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Dissipative tunneling in a bath of two-level systems

Kelsey M. Forsythe and Nancy Makri
Department of Chemistry, University of Illinois, 601 South Goodwin Avenue, Urbana, Illinois 61801

~Received 24 September 1998!

The dynamical behavior of a two-level system coupled linearly to a dissipative bath of two-level systems
whose tunneling splittings and coupling parameters are distributed according to an Ohmic spectrum is studied
using numerical path integral methods as well as the noninteracting blip approximation for an equivalent
harmonic environment characterized by a scaled spectral density. Comparisons with the behaviors of the
conventional spin-boson model of similar coupling strength reveal a weaker quenching of coherence in the
present case. Finally, the boundary in parameter space between coherent and incoherent dynamics is mapped.
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I. INTRODUCTION

The model of a low-dimensional system coupled to a b
of harmonic oscillators has been used extensively as
paradigm for dissipation in condensed phase dynamics
the classical limit, the harmonic bath leads1 to the well-
known generalized Langevin equation of motion where
conventional force exerted on the system is supplemente
a ‘‘random’’ component as well as a frictional term. By co
trast, the fully quantum mechanical picture is much mo
complicated and leads to a variety of phenomena gover
by the interplay among coherence, tunneling, and dephas
The so-called spin-boson model, comprised of a two-le
system interacting with a harmonic bath, is deceptiv
simple and at the same time extraordinarily rich in dynami
behavior. Its early understanding emerged from variatio
treatments2,3 and the noninteracting blip approximation4

while more recent studies have employed numerical path
tegral techniques based on Monte Carlo integration5 or itera-
tive procedures.6

The present article explores the tunneling dynamics o
two-level system~TLS! in contact with a bath of two-leve
systems as described by the Hamiltonian
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[H01Hb1H int . ~1.1!

Heresx andsz are the usual Pauli spin matrices, the tunn
ing splittings are 2\V and 2\v i for the bare system and th
bath spins, respectively, and the parameters of the bath
specified from the spectral density function

J~v!5
p

2 (
i 51

n ci
2

v i
d~v2v i !. ~1.2!

Throughout this paper we assume that the interaction
tween system and bath is turned on att50, such that the
initial density matrix factorizes into its system and bath co
ponents, and that the bath is initially at thermal equilibriu

r~0!5 r̃~0!e2bHb. ~1.3!
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In the last equationr̃(0) is the initial density operator of the
system spin. We are interested in the effects of the TLS b
on the dynamics of the observable system in the thermo
namic limit wheren→`.

While the Hamiltonian of Eq.~1.1! is of interest in the
study of phenomena observed in spin glasses, its simila
with the spin-boson Hamiltonian allows more general qu
tions to be addressed, such as the differences between
dissipative role of harmonic spectrum vs two-level bat
Caldeiraet al.7 have treated the TLS bath via second ord
perturbation theory and obtained an influence functional t
is related to that arising from a harmonic bath via
temperature-dependent factor. In a recent article,8 Makri em-
ployed a cumulant expansion of the influence functional
demonstrate that separable baths of the present type ca~in
the n→` limit ! be mapped on effective harmonic bathsex-
actly, i.e., the linear response approximation becomes e
in this case. As a consequence, the perturbative treatme
Caldeiraet al. is exact foranyvalue of the system-bath cou
pling strength, reducing the problem to the better underst
case of the spin-boson Hamiltonian.

The present paper uses numerical path integral method
evaluate the influence functional from a TLS bath and
ensuing tunneling dynamics of the system. The numer
calculations, along with the mapping to an effective h
monic bath and use of the noninteracting b
approximation,4 are employed to characterize the dynam
of Eq. ~1.1! in most regimes of parameter space and to
tablish the boundary between coherent and incoherent be
ior.

Section II discusses the mapping of the TLS environm
on an effective bath of harmonic oscillators and the expr
sions for the system dynamics obtained from the noninter
ing blip approximation. In Sec. III we describe the di
cretized path integral formalism and the numeric
evaluation of the influence functional from a TLS bath. Se
tion IV describes the results and contrasts the behavior of
present Hamiltonian to that of the spin-boson model. Fina
Sec. V concludes.

II. THEORETICAL ANALYSIS

Recent work8 showed the influence functional from a ge
eral anharmonic bath of independent degrees of freedom
972 ©1999 The American Physical Society
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identical to that from a harmonic bath of fictitious degrees
freedom bilinearly coupled to the system

Hb,eff5(
i

1

2
pi

21
1

2
v i

2xi
2, H int,eff52sz(

i
cixi ,

~2.1!

whose spectral density is specified by the relation

Jeff~v,b!5
2

\
tanhS 1

2
\vb D E

0

`

ReCb~ t !cosvt dt.

~2.2!

Here Cb(t) is the ~quantum! force autocorrelation function
of the actual anharmonic bath at the given temperature. T
mapping of a nonlinear medium onto a Gaussian bath
exact for baths of the type described by Eq.~1.1!, irrespec-
tive of the magnitude of the overall coupling strength. T
above equivalence, whose classical analog is often just
in the spirit of the central limit theorem,9–12 is meaningful
only in the context of modulating the dynamics of the o
servable system. Notice that the parameters of the equiva
effective bath are, in general, temperature dependent.

In the particular case where the bath is composed of
dependent two-level systems, the force autocorrelation fu
tion is equal to

Cb~ t !5(
i

\ci
2

2v i
^sz

i ~ t !sz
i ~0!&b

5
\

2 (
i

ci
2

v i
Fcosv i t2 i tanhS 1

2
\v ib D sinv i t G .

~2.3!

Use of Eq.~2.2! directly leads to the relation

Jeff~v,b!5
p

2
tanhS 1

2
\vb D(

i

ci
2

v i
d~v2v i !

5tanhS 1

2
\vb D J~v!. ~2.4!

This is the result obtained by Caldeiraet al.7 using second
order perturbation theory. According to the analysis p
sented in Ref. 8 the above result is exact, i.e., the effect
the TLS bath on the dynamics of the observable system
identical to those induced by an effective harmonic b
whose spectral density is given by Eq.~2.4!, even in the
strong coupling regime.

Assuming that the frequenciesv i are distributed in a con
tinuous interval that includes the tunneling splitting of t
system spin, one expects dephasing effects to damp the
herent tunneling oscillations of the bare system and, at str
coupling, completely quench coherence. The above map
on a harmonic bath invites use of the noninteracting b
approximation ~NIBA ! to study the tunneling of a spin
coupled to a reservoir of two-level systems. Of particu
interest is the transition from coherent to incoherent dyna
ics following preparation of the system in the ‘‘right’’ state
The average position of the system spin is given in terms
the time-evolved density operator by the expression
f
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P~ t !5Tr„r~ t !sz
0
…, ~2.5!

whose Laplace transform

P̃~l!5E
0

`

P~ t !e2lt dt ~2.6!

is given within the NIBA by the relation

P̃~l!'„l1 f ~l!…21, ~2.7!

where

f ~l!54V2E
0

`

cosS 4

p\
Q1~ t ! DexpS 2lt2

4

p\
Q2~ t ! Ddt

~2.8!

and the functionsQ1 andQ2 are given by the relations

Q1~ t !5E
0

` Jeff~v!

v2 sinvt dv,

~2.9!

Q2~ t !5E
0

` Jeff~v!

v2 ~12cosvt !cothS 1

2
\vb Ddv.

In the case of a harmonic bath with Ohmic spectral den
and for weak coupling and low temperature,P̃(l) possesses
a pair of complex conjugate poles with negative real p
which lead to underdamped dynamics.4 The transition from
coherent to incoherent dynamics is signified by the coale

FIG. 1. The spectral densities discussed in Sec. IV. Solid li
Ohmic spectral density describing the TLS bath. Chain-dotted l
spectral density of the effective harmonic bath at a high tempera
(\Vb50.05). The effective spectral density at very low tempe
tures is indistinguishable from the solid line.
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974 PRB 60KELSEY M. FORSYTHE AND NANCY MAKRI
ing of these poles on the negative real axis, and incohe
behavior is characterized by distinct poles that lie on the
axis and which are responsible for the observed expone
decay.

To map the coherent-incoherent boundary in the cas
the TLS bath, we locate numerically the poles ofP̃(l). Spe-
cifically, for a given temperature we decrease the Kon
parameter gradually until the zeros of this function on
negative real axis coalesce and subsequently acquire
imaginary part. We have also inverted the Laplace transfo
to obtain the average system position:

P~ t !5
1

2p i EC
elt P̃~l!, ~2.10!

where the contourC runs from2 i` to 1 i` lying entirely to
the right of all singularities ofP̃(l). The results of this
treatment are presented in Sec. IV.
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III. NUMERICAL PATH INTEGRAL TREATMENT

Tracing out the bath first brings Eq.~2.5! into the form

P~ t !5Trsys„r̃~ t !sz
0
…, ~3.1!

where

r̃~ t !5Trb„e
2 iHt /\r~0!eiHt /\

… ~3.2a!

is the reduced density operator of the system. It is conven
to evaluate the latter in the left-right basis,

r̃~s9,s8;t !5Trb^s9ue2 iHt /\r~0!eiHt /\us8&, ~3.2b!

wheres8,s9561 are the values of the system spin and t
trace is evaluated with respect to the TLS bath. Employ
the discretized path integral representation of the time e
lution operators in Eq.~3.1!, the reduced density matrix take
the form
by the
, we

of the
r̃~sN
1 ,sN

2 ;t !5 (
s0

6
561

(
s1

6
561

¯ (
sN21

6
561

(
q0

6
561

(
q1

6
561

¯ (
qN21561

^sN
1qNue2 iHDt/\uqN21

1 sN21
1 &¯^s1

1q1
1ue2 iHDt/\uq0

1s0
1&

3^s0
1q0

1ur~0!uq0
2s0

2&^s0
2q0

2ueiHDt/\uq1
2s1

2&¯^sN21
2 qN21

2 ueiHDt/\uqNsN
2&. ~3.3!

Here the vectorsqk
6 contain the coordinates of the bath spins along the given forward or backward path defined

coordinates$q0
6 ,...,qN21

6 ,qN% and Dt5t/N is the time step employed in the discretization of the path integral. Next
employ a symmetric splitting of the time evolution operator

e2 iHDt/\'e2 i ~Hb1H int!Dt/2\e2 iH 0Dt/\e2 i ~Hb1H int!Dt/2\, ~3.4!

which becomes exact as the time stepDt approaches zero. Performing the sum over the bath spins for each realization
system coordinates, the reduced density matrix takes the form

r̃~sN
1 ,sN

2 ;t !5 (
k0

6
561

(
k1

6
561

¯ (
kN21

6
561

^sN
1ue2 iH 0Dt/\usN21

1 &¯^s1
1ue2 iH 0Dt/\us0

1&^s0
1ue2bH0us0

2&

3^s0
2ueiH 0Dt/\us1

2&¯^sN21
2 ueiH 0Dt/\usN

2&F~s0
1 ,s1

1 ,...,sN
1 ,s0

2 ,...,sN
2 ;Dt !, ~3.5!

where

F~s0
6 ,s1

6 ,...sN
6 ;Dt !5 (

q0
6

561
(

q1
6

561

¯ (
qN21

6
561

(
qN561

^qNue2 i @Hb1H int~sN
1

!#Dt/2\uqN21
1 &^qN21

1 ue2 i @Hb1H int~sN21
1

!#Dt/2\

3e2 i @Hb1H int~sN22
1

!#Dt/2\uqN22
2 &¯^q1

1ue2 i @Hb1H int~s1
1

!#Dt/2\e2 i @Hb1H int~s0
1

!#Dt/2\uq0
1&^q0

1ue2bHbuq0
2&

3^q0
2uei @Hb1H int~s0

2
!#Dt/2\e2 i @Hb1H int~s1

2
!#Dt/2\uq1

2&¯^qN21
2 uei @Hb1H int~sN

2
!#Dt/2\uqN&. ~3.6!
-
the
nd
ctral
ve
e of
Notice that the operators in the last equation are sum
independent bath spins, and thus the influence functiona
comes a product of one-dimensional factors. Exploiting t
feature, we evaluate the influence functional numerically
using the matrix multiplication method.13–15

IV. RESULTS AND DISCUSSION

The results presented below were performed with a
crete bath whose parameters correspond to the convent
of
e-
s
y

-
nal

Ohmic spectral density with exponential cutoff,

J~v!5
1

2
p\jve2v/vc, ~4.1!

where the Kondo parameterj is a measure of the system
bath coupling strength. This parameter is proportional to
friction coefficient in the classical Langevin description a
provides a measure of the dissipation strength. This spe
density is depicted in Fig. 1, along with that of the effecti
harmonic bath at two temperatures. Note that the presenc
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the hyperbolic tangent factor decreases appreciably the m
nitude of the effective bath spectral density at high tempe
tures and thus the resulting damping is expected to
weaker compared to that observed in the case of the s
boson model.

For the purpose of performing the numerical path integ
calculation the bath is discretized inton discrete modes. The
bath parameters are chosen such that the integrated de
of states up to a frequencyvk equals the numberk of bath
modes, while the couplings are determined from Eq.~4.1!.8

This particular discretization of the bath leads to rapid c
vergence with respect to the number of discrete spins
ployed. The results presented below were obtained with
bath degrees of freedom distributed in a frequency inte
that extends up to 10vc , but we have verified that the ob
served behaviors are insensitive to the particular type of b
discretization. The cutoff frequency is chosen asvc56 V.

Figures 2–4 present results for the given bath of two-le
systems, a harmonic bath of the same spectral densityJ(v),

FIG. 2. Expectation value of the system position, Eq.~2.5!, for
\Vb52. Solid circles: numerical path integral results for the TL
bath. Solid line: numerical path integral results for the effect
harmonic bath characterized by a temperature-dependent sp
density. Dashed line: bath of harmonic oscillators.~a! j50.1. ~b!
j50.5.
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and an effective harmonic bath whose spectral densityJeff(v)
is given by Eq.~2.4!. The harmonic bath calculations wer
performed using a combination of full spin summation a
the tensor multiplication procedure developed earlier in

tral

FIG. 3. Expectation value of the system position, Eq.~2.5!, for
\Vb50.5. Solid circles: numerical path integral results for t
TLS bath. Solid line: numerical path integral results for the effe
tive harmonic bath characterized by a temperature-dependent s
tral density. Dashed line: bath of harmonic oscillators.~a! j50.1.
~b! j50.5. ~c! j50.8.
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FIG. 4. Expectation value of the system position, Eq.~2.5!, for \Vb50.05. Solid circles: numerical path integral results for the T
bath. Solid line: numerical path integral results for the effective harmonic bath characterized by a temperature-dependent spectr
Dashed line: bath of harmonic oscillators.~a! j50.1. ~b! j50.5. ~c! j50.8. ~d! j51.2.
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group.16 The agreement between the numerical results
tained from a TLS bath and those of the effective harmo
one is generally excellent. The small discrepancies obse
at some of the longer time points are due to inadequate
vergence of the full path sum due to the use of time steps
are too large. We have verified that the TLS influence fu
tional obtained via the numerical matrix multiplicatio
method is indeed identical to the harmonic one with the
fective spectral density of Eq.~2.2!.

At zero temperature, tanh(1
2\vb)→1 ~see also Fig. 1! and

the dynamics in the presence of a TLS bath are expecte
agree well with those of the conventional spin-boson mod
At low but finite temperature the effective spectral dens
also reverts to the Ohmic form, except for low frequenci
Behavior distinct from the spin-boson model arises when
temperature-dependent factor differs appreciably from u
at frequencies around the tunneling splitting of the syste
i.e., when\Vb;1. Expansion of the hyperbolic tangent
these low frequencies produces an additional power ofv in
the spectral density, which leads to coherent behavior
persists up to values of the Kondo parameter that exceed
-
c
ed
n-
at
-

f-

to
l.

.
e
y
,

at
he

Ohmic spin-boson critical valuej5 1
2 . Specifically, the TLS

bath leads to underdamped oscillations of the tunneling s
tem even atj50.8, which are replaced by incoherent dec
at larger values of the dissipation parameter. As the temp
ture is raised~see Figs. 3 and 4! the effective harmonic spec
tral density begins to deviate more from that of the TLS ba
resulting in more coherent dynamics compared to that of
spin-boson Hamiltonian of Ohmic spectral density. Spec
cally, the latter is known to display incoherent dynamics
all temperatures when the dimensionless dissipation par
eter exceeds12, and the boundary is shifted to much weak
friction at higher temperatures; by contrast, coherences
seen to persist well beyond that value in the present c
where the bath is composed of two-level systems. Finally
high temperatures the TLS and bosonic baths lead to m
edly different behaviors, dominated in the present case
underdamped oscillations at weak or moderate friction wh
are absent from the spin-boson dynamics. These findings
in qualitative agreement with the conclusions reached
Shao and Ha¨nggi in an article that appeared after the pres
paper was submitted.17 The calculations presented here em
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phasize the very gradual nature of the transition in the c
of a TLS bath, showing that some coherence persists ev
the Kondo parameter significantly exceeds thej5 1

2 bound-
ary established by these authors. The weaker ability of
TLS bath to damp the tunneling oscillations of the system
due to the availability of only two energy levels for each ba
degree of freedom, in contrast to harmonic baths where
infinite number of levels can be populated.

In order to gain further insight into the tunneling dynam
ics of a spin coupled to a TLS bath we examine the beha
of the average system position as given by the NIBA. Fig
5 shows the onset of purely exponential decay, correspo
ing to the relation between temperature and friction stren
for which P(t), obtained numerically from Eqs.~2.7!–
~2.10!, decays to zero without turning negative. These res
are shown forvc520V, since NIBA is not reliable for smal
values of the cutoff frequency. The coherent-incoher
boundary shifts to higher friction if the cutoff frequency
lowered. Examination of the Laplace transformP̃(l) reveals
multiple pairs of complex conjugate poles in the comp
plane ~with negative real parts! which persist even to the
right of the boundary deduced from the behavior ofP(t).
Although such poles are generally associated with oscilla
behavior of the system position, interference among resid
and/or dominance of poles with very small imaginary pa
leads to a decay ofP(t) which is for all practical purpose
exponential for parameters in the incoherent regime sho
in Fig. 5. Eventually, as the friction is increased further
any given temperature, the poles ofP̃(l) move to the nega-
tive real axis. Our simulations, as well as solution of t
NIBA equations, indicate that the coherent-incoher
boundary shifts to stronger friction as the temperature
raised, in contrast to the known behavior of an Ohmic b

FIG. 5. Phase diagram for the tunneling system in contact w
a TLS bath. The solid squares and hollow circles indicate par
eters at which the numerical path integral results exhibit und
damped oscillations and incoherent decay, respectively. The s
line shows the coherent-incoherent boundary predicted by
NIBA for an effective harmonic bath of temperature-depend
spectral density forvc520V. The shaded area indicates the regi
of parameter space in whichP(t) has a small negative lobe tha
does not fall below20.01 ~see the text!.
se
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th
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of bosons. Also shown as a shaded area in Fig. 5 is
region of parameter space in which the decay is almost
coherent, corresponding to parameters for which the m
mum value reached byP(t) lies between 0 and20.01. The
width of this area is considerable at moderate or high te
peratures, indicating that the transition from coherent to
coherent dynamics is much more gradual than in the s
boson case. Lastly, we note that the decay rate in
incoherent regime is an increasing function of temperatu

V. SUMMARY

We have explored the influence of a reservoir of two-le
systems on the tunneling dynamics of a single TLS us
numerical path integral methods and the noninteracting
approximation. The main conclusions of our study are su
marized below.

~1! In the macroscopic limit where the number of ba
degrees of freedom approaches infinity the effects of a c
sen TLS bath are equivalent to those of a harmonic
whose spectral density is modified by a temperatu
dependent factor.

~2! The average position of the system undergoes un
damped tunneling oscillations at small to moderate diss
tion strengths. Coherent effects generally persist at m
higher friction than in the case of a bosonic bath. At lar
values of the Kondo parameter the system exhibits incoh
ent decay.

~3! The coherent-incoherent boundary is diffuse. It exh
its a non-negligible dependence on the cut-off frequency
a weak dependence on temperature. In particular, the o
of incoherent dynamics shifts to stronger friction as the te
perature is raised, in contrast to the behavior induced
bosonic environments.

~4! The decay rate in the incoherent regime increases w
increasing temperature.

~5! At very low temperatures the TLS bath reverts to t
conventional harmonic bath of the same spectral density

We stress that the above findings apply only to a bath
independent two-level systems whose coupling strength
pends on the frequency alone. In most physical models
spin glasses the coupling strength is a function of distanc
well. Such models have been studied recently by Orthet al.18

It would be highly desirable to extend the above studies
including interactions among the two-level systems comp
ing the bath in order to mimic an Ising model of large sca
lattices of spin glasses.19 However, we are presently impede
by the nature of the available path-integral methodology,
its feasibility hinges on the separability of the bath. In lig
of the unusual dynamics identified in this article which de
with the simplest of these baths, the above more complica
models are expected to reveal interesting behaviors and
undoubtedly continue to attract much theoretical attentio
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