* uk8
* !akk8 .

~9!

One should notice thatak andakk8 have the symmetry of
Vk andLz•vk, respectively. In a puredx22y2 superconductor
akk8 hasdxy symmetry~asGA2g^ GB1g5GB2g). In the sym-
metric s wave akk850 because the form factorF f5ukvk8
2vkuk8 vanish for uku5uk8u. It is also worth noting that
momentak, k8with different signs of the coherence factorvk
give the largest contributions. The complete expresion ofak
andakk8 andED are given in the Appendix.

Consider next the state without a moment in the grou
state.HBCS andHI commutes with total spin (ST , impurity
1conduction electron spins! while Hs2O does not. Then the
eigenstates ofH cannot be classified by the total spinST . As
a consequence the usual singlet solution (ST50) is replaced
by a state with total spin projectionz, Sz50, we will con-
tinue calling this state the singlet for simplicity.

The simplestsinglet variational wave-function has th
form

uS&5S 11(
k

bkSk
†1(

kk8
M kk8gk↑

† g2k8↓
†

1 (
kk8k9

bkk8k9
2

Tk
†gk8↑

† g2k9↓
† D uG&, ~10!

Sk
†5d0↑

† g2k↓
† 2d0↓

† gk↑
† ,

Tk
†5d0↑

† g2k↓
† 1d0↓

† gk↑
† .

Again the last term can be nonzero only due to spin-o
scattering. The first three terms naturally arise in a mo
with hybridization andU5`.11 The complete expresion o
the coefficients of Eq.~10! as well as the expression for th
ground state energyES are given in Appendix B.

In a normal metal, due to the Kondo-effect, the sing
always has lower energy. In the limite0!2uVu,

e0;22V2r0 lnS W

ED2ES
D , ~11!

wherer0 in the density of states at the Fermi level andW is
the half-width band. We obtain the usual Kondo temperat

TK5ED2ES5W expS 21

2r0JD ~12!

with J5V2/ue0u.
For an s-wave superconductor (Dk5D0) in the same

limit, ES→e01D0 while ED→e0. As a consequence the low
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energy state evolves from a singlet to the doublet wh
2e0 /uVu grows.11,12 In both cases the contribution of spin
orbit term is 0.

The low energy limit of the density of states of a sup
conductor with nodes~points in 2D, lines in 3D! at the Fermi
level is r(v)5r0v/D0. The logarithmic singularity leading
to the Kondo effect is replaced by a term proportional
v ln(v) in the superconductor. An approximate analytic e
presion of binding energy obtained from Eqs.~B1!,~B2! is

e0;22V2r0FED
d 2ES

d

D0
lnS uED

d 2ES
du

ED
d 2ES

d1vc
D 1

vc

D0

1 lnS W

vc1~ED
d 2ES

d!
D G , ~13!

where we have assumed a superconducting density of s
linear in energy up tovc;D0, and constant from there toW,
and we have approximated the self-energy terms in Eq.~B2!,
2G1(lk2ES)2G2(lk2ES), by ED

d 2e0. Using Eq.~12!, it
it possible to re-express Eq.~13! as

ED
d 2ES

d

D0
lnS uED

d 2ES
du

D0
D; lnS D0

TK
D . ~14!

We conclude from Eq.~14! that the doublet has lower energ
if D0.TK .

In Fig. 1 we showED and ES as a function ofD0 for a
dx22y2 order parameterDk5D0 cos(2w), wherew is the polar
angle, and ans-wave superconductor,Dk5D0 . We assume a
constant noninteracting density of statesr051/2W, with W
the half-band width. Other parameters aree0 /W520.4,
V/W50.28. It can be seen that whileED remain almost con-
stant and equivalent fors and d, ES grows asD increases.
This reflects the displacement of the low-energy exci
states to higher energies and is faster for the gappeds wave
(ES

s). As a consequence there is a crossing of levels a
givenDc . In the inset the effect of the spin-orbit coupling
shown. BothED

d andES
d takes advantage of this term gainin

a similar amount of energy and leavingDc
d unaffected.

FIG. 1. Doublet energyED
s 5ED

d ~full line!, and singlet energies
ES

s ~dotted line! andES
d ~dashed line! as a function ofD0, for s-wave

and dx22y2 superconductors.Dc
s and Dc

d denote the values of the
superconducting order parameter where the levels crosses. O
parameters aree0 /W520.4, V/W50.28Dc . The inset showsED

d

andES
d with the inclusion of an spin-orbit interaction, with a con

stant couplingg8/W50.1 ~dashed lines! compared with theg850
case~full lines!, near the crossingDc

d .
-

-

tes

d

a

Figure 2 showsDc
d as a function ofue0u/W for different

values ofJ. It can be seen thatDc
d approximately scales with

TK5W exp(2W/J). The quotientDc
d/TK lies in the range

0.8– 2.4 whileTK andD0 vary by several orders of magn
tude.

Changes in the macroscopic superconducting density
statesr(v;0) will change the above results. A finite con
centration of impurities in ad superconductor induces a finit
r(v50)2 and helps to stabilized the singlet, while a com
plex macroscopic phase such asdx22y21 idxy has the oppo-
site effect.

We can see how the doublet modifies the superconduc
condensate

^Dsuc2k↓ck↑uDs&

^DsuDs&
5ukvkS 12

ak
21(

k8
akk8

2

11(
k

ak
21(

kk8
akk8

2 D .

~15!

It can be seen that the presence of the impurity diminis
the (k↑, 2k↓) pairing; this reduction is of the order 1/N (N
is the number of sites!, for one impurity but is measurabl
for a finite concentration of impurities. ForVk5V, the larg-
est values ofak

2 occur at the nodes ofDk . Therefore these
states lose a greater relative weight. This tendency ag
with the extended gapless region located in the gap func
centered around the nodes, found in a momentum-depen
scattering for nonmagnetic impurities in unconvention
superconductors.2 The singlet has a similar effect on the co
relation function̂ c2k↓ck↑& @ak

21(k8akk8
2 should be replaced

by 2bk
21(k8M kk8

2
1(k8k9 bkk8k9

2 in Eq. ~13!#. In this case a
bigger distortion is expected~in generalbk is greater than
ak).

The spin-orbit interaction introduces a new correlation

^DsuDs&Fkk8
D

5^Dsuc2k↓ck8↑uDs&

5
igs Im~Lz

kk8!~uk8vk82vkuk!

~lk1lk81dD!
. ~16!

If the symmetry of the pure superconductor isdx22y2, Fkk8
D

; idxy . We can calculate the induced order parameter in r
space:

her

FIG. 2. Critical valuesDc
d/TK(J) as a function ofue0u/W for

different values ofJ.
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D i~R,r !5
^DsucR2r↓cR1r↑uDs&

^DsuDs&

5
1

N (
kk8

eiR(k2k8)ei r (k1k8)Fkk8
D . ~17!

Note that askÞ k8, D i depends onR. Taking the impu-
rity site (R50) as the center of the symmetry this state h
a dxy symmetry. Centered at a different siteR, D i(R,r ) does
not have a definite symmetry in the relative coordinater .
This state produces a complex pattern of spontaneous
rents around the impurity which can be seen evaluating
current density operator

j ~R!^DsuDs&5^Dsu ĵ ~R!uDs&

5sc(
kk8

eiR(k2k8)~k1k8!

3~ukvk82vkuk8!akk8
* , ~18!

where the constantc5e\/m Vol.
Expanding the form factor (ukvk82vkuk8)

2 of Eq. ~18! in
the first two spherical harmonics we can get an approxim
analytical form for this current

j ~R,w!}
J1

2~R!

R
2cos2~w!S J1

2~R!

R
28

J1~R!J2~R!

R2 D 1•••,

~19!

whereJn(R) is the usual Bessel function of ordern.
In Fig. 3 we show the current densityj ~R!. The magnitude

and direction of the arrows represent the current at that po
This pattern can be understood as the sum of a net cu
around the impurity and eight secondary currents. Fou
them are around the pointsRkF5(64,0) and RkF5(0,
64), and have the same sense as the net current, an
other are around the pointsRkF5(64,64), with the oppos-

FIG. 3. Current densityj (R) around the impurity. The magni
tude and direction of the arrows represent the current at that p
The sense of the currents depends on the impurity spin projec
sz .
s

ur-
e

te

t.
nt
f

the

site sense~see Fig. 4!. The sense of the net current depen
on the impurity spin projectionsz . Figure 5 shows the ne
current flowing@J(R)5(1/2p) j (R)dw# as a function of the
distance to the impurity. As before we can get the appro
mate analytical results

J~R!}
J1

2~R!

2R
14

J1~R!J2~R!

R2
1••• . ~20!

The sign of the current varies with distance but the to
current around the impurity is not zero. We have neglec
any diamagnetic current produced by the magnetic field
duced by the spontaneous current. For the singlet the
momenta correlation givesFkk8

S
5M kk8(uk8uk2vkvk8), but

for vk real ~real macroscopic superconducting state!, this
state preserves the time-reversal symmetry (TuS&5uS&) and
does not have any spontaneous current.

CONCLUSIONS

In summary we have shown, in agreement with previo
results, that a magnetic impurity in adx22y2 superconductor
has a transition from a Kondo singlet to an unscreened d

nt.
on

FIG. 4. Current densityj (R) around the impurity after substrac
ing the net current~Fig. 5!. The magnitude and direction of th
arrows represent the current at that point.

FIG. 5. Net currentJ(R)51/2pr j (R)dw as a function of the
distance to the impurity.
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9748 PRB 60M. E. SIMON AND C. M. VARMA
blet as the superconductivity is turned on. The coupling
tween the spin of the impurity and the orbital momenta of
electrons induces a complex secondary component of
superconducting order parameter around the impurity in
doublet.

What are the observable consequences of the com
order parameter around the magnetic impurity for the cas
dilute impurity concentrations? A complex order parame
by itself leads to a finite gap in the excitation spectra of
superconductor. But the potential scattering due to the im
rity, not considered in this paper, if it is not sitting in a cen
of symmetry of the crystal, produces a finite density of sta
at low energies and spoils this effect. The principal effect
such a potential scattering in the current around the impu
is that the current decays in a length of the order of mag
tude of the mean-free path, rather than as a power law
tained in this paper.

Global time reversal breaking due to the current arou
the magnetic impurities is possible only if they are align
ferromagnetically. This is because the direction of the c
rent depends on the direction of the magnetic moment. F
romagnetic aligment is unlikely in general. A spin gla
state, with an associated glassy pattern of currents, is m
more likely. If a ferromagnetic aligment of the impurit
spins is achieved, the nature of superconductivity is stron
affected and may be even destroyed. The physical prope
in such a case have been discussed fors-wave
superconductors.13,14
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APPENDIX A

The coefficient of the doublet@Eq. ~8!# are given by

akk852 i
g

2l kk8

Im~Lz
kk8!~ukvk82vkuk8!1

VkvkVk8vk8
*

~lk2ED!l kk8

1
Vkvk*

~lk2ED!l kk8
(
k9

Vk9vk9ak9k , ~A1!

l kk85e01lk1lk82ED ,

ak5
2Vkuk

lk2ED2Gak
2 i

g

2~lk2ED2Gak!

3(
k8

Vk8vk8
* Im~Lz

kk8!
~ukvk82vkuk8!

l kk8

, ~A2!

Gak5(
k8

Vk8
2 vk8

2

e01lk1lk82ED

.

The second terms in Eqs.~A1! and ~A2! (ak and akk8)
only gives a contribution to the energy ifGV^ Gv ^ GLz
5GV , whereGV , Gv, andGLz are the respective irreducibl
-
e
he
e

ex
of
r
e
u-
r
s
f
ty
i-
b-

d

r-
r-

ch

ly
ies

es

representations. In aC4V group this is only possible ifGV
5E(px ,py). This means that the excited@second and third
terms in Eq.~8!# connected withd0↑

† via H, are not connected
to each other. The third term in Eqs.~A1! contributes if
GLz5GV .

Considering the most relevant terms the doublet ene
ED is given by

ED2e052dD52G1~2ED!2G2~2ED! ~A3!

with

G1~x!5(
k8

Vk8
2 uk8

2

e01lk81x
,

G2~x!5
g2

4 (
kk8

uLz~uv2vu!ukk8
2

e01lk81lk1x
.

APPENDIX B

For the singlet@Eq. ~10!#, the ground state energy is ca
culated to be

ES5e02dS52(
k

bkVkvk* , ~B1!

where

bk5
2Vkvk

lk1e02ES2G1~lk2ES!2G2~lk2ES!
1bk

corr .

~B2!

The coefficients are given by

bk
corr5

(
k8

bk8$Akk8
(1)

2Akk8
(2)

1 ig/2@Lz~uu* 1vv* !#kk8%

lk1e02ES2G1~lk2ES!2G2~lk2ES!
,

~B3!

Akk8
(1)

5
VkukVk8uk8

lk1lk82ES

Akk8
(2)

5
g2

4 (
k9

Lz~uv2vu!k8k9Lz~uv2vu!kk9
*

lk1lk81lk91e02ES

,

M kk85
2~Vkukbk81Vk8uk8bk!

lk1lk82ES

, ~B4!

bkk8k952 i
g

2

bk Im~Lz!~uv2vu!k8k9

lk1lk81lk91e02ES

. ~B5!

Akk8
(1) , Akk8

(2) and the last term in Eq.~B3! contribute only in
very special cases@i.e., Akk8

(1) gives a contribution only if
GV^ GV5Gv (GV5Gv5A1g(s) or GV5E(px ,py)]. They do
not contribute for thed-wave superconductor consider in th
main text.
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