
PHYSICAL REVIEW B 1 OCTOBER 1999-IVOLUME 60, NUMBER 13
High-pressure thermal expansion, bulk modulus, and phonon structure of diamond
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The thermodynamic properties of diamond at high pressures~up to 1000 GPa! have been investigated using
the ab initio pseudopotential plane wave method and the density-functional perturbation theory. TheP-V-T
equation of states has been calculated from the Helmholtz free energy of the crystal in the quasiharmonic
approximation. The pressure dependence of the equilibrium lattice constant, bulk modulus, mode Gru¨neisen
parameters, and phonon structures has been presented. Some interesting dynamical features of diamond have
been found at high pressures:~a! The thermal expansion coefficient decreases with the increase of pressure. At
ultrahigh pressure (>700 GPa), diamond exhibits a negative thermal expansion coefficient at low tempera-
tures.~b! The phonon frequency atX4 andL38 gradually goes higher than that ofX1 andL28 , respectively.~c!
The unusual overbending of the uppermost phonon dispersion curves nearG258 decreases with the increase of
pressure. Such overbending results in a maximum in the phonon density of states, which has been invoked in
the previous study@Phys. Rev. B48, 3164~1993!# to explain the famous sharp peak in the two-phonon Raman
spectrum of diamond. Our present results predict that this sharp peak near the high-frequency cutoff will
decrease with the pressure.@S0163-1829~99!03137-9#
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I. INTRODUCTION

Nowadays, diamond-anvil-cell~DAC! technique is widely
used as a powerful tool for generating high pressures in
laboratory.1 The static high pressure obtained with DAC h
been achieved up to 560 GPa.2 Theoretical estimates of th
stability limits of diamond under hydrostatic pressure ha
set an upper limit of 1110 GPa.3 Other structures are pre
dicted to be energetically favored when the pressure is e
higher. A lot of studies3–7 have been carried out on the po
sible phase transitions of diamond at ultrahigh pressu
However, there are comparatively fewer studies on the p
sure dependence of the thermodynamic properties of
mond. This is in fact extremely important for accurate hi
pressure measurement, because not only the volume o
measured material but also the diamond itself changes
the pressure, especially when the pressure reaches hun
of GPa. Such changes of diamond must be included in o
to get an accurateP-V-T relationship, i.e., the equation o
state of the measured material.

It has been known that diamond exhibits different therm
expansion behavior from other group-IV semiconduct
such as Si and Ge at ambient pressure.8–10 The characteristic
negative behavior of Si and Ge in the low-temperature li
does not appear in diamond. Furthermore, the phonon dis
sion curves of diamond are also quite unusual. The typ
flatness of the transverse acoustic branches in large reg
close to the boundaries of the Brillouin zone~BZ!, which
characterizes the other group-IV semiconductors, is co
pletely lacking in diamond. The uppermost phonon branc
PRB 600163-1829/99/60~13!/9444~6!/$15.00
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of diamond overbend nearG258 point. Such noteworthy over
bending is explained as the origin of the famous sharp p
near the high-frequency cutoff in the two-phonon Ram
spectrum of diamond.11

All these facts motivate us to carry out a high press
study on the above properties of diamond. In the pres
work, we have calculated the equation of state of diamo
from the free energy of the crystal which consists of astatic
electronic contribution and adynamicalphonon contribution.
In the quasiharmonic approximation, the latter nowadays
be conveniently calculated by using the density-functio
perturbation theory~DFPT!.12 The thermal expansion coeffi
cient, bulk modulus as well as the phonon structures of d
mond are then calculated at different pressures and temp
tures. The range of hydrostatic pressure considered here
to 1000 GPa which is below the theoretical limit of pha
transition of diamond. We have found that the thermal e
pansion coefficient decreases with pressure at a given
perature. When the pressure reaches 700 GPa, diamond
exhibits negative thermal expansion coefficient at low te
peratures, similar to other group-IV semiconductors. T
bulk modulus increases~decreases! with the increasing of
pressure~temperature!. The effect of pressure on the bul
modulus is much more significant than that of temperatu
The overbending of the uppermost phonon branches nearG258
point gradually disappears with the increase of the impos
pressure. The phonon structure is significantly modified
the pressure increases.

The paper is organized as follows. In Sec. II, we brie
outline our computational framework, as well as some d
9444 ©1999 The American Physical Society
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nitions concerning the physical quantities we have inve
gated. The results of our calculations are then presented
discussed in Sec. III. Finally, in Sec. IV we give our conc
sions.

II. COMPUTATIONAL DETAILS

The free energy of a crystal can be expressed in the qu
harmonic approximation13 as

F~V,T!5E~V!1Fvib~v,T!

[E~V!1kBT(
q

(
j

lnH 2 sinhS \v j~q!

2kBT D J ,

~2.1!

where E is the static contribution to the internal energy—
which is easily accessible to standard density-functio
theory ~DFT! calculations—Fvib represents the vibrationa
contribution to the free energy, andv j (q) is the frequency of
the j th phonon mode at wave vectorq in the Brillouin zone
~BZ!. The lattice dependence of frequencyv j (q) is calcu-
lated by the parameter-free DFPT.12 Here the anharmonicity
appears not only in thestatic internal energyE(V) which
includes all the anharmonic terms of the interatomic pot
tial, but also in the lattice parameter dependence of the p
non frequencyv. The atomic motion is then approximate
by a system of uncoupled normal vibrations but with diffe
ent equilibrium positions and vibration frequencies. Calcu
tions based on various semiempirical models8,14,15as well as
on first-principles methods10,16–18demonstrate that the quas
harmonic approximation provides a reasonable descriptio
the dynamic properties of many bulk materials below
melting point.

The equation of state can then be written in the form

p~V,T!52
]E

]V
2

]Fvib

]V

52
]E

]V
1

1

V (
q

(
j

g j~q!E@v j~q!#, ~2.2!

whereg j (q) is the Grüneisen parameter corresponding to t
(q, j ) phonon mode, defined as

g j~q!52
]v j~q!

]V

V

v j~q!
, ~2.3!

and E@v j (q)# is the mean vibrational energy of the (q, j )
phonon given by

E~v j~q!!5\v j~q!F1

2
1

1

exp@\v j~q!/kBT#21G . ~2.4!

Having the equation of state at hand, we can easily calcu
the thermal expansion and the bulk modulus as a functio
of temperature and pressure.18

The total energy is calculated by using separable no
conserving Hamann-type pseudopotentials19–21together with
a plane-wave basis set up to a kinetic-energy cutoff of 70
We noted that such a large kinetic energy cutoff is requi
to give well converged total energy and phonon frequenc
of diamond due to the small cutoff radius needed in
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calculations, especially at high pressures. The expressio
the exchange-correlation energy in local-density approxim
tion ~LDA ! is taken from Ref. 22. Sums over occupied ele
tronic states are performed by the Monkhorst-Pack spec
point technique,23 using 10 k points in the irreducible wedge
of BZ. Phonon frequencies are calculated on a (43434)
regular mesh and Fourier-interpolated in between. This F
rier interpolation amounts to including real-space interatom
force constants up to the ninth shell of neighbors. Variat
of the calculated phonon frequencies is less than 1% by
ther increasing the interaction distances, i.e., using a la
mesh. The phonon density of states~DOS! is calculated by
using the linear tetrahedral method24 and total of 560 specia
q points in the irreducible wedge of the BZ~corresponding
to 2653 nonequivalent tetrahedra!.

III. RESULTS

We first calculated theP-V-T equation of state of dia-
mond according to Eq.~2.2!. The results are shown in Fig. 1
V0 is the equilibrium volume of the unit cell atT5300 K
and zero pressure. The calculated value ofV0 is 44.391 Å3,

FIG. 2. Comparison of the calculateda/a0 vs pressure~solid
line! at T5300 K with the experimental results 26~filled circles!.

FIG. 1. CalculatedP-V-T relationship of diamond for~a! 0
<P<100 GPa,~b! 100<P<1000 GPa.
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the corresponding lattice constant a053.541 Å ~here V0

5a0
3/4, each unit cell has two carbon atoms!, in good agree-

ment with the experimental value of 3.567 Å at roo
temperature.25 It can be seen that the volume of diamo
decreases monotonically with pressure. At a given press
higher temperature gives a larger volume due to the ther
expansion@see Fig. 1~a!#. As pressure increases, the effect
thermal expansion becomes less significant. Figure 1~b!
shows theP-V isotherm at the high pressure domain (P
>100 GPa) for T5300 K. We can see that atP
5300 GPa, which is an achievable pressure in DAC,
equilibrium volume of diamond is 0.713V0. Such a change
is apparently non-negligible in the ultrahigh pressure exp
ment using DAC technique. Figure 2 shows the compari
of the calculateda/a0 vs pressure with the available expe
mental results26 which were obtained by high-pressure x-r
techniques. In general, the theory agrees well with the
periment. The slight difference could be a result of the
proximations used in the calculations, e.g., the local-den
approximation. On the other hand, the experimental d
themselves are rather scattered. If the experiments did
achieve a perfect uniform compression of the diamo
sample, the uniaxial strain would lead to a slightly high
average of lattice constant, which may result in the ove
larger value of the measureda/a0 comparing with the theo-
retical results~see Fig. 2!.

FIG. 3. Variation of the linear thermal expansion coefficientaL

with temperature~a! and pressure~b!. The available experimenta
results are shown by circles including the error bar 27. The rang
the pressure is from 0 to 100 GPa.

FIG. 4. Calculated linear thermal expansion coefficientaL at
high pressure range (200>P>1000 GPa).~a! 0<T<1600 K, ~b!
0<T<500 K.
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The variation of the linear thermal expansion coefficie
aL of diamond with temperature and pressure is shown
Fig. 3. HereaL is defined as

aL5
1

l 0

dl

dT
~3.1!

in order to compare with the experimental values27 directly
@circles in Fig. 3~a!#. l 0 is the equilibrium lattice constant a
T5300 K. It can be seen that the theoretical results at z
pressure are in good agreement with the corresponding
perimental data within the experimental error bar. No ne
tive thermal expansion is found at the low temperature ra
which is in agreement with the previous theoretic
calculations8,10 and the experimental measurements.9,27

When the pressure increases, the increase ofaL with tem-
perature becomes smaller, especially at high tempera
range. At a given temperature,aL decreases monotonicall
with pressure@see Fig. 3~b!#, which means the thermal ex
pansion is suppressed by the pressure. This is easy to un
stand. At high pressure, the interaction between atoms
comes strong, which makes phonon frequency increas
the interatomic distance decreases. As the phonon frequ
increases, the number of phonons excited at a given temp
ture decreases. The vibrational contribution to the free
ergy@Fvib(v,T)# becomes less important than the static co
tribution @E(V)# at high pressure. The thermal expansion
thus less significant at high pressure.

We plotted the variation of the linear thermal expansi
coefficientaL with temperature at the high pressure doma
(P>200 GPa) in Fig. 4. We can see thataL decreases con
tinuously as the pressure increases. When the pressu
high enough, e.g., 700 GPa, the negative thermal expan
occurs at the low temperature range@see Fig. 4~b!#. This is
an interesting phenomenon that has not been reported.
though the transition pressure ofaL is higher than the
achievable pressures in DAC presently, other high-press
techniques such as shock-wave method28 may verify this.

of
FIG. 5. Mode Gru¨neisen parameters for diamond at differe

pressure:~a! P50 GPa, ~b! P5700 GPa. Dashed lines corre
spond to transverse acoustic modes, dotted lines to longitud
acoustic modes, and solid lines to optical modes. The experime
data 25 are denoted by diamonds.
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In order to verify the origin of the interesting changes
the thermal expansion coefficient, we plotted the Gru¨neisen
parametersg j (q) at different pressures in Fig. 5. The ava
able experimental data25 are also displayed. It can be see
that at zero pressure, the Gru¨neisen parameters along all th
branches are positive, therefore, no negative thermal ex
sion occurs. When the pressure reaches 700 GPa, s
negative Gru¨neisen parameters are found for the transve
acoustic~TA! branches especially near the BZ boundarieX
and L which is quite similar to the case of Si at ambie
pressure.8 It is such negative Gru¨neisen parameters that re
sult in the negative thermal expansion coefficient of diamo
at high pressure. The transition of Gru¨neisen parameter from
positive to negative value reflects the changes of the in
atomic forces with external pressure in diamond. Analysis
the atomic vibrations at TA(X) and TA(L) shows the polar-
izations of these two modes are associated with pure bo
bending motion: the bonds between atoms are distorted
atomic motions perpendicular to the bonds. At low pressu
the angular force constants are dominant in diamond. Th
angular force constants favor positive Gru¨neisen parameter
When the pressure increases, the contribution of stretc
force constants becomes significant and therefore the n
tive Grüneisen behavior occurs. Analysis of the force co

FIG. 6. Variation of the bulk modulus of diamond with temper
ture~a! and pressure~b! in the case of pressure below 100 GPa. T
temperature dependence of bulk modulus for pressures betwee
GPa and 1000 GPa is shown in~c!. The experimental result at 29
K and ambient pressure is denoted by circle~from Ref. 25!.
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stants of silicon shows that the stretching force constants
dominant, that is why silicon has negative thermal expans
at ambient pressure.8–10

The unusual bonding strength of diamond makes it
extremely low compressibility material which is characte
ized by a very large bulk modulus. The calculated relatio
ship ofB-P-T is shown in Fig. 6. The corresponding expe
mental value of 443 GPa forT5298 K from Ref. 29 is also
displayed in Fig. 6~a!. At a fixed pressureP @Fig. 6~a!#, B
decreases with the increase ofT. While, at a given tempera
ture T @Fig. 6~b!#, B increases nearly linearly withP. From
the comparison of Figs. 6~a! and 6~b!, we can see that the
effect of pressure onB is much more significant than that o
temperature. TheB-P-T relationship of diamond in high
pressure domain (P>200 GPa) is shown in Fig. 6~c!. The
bulk modulus continuously increases with pressure, wh
the temperature dependence ofB becomes much smaller a
high pressures. This is because the bulk modulus is relate

00

FIG. 7. Pressure dependence of the phonon dispersion curv
diamond atT5300 K. ~a! P50 GPa, ~b! P550 GPa, ~c! P
5200 GPa, ~d! P5600 GPa. The experimental data obtain
from inelastic neutron scattering~from Ref. 30 at room tempera
ture!.
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the volume derivative of pressure @B
52V(]P/]V)T#. The vibrational contribution toP @see Eq.
~2.2!# becomes less significant at high pressures since
number of the excited phonon modes decreases. While
static internal energyE(V) increases drastically as the vo
ume decreases~the pressure increases!. The V-P isotherm
~see Fig. 1! becomes flatter at high pressure which means
negative volume derivative of pressure (2]P/]V) is getting
larger. Therefore, at high pressure, diamond has larger
modulus.

Figure 7 shows the pressure dependence of the pho
dispersion curves of diamond along some high-symme
lines in BZ . At zero pressure, the calculated phonon disp
sion curves are in good agreement with the inelastic neu
scattering measurement.30 As the pressure increases@see Fig.
7~b!#, all the phonon branches move to higher frequen
range accordingly. However, the increasing magnitude at
ferent points in BZ is different. It can be seen that whenP
550 GPa, the frequency atL28 becomes lower than that o
L38 . The frequency difference betweenX1 and X4 becomes
smaller than that of in Fig. 7~a!. When pressure goes eve
higher @see Fig. 7~c! and ~d!#, X1 and X4 change position
with each other. The frequency atX4 becomes higher than
that of X1 in Fig. 7~d!. The detailed variations of frequenc
at G, X, andL with pressure are shown in Fig. 8. It can b
seen that phonon frequencies atG258 , X1 , X4 , L38 , L28 , and
L1 increases monotonically with pressure. While frequenc
at X3 and L3 first increase then decrease as the press
increases from zero to 800 GPa. Such decrease of frequ
with pressure means that the Gru¨neisen parameters at the
points will become negative. It is found from Fig. 8 that t
pressure for the crossing point ofL28 andL38 is 17 GPa; for
the crossing point ofX1 andX4 it is 230 GPa.

Figure 9 shows the pressure dependence of phonon
sity of states~DOS!. When pressure increases from 0 to 1
GPa @Fig. 9~a!#, all the peaks in DOS move to higher fre
quency range accordingly. When pressure is higher than
GPa, two DOS peaks in the low frequency range shift dow

FIG. 8. Pressure dependence of the phonon frequency of
mond at~a! G andX and~b! L. The inset in~b! shows the details a
low pressure range.
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wards which corresponds to the decrease of frequency o
acoustic modes atX3 and L3. Other peaks shift upward
continually. One interesting feature is that the DOS peak
the uppermost frequency cutoff~40.1 THz for zero pressure!
decreases gradually with the increase of pressure@see Fig.
9~a!#. This peak originates from the overbending of the u
permost phonon dispersion curve nearG258 @see Fig.7~a!#,
which is completely absent in the phonon structure of ot
group-IV semiconductors. Early analysis11 demonstrated tha
this peak in phonon DOS was the origin of the famous sh
peak in the second-order Raman spectra. The present c
lation suggests that the sharp peak in the second-order
man spectra will decrease when pressure is imposed on
diamond sample. It will be very interesting to verify th
phenomenon by experiment since the origin of this Ram
peak has been a longstanding controversy. Another D
peak appears at the uppermost frequency cutoff when p
sure is higher than 400 GPa. However, this peak does
come from the overbending of the uppermost phonon disp
sion curve nearG258 but from the uplift of the optical branch
betweenG258 andX4 @see Fig. 9~b!#. The overbending of the
uppermost phonon dispersion curve nearG258 of diamond
also originates from its unusual interatomic force consta
similar to the Gru¨neisen parameters. As stated before,
angular forces are much stronger in diamond than in silic

ia-

FIG. 9. Pressure dependence of the phonon density of state
diamond~a! 0<P<100 GPa,~b! 200<P<800 GPa.
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at low pressure, which gives rise to the overbending of p
non structure of diamond. As pressure increases, the rat
angular force constants to stretching force constants in
mond decreases, therefore the overbending of the pho
dispersion curve disappears gradually. The variation of
phonon structure with pressure~Fig. 7! also comes from
these changes of the interatomic force constants.

IV. CONCLUSIONS

In the present paper, we have calculated the thermo
namic properties of diamond, such asP-V-T equation
of state, thermal expansion coefficient, Gru¨neisen param-
eters, and bulk modulus at high hydrostatic pressu
using the quasiharmonic approximation within densi
functional theory. The obtained results for the investiga
thermodynamic quantities are in good agreement with
ys

. B

pl

n

-

-
of
a-
on
e

y-

s,
-
d
e

available experimental measurements. At ultrahigh press
~>700 GPa!, we find that diamond also exhibits negativ
thermal expansion coefficient at low temperatures. Furth
more, it is found the phonon structure of diamond is mo
fied by imposing pressures. The phonon frequencies atX4

andL38 gradually go higher than that ofX1 andL28 , respec-
tively. The unusual overbending of the diamond phonon d
persion curve nearG258 decreases with the increase of pre
sure, which suggests that the famous sharp peak in
second-order Raman spectra will decrease with pressure
cordingly.
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