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Lanczos exact diagonalization study of field-induced phase transitions
for Ising and Heisenberg antiferromagnets
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Using an exact diagonalization treatment of Ising and Heisenberg model Hamiltonians, we study field-
induced phase transitions for two-dimensional antiferromagnets. It is found that a first-order phase transition
occurs for both the Ising and Heisenberg antiferromagnets. For the Ising antiferromagnet a mixture of antifer-
romagnetic and ferromagnetic phases exists only at a critical value of Zeeman energy, while for the Heisenberg
antiferromagnet the mixed phase appears over a wide range of Zeeman energy. It is shown that the mixed
phase for the Heisenberg antiferromagnet occurs owing to the presence of a spin-flop process as an interme-
diate step.@S0163-1829~99!13633-6#
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I. INTRODUCTION

As early as 1932, Ne´el1 proposed the antiferromagnet
order in order to explain the low-temperature behavior of
magnetic susceptibility of certain metals. Over the ye
physical properties of low-dimensional quantum antifer
magnets at low temperature have been actively pursued.
exact solution via the Bethe ansatz2 is not extendible to mul-
tidimensional systems beyond one-dimensional integral
tems. Lately one of the interesting areas of numerical stu
has been to determine the character of the field-indu
phase transition~i.e., the antiferromagnetic to ferromagnet
transition! involving the systems of antiferromagnetical
correlated electrons under externally applied magnetic fi
By applying the dynamical mean field theory~DMFT! to the
Hubbard model, Heldet al.3 studied the microscopic origin
of metamagnetism in antiferromagnets with an easy axis
der external magnetic field. Their study showed that at h
filling a metamagnetic phase transition arises via a first-or
phase transition at low temperature and that a second-o
phase transition occurs near the Ne´el temperature. On the
other hand, Bagehorn and Hetzel4 observed a second-orde
phase transition at zero temperature from the projector qu
tum Monte Carlo~PQMC! calculation of the Hubbard mode
with an easy axis. Earlier using a Landau theory of fr
energy, Moriya and Usami5 revealed a second-order pha
transition at low temperature involving the mixed phase
antiferromagnetic and ferromagnetic states. However, Ba
horn and Hetzel questioned whether the mixed phase w
survive at a small region of magnetic field if exact electr
correlations were implemented. In the present study, by
forming the exact diagonalization calculations of the tw
dimensional systems of antiferromagnetically correla
electrons under applied magnetic field, we examine the
ture of field-induced phase transition~metamagnetism! at
zero temperature for both Ising and Heisenberg antife
magnets.

II. LANCZOS EXACT DIAGONALIZATION
CALCULATIONS OF FIELD-INDUCED PHASE

TRANSITIONS

For the study of field-induced phase transition for t
two-dimensional Ising antiferromagnet, we consider the f
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lowing model Hamiltonian with the inclusion of Zeema
coupling term:

H52t (
^ i j &,s

~ c̃is
† c̃ j s1c.c.!1Jz(̂

i j &
Si

zSj
z2h(

is
scis

† cis .

~1!

c̃is ( c̃is
† ) is the electron annihilation~creation! operator at

site i with no double occupancy andSi
z is thez component of

electron spin operator at sitei. t is the hopping strength,Jz is
the Ising correlation strength, andh is the Zeeman energy
mBB. HeremB is the Bohr magneton andB is the strength of
external magnetic field.s511 (21) for up spin ~down
spin!. In the case of half filling, the above model Ham
tonian reduces to the Ising Hamiltonian.

For the study of field-induced phase transition for t
two-dimensional Heisenberg antiferromagnet, we consi
the t-J model Hamiltonian with the inclusion of Zeema
coupling term

H52t (
^ i j &,s

~ c̃is
† c̃ j s1c.c.!1J(̂

i j &
S Si•Sj2

1

4
ninj D

2h(
is

scis
† cis . ~2!

Si is the electron spin operator andni is the electron numbe
operator at sitei. In the case of half filling, thet-J model
Hamiltonian effectively reduces to the Heisenberg Ham
tonian.

The above Hamiltonians will be diagonalized by th
Lanczos exact diagonalization method.6 For the exact diago-
nalization treatment of antiferromagnetic correlations u
form and staggered magnetizations are defined by7

^~mq
l !2&5K S 1

N (
i

eiq•r iSi
l D 2L , ~3!

wherel 5x,y,z. Here (mq
l )2 represents the square of the un

form and staggered magnetizations in thel th direction cor-
responding toq5(0,0) andq5Q[(p,p), respectively.N is
the total number of lattice sites. Uniform and staggered m
9252 ©1999 The American Physical Society
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netizations as a function of the applied magnetic field
computed for small clusters of various sizes (A83A8, A10
3A10, 434, andA203A20) with periodic boundary con
ditions. Lanczos iteration is terminated when the grou
state energy is converged within the error bound of 10210.

For the case of Ising antiferromagnet, predicted magn
zations are shown in Fig. 1 for small clusters of various si
andJz50.4t. The staggered magnetization is represented
a solid line and the uniform magnetization is denoted b
dashed line. The nonvanishing values of staggered mag
zation at high Zeeman energies is due to finite-size effec
is indicated by double-headed arrows in the figure. Disc
tinuity from the staggered to uniform magnetizations occ
at a critical Zeeman energyhc5Jz50.4t. Although not
shown here, the same behavior of staggered and unif
magnetizations is observed for other values ofJz . A mixture
of antiferromagnetic and ferromagnetic phases exists
critical field corresponding tohc . Thus the field-induced
phase transition for the Ising antiferromagnet is found to
of first order. In our previous work,8 we calculated the stag
gered and uniform magnetizations for the Ising system
using Hubbard model Hamiltonian in mean-field approxim
tion. The first-order phase transition was also predicted.

For the case of the Heisenberg antiferromagnet, predi
magnetizations are shown in Fig. 2 for small clusters of va

FIG. 1. Staggered and uniform magnetizations for the tw
dimensional Ising antiferromagnet versus Zeeman energy. The
line represents the staggered magnetization (mQ) and the dashed
line denotes the uniform magnetization (m0). The Ising correlation
strength is chosen to beJz50.4t. N is the number of lattice sites.hc

indicates a critical value of Zeeman energy at which discontinui
of magnetizations occur. Double-headed arrows indicate that
nonvanishing value of staggered magnetization beyondhc is due to
finite-size effect.
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ous sizes andJ50.4t. The stepwise curves are formed owin
to the finite-size effect. This is because the difference
number between up (N↑) and down (N↓) spins discretely
varies with the change of magnetic field, e.g.,N↑2N↓
50,2, . . . ,10 for ahalf-filled A103A10 lattice. As the num-
ber of lattice sites and thus the number of electron sp
increase, the stepwise curves are expected to turn smo
Indeed the computed results showed such a trend as is sh
in Fig. 2. The uniform magnetization appears at a low Z
man energy ofh1 and reaches a maximum~or saturates! at a
Zeeman energy ofh2. The staggered magnetization beyo
h2 does not completely vanish owing to the finite-size effe
as is indicated by double-headed arrows in the figure. I
found that as the size of cluster increases,h1 tends to reach 0
while h2 remains unchanged with the value ofh252J
50.8t. This observation is displayed in Fig. 2. Although n
shown here, the same behavior forh150 and h252J is
observed for other values ofJ. Thus a mixed phase of anti
ferromagnetic and ferromagnetic states is found to occu
the range ofh150,h,h252J for the two-dimensional
Heisenberg antiferromagnet. The coexistence of the
phases is not seen to change substantially as the lattice
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FIG. 2. Staggered and uniform magnetizations for the tw
dimensional Heisenberg antiferromagnet versus Zeeman ene
The solid line represents the staggered magnetization (mQ) and the
dashed line denotes the uniform magnetization (m0). The Heisen-
berg correlation strength is chosen to beJ50.4t. N is the number of
lattice sites.h1 indicates a value of Zeeman energy at which t
uniform magnetization begins to appear~or the staggered magnet
zation begins to decrease!. h2 indicates a value of Zeeman energy
which the uniform magnetization saturates. Double-headed arr
indicate that the nonvanishing value of staggered magnetization
yond h2 is due to finite-size effect.
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increases, thus indicating that there exists no signific
finite-size effect on the mixed phase. The field-induced ph
transition is of first order because the system is at coex
ence of the two phases, the antiferromagnetic and ferrom
netic phases. Although not to be directly compared owing
differences in the space dimension of antiferromagnet, su
tendency of uniform magnetization was experimentally o
served for the three-dimensional crystal of Y(Co12xAl x)2 at
low temperature by Gotoet al.9 The DMFT of the infinite-
dimensional Hubbard model by Heldet al.3 yielded a first-
order transition. Bagehorn and Hetzel4 argued in favor of a
second-order transition from the PQMC calculations of
Hubbard model with an easy axis. However, their resu
were obtained for the case of weak coupling (U52t) and are
not directly comparable to our strong-coupling results.

In order to find the cause of the mixed phase for
Heisenberg antiferromagnet, we show both the staggered
uniform magnetizations in the direction parallel to and p
pendicular to thexy plane, respectively, in Fig. 3. As th
external magnetic field increases, thex andy components of
the staggered magnetization are predicted to increase pa
larly in the region of low field,h&0.3t in Fig. 3~a!, whereas
the z component decreases in the same region. The ant
romagnetic order projected onto thexy plane~perpendicular
to the external magnetic field! tends to persist, while itsz
componentmQ

z monotonically decreases and vanishes ah
50.8t. This can be further explained as follows. In the a
sence of magnetic field, spins align into a strong antifer
magnetic state due to the Heisenberg interaction as is sh
in Fig. 4~a!. As the magnetic field in thez direction in-

FIG. 3. Decomposition of~a! staggered and~b! uniform magne-
tizations for the two-dimensional Heisenberg antiferromagnet
lattice sizeA203A20 into directions parallel (x andy components!
and perpendicular (z component! to the plane.
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creases, spin-flop process occurs as an intermediate sta
exhibiting the components of antiferromagnetic spin alig
ment on thexy plane, as depicted in Fig. 4~b!. For the
Heisenberg antiferromagnet, the spin flop, that is, thex andy
components of the staggered magnetization peak at a par
lar value of the applied magnetic field, say,h.0.3t as is
shown in Fig. 3~a!. As the external magnetic field furthe
increases, the Zeeman effect begins to dominate the Hei
berg interaction with disappearance of the spin-flop proc
by allowing ferromagnetic configurations, as is shown in F
4~c!. On the other hand, for the Ising system the spin-fl
process is not involved and the mixed phase does not o
except at the critical Zeeman energy, as is shown in Fig
Thus we claim that the spin-flop process due to antifer
magnetic interactions involvingx andy components of spins
are responsible for the mixed phase of the Heisenberg
tem.

III. CONCLUSION

By applying the exact diagonalization method to the Isi
and Heisenberg antiferromagnets in external magnetic fie
we have examined the field-induced phase transition from
antiferromagnetic to a ferromagnetic state. For both the Is
and Heisenberg antiferromagnets the first-order phase tra
tion is predicted to occur. For the Ising antiferromagne
mixture of antiferromagnetic and ferromagnetic phases ex
only at a critical value of Zeeman energy, while for th
Heisenberg antiferromagnet the mixed phase appears ov
wide range of Zeeman energy. It was shown that the mi
phase for the Heisenberg antiferromagnet occurs through
spin-flop process as an intermediate step.
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f

FIG. 4. Spin-flop process and metamagnetism under app
magnetic field. The magnetic field is applied in thez direction. The
horizontal solid line represents the two-dimensionalxy plane.~a!
antiferromagnetic spin order,~b! spin flop, and~c! ferromagnetic
spin order.
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