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Magnetopolaron effect in parabolic quantum wells in tilted magnetic fields
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The magnetopolaron is investigated in parabolic quantum wells in the presence of a tilted magnetic field.
The Landau levels of polarons in GaAs/Ga12xAl xAs parabolic quantum wells are calculated for different
subbands. The effect of the electron-phonon interaction on the polaron energy levels is included within second-
order perturbation theory. The influence of the direction of the magnetic field on the polaron effect on the
different electron energy levels is studied. Possible magnetopolaron resonances are also discussed.
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I. INTRODUCTION

In recent years, improvements of the semiconduc
growth techniques have offered the possibility to obtain lo
dimensional semiconductor structures with any desired w
shapes. One of those structures is the so-called para
quantum well~PQW!. The PQW’s based on GaAs have be
developed by tailoring the conduction-band edge of a gra
Ga12xAl xAs semiconductor by properly varying the Al mo
fraction x.1–3 Remotely doped wide PQW’s have been pr
posed as structures in which a high mobility quasi-thr
dimensional electron gas can be realized. Magnetotrans
experiments on these systems confirmed the existence
thick slab of high mobility electron gas. Such structures
closely related to the theoretical construction of jellium, co
sisting of a highly mobile dilute electron gas in the potent
of a positively charged background. Interestingly, in the
systems the bare harmonic-oscillator frequencyV of the
PQW, which is solely determined by the curvature of t
confining potential, equals the plasma frequency of the th
dimensional electron gas which is a consequence of the
eralized Kohn’s theorem.4

Magnetotransport and far-infrared~FIR! investigations
have uncovered a large amount of interesting results
shed some light onto the understanding of many fundame
properties of low-dimensional systems.1–10FIR spectroscopy
on such structures yielded information of the generaliz
Kohn’s theorem,4 i.e., a perfect PQW absorbs far-infrare
radiation at the bare harmonic-oscillator frequencyV and is
independent of the electron-electron interaction and the e
tron density in the well. Thus, it also has impact on t
understanding of the infrared response of the harmonic
bound quasi-one-dimensional quantum wires or quasi-z
dimensional quantum dots, where the confining potential
most cases can be regarded as parabolic. Theoretically,
bolic confining potentials are very attractive, since they
low many properties to be calculated in a rigorous and a
lytical fashion.

A powerful method to investigate the FIR magnet
optical properties of the electron gas in PQW is to us
tilted magnetic field that couples the in-plane motion of t
PRB 600163-1829/99/60~12!/8984~8!/$15.00
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carriers to the vertical one. This leads to an interaction
tween the cyclotron resonancevc and the harmonic oscilla
tor V along the electric confining potential.

In the present paper, we will investigate the polaron
fects due to the coupling of the electrons with longitudin
optical ~LO! phonon modes in a tilted magnetic field. Th
polaron energy levels will be calculated, and consequen
the cyclotron resonance transition energies are obtained.
influence of the direction of the magnetic field on the polar
effect as well as the possible magnetopolaron resonances
be studied.

Magnetopolaron effects in quasi-two-dimensional~Q2D!
systems have been studied extensively in the
decade.11–25 But almost all the work is based on the heter
junction and quantum well systems in the presence of a
pendicular magnetic field. Theoretically, only the Land
levels associated with the lowest electric subband were s
ied and a few papers involved in the polaron effects
PQW’s. Larsen studied the polaron cyclotron frequenc13

within the Rayleigh-Schro¨dinger perturbation theory
~RSPT!, and the present authors calculated the polaron b
ing energy26 in a PQW in the absence of any magnetic fie
Later, Kühn and Selbmann investigated the magnetopola
effects in a GaAs PQW~Ref. 23! and Haupt and Wendler24

studied the effects of a tilted magnetic field on the polar
cyclotron mass. In the present paper, the magnetopola
effects in the PQW’s will be studied in tilted magnetic field
and beyond the lowest electric subband approximation.
will show the possible magnetopolaron resonances in hig
energy regime.

The present paper is organized as follows. The Ham
tonian for the coupling of an electron to the LO phonons
given in Sec. II, and the bare electron states in a parab
quantum well are also discussed. In Sec. III the polaron L
dau levels in such a system will be calculated using deg
erate second-order perturbation theory, from which we
tain the cyclotron frequency. We present our discussions
conclusions in Sec. IV.

II. THE HAMILTONIAN

We consider the coupling of an electron to the L
phonons in a parabolic quantum well structure in an arbitr
8984 ©1999 The American Physical Society
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PRB 60 8985MAGNETOPOLARON EFFECT IN PARABOLIC QUANTUM . . .
magnetic field. The confinement potential is taken in
z-direction, and the two-dimensional~2D! electron gas is
formed in the xy plane. A magnetic field B
5(B sinu,0,B cosu) is tilted over an angleu with respect to
the z axis. The system under consideration can be descr
by the Hamiltonian

H5He1Hph1Hep ~1!

with

He5
px

2

2mb
1

1

2mb
@py1eB~x cosu2z sinu!#2

1
pz

2

2mb
1

1

2
mbV2z2, ~2!

Hph5(
qW

\vLO~bqW
†
bqW1 1

2 !, ~3!

where pW (rW) is the momentum~position! operator of the
electron,mb is the electron band mass,V is the harmonic-
oscillator frequency of the parabolic quantum well, a
bqW

† (bqW) is the creation~annihilation! operator of an optica

phonon with wave vectorqW and energy\vLO .
For an electron interacting with 3D bulk LO-phono

modes, the electron-phonon interaction HamiltonianHep in
Eq. ~1! is given by the Fro¨hlich Hamiltonian

Hep5(
qW

~VqWbqWe
iqW •rW1VqW

* bqW
†
e2 iqW •rW!, ~4!

where

VqW52 i\vLOS \

2mbvLO
D 1/4A4pa

Vq2 , ~5!

and a is the electron-phonon coupling constant. For po
semiconductors, such as GaAs and InAs, we havea!1, and
consequently, we are allowed to use perturbation theor
incorporate the effect of the electron-phonon interaction
the electron energy levels. Thus, the electron states desc
by the HamiltonianHe are an essential ingredient in the ca
culation of the polaron effects within perturbation theory.
the following, we will give a short review of the bare ele
tron states in the system.

First of all, let us consider the situation in which the ma
netic field is perpendicular to the 2D electron gas plane,
u50. In such a case, thez motion and thexy motion do not
couple, and each electric subband has a set of Landau le
The eigenenergy of the electron is given by

Em,n
0 5\V~m1 1

2 !1\vc~n1 1
2 !, ~6!

wherem,n50,1,2, . . . are theelectric and the Landau-leve
indexes, respectively, andvc5eB/mb is the unperturbed cy
clotron frequency. The corresponding wave function can
written as

Cm,n,ky
~x,y,z!5fm~V,z!fn~vc ,j!

1

ALy

eikyy ~7a!
e

ed

r

to
n
ed

-
.,

ls.

e

with

fn~v,x!5S mbv

p\ D 1/4 1

A2nn!
HnSAmbv

\
xD expS 2mbv

2\
x2D ,

~7b!

where Hn(x) are the Hermite polynomials andj5x
1\ky /mbvc .

When the magnetic fieldBW is tilted away from thez di-
rection, the electric and the magnetic quantizations
mixed. The HamiltonianHe can be diagonalized by a sui
able rotation of the system with respect to they axis. This
leads to two decoupled harmonic oscillators in the new
ordinate system (x8,y,z8) with frequencies27

v1,25
1

A2
~vc

21V26Avc
41V422vc

2V2cos 2u!1/2. ~8!

Notice that we definedv15v1.v25v2 . The electron en-
ergy is given by

Em,n
0 5\v1~m1 1

2 !1\v2~n1 1
2 !, ~9!

wherem,n50,1,2, . . . . And thewave function

Cm,n,ky
~x8,y,z8!5fm~v1 ,h8!fn~v2 ,j8!

1

ALy

eikyy,

~10!

where fn(v,x) is given by Eq. ~7b!, h85z8
1g1\ky /mbv1 , j85x81g2\ky /mbv2,

g15S v1
22V2

v1
22v2

2 D 1/2

, ~11a!

and

g25S v1
22vc

2

v1
22v2

2D 1/2

. ~11b!

Notice that the level indexesm and n in Eq. ~6! have a
different meaning from those in Eq.~9!. The former corre-
sponds toV and vc , and the latter tov1 and v2. For the
case of a tilted magnetic field,v2 is mainly determined by
vc whenvc,V andv1 by V. For vc.V, the situation is
the opposite, i.e.,v1 is mainly determined byvc andv2 by
V.

III. POLARON EFFECTS

In this section, we will calculate the magnetopolaron e
ergy levels including the electron-LO-phonon coupling. U
ing second-order perturbation theory, the polaron energ
such a system can be written as

Em,n5Em,n
0 1DEm,n , ~12!

whereDEm,n is the energy shift due to electron-phonon i
teraction, which is given by
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DEm,n52 (
m850

`

(
n850

`

(
qW

uMmn,m8n8~qW !u2

\vLO2Dm,n1Em8,n8
0

2Em,n
0

,

~13!

where Dm,n5DEm,n2DE0,0 within the improved Wigner-
Brillouin perturbation theory,12,28 and

Mmn,m8n8~qW !5^m8,n8;qW uHepum,n;0& ~14!

is the matrix element of the electron-phonon interact
Hep , the ket un,l ;qW &5un& ^ u l & ^ uqW & describes a state com
posed of an electron in the level (m,n) and an optical pho-
non with momentum\qW and energy\vLO .

For the case of 90°.u.0, using Eqs.~4! and ~10!, the
interaction matrix element in Eq.~14! reduces to
rg

in

nt

ry
n

n

uMmm8,nn8~qW !u25uVqu2Gmm8~j1!Gnn8~j2! ~15a!

with

Gnn8~j!5
nmin!

nmax!
j2(nmax2nmax)e2j2

@Lnmin

nmax2nmin~j2!#2,

~15b!

where mmin5min(m,m8), mmax5max(m,m8), nmin
5min(n,n8), nmax5max(n,n8),

j1
25\~qz8

2
1g1

2qy
2!/2mbv1 ,

j2
25\~qx8

2
1g2

2qy
2!/2mbv2 ,

andLm
n (x) are the Laguerre polynomials.

Inserting Eq.~15! into Eq. ~13!, we obtain
DEm,n52
2a~\vLO!2

pAp
(

m850

`

(
n850

`
1

\vLO1Em8,n8
0

2Em,n
0 2Dm,n

mmin!

mmax!

nmin!

nmax!
(
j 50

mmin

(
j 850

mmin ~21! j 1 j 8

j ! j 8!
S mmax

mmin2 j D
3S mmax

mmin2 j 8
D (

l 50

nmin

(
l 850

nmin ~21! l 1 l 8

l ! l 8!
S nmax

nmin2 l D S nmax

nmin2 l 8
D @2~M1N!21#!!

2M1N

3E
0

x0
dxE

0

p/2

du
v1v2

v1v22vLO@v2~g1
22cos2u!1v1~g2

22sin2u!#x2 Fv2 cos2u2~g2
22sin2u!x2

v2 cos2u1v1sin2u GM

3Fv1sin2u2~g1
22cos2u!x2

v2 cos2u1v1sin2u GN

, ~16!
um-

g
non
where M5mmax2mmin1 j 1 j 8, N5nmax2nmin1 l 1 l 8, and

x05Av1v2 /vLO(g1
2v21g2

2v1).
Equation~16! can be used to calculate the polaron ene

DEm,n numerically. But for smallvc andV, the sum overn8
andm8 converge very slowly, and it is impossible to obta
the correct results forDEm,n . To avoid this defect, we fol-
low Ref. 12 and cast the sum into an integration represe
tion. For the energy below the LO phonon, i.e.,E,E0,0
1\vLO , DEm,n becomes

DEm,n52(
qW

uVqu2E
0

`

due2(\vLO2Dm,n)u

3^m,nueiqW •rW(u)e2 iqW •rW(0)um,n&, ~17!

where rW(u) is the electron position operator at imagina
time u5 i t as described by the Hamiltonian without electro
phonon interaction. For real time, one has

x~ t !52
g1\ky

mbv1
1A \

2mbv1
~a1eiv1t1a2e2 iv1t!,

~18a!

y~ t !52 ig1A \

2mbv1
~a1eiv1t2a2e2 iv1t!

1g2A \

2mbv2
~c1eiv2t2c2e2 iv2t!, ~18b!
y

a-

-

z~ t !52
g2\ky

mbv2
1A \

2mbv2
~c1eiv2t1c2e2 iv2t!,

~18c!

wherea1 (a2) andc1 (c2) are the creation~annihilation!
operators for the states corresponding to the quantum n
bersm andn, respectively. They are defined by

a65Ambv1

2\ S z81
g1

mbv1
pyD7 i

pz8

A2\mbv1

~19!

and

c65Ambv2

2\ S x81
g2

mbv2
pyD7 i

px8

A2\mbv2

, ~20!

and they satisfy the commutation relations@a2,a1#51,
@c2,c1#51, and@a6,c6#50.

By using the above relations, we obtain the followin
representation for the energy shift due to the electron-pho
interaction
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DEm,n52
a\vLO

Ap
E

0

`

due2(12Dm,n /\vLO)u

3 (
m850

m S m

m8
D 1

m8
F4vLO

v1
sinh2S v1u

2vLO
D Gm8

3 (
n850

n S n

n8
D 1

n8
F4vLO

v2
sinh2S v1u

2vLO
D Gn8

Pm8,n8~u!,

~21a!

with

Pm8,n8~u!5
~21!m8~2~m81n8!21!!!

@2~b22b1!#m81n8

3(
j 50

m8 S m8

j D(
l 50

n8 S n8

l Db1
l b2

j

AL
Qj 1 l~u!,

~21b!

where

Q0~u!5E
0

1

dt
L

A@L2g1
2~b12b2!t2#@L1g2

2~b12b2!t2#
~21c!

for j 1 l 50, and

Ql 1 j~u!5
~21! l 1 j

Ab1b2
(
s50

k1 l 21 S j 1 l 21

s D
3

@2~ j 1 l 2s21!21#!! s!

@2~ j 1 l !21#!! b1
sL j 1 l 2s

3(
r 50

s
@2~s2r !21#!! ~2r 21!!!

~s2r !! r ! S b1

b2
D r

~21d!

for j 1 l>1, where

b15
vLO

v1
~12e2v1u/vLO!, ~22a!

b25
vLO

v2
~12e2v2u/vLO!, ~22b!

andL5g1
2b11g2

2b2.
Whenu50, the magnetic field is perpendicular to the 2

electron gas. For this case, we performed a similar calc
tion, and we found that the above formulas~16! and~21! are
still valid if we make the following substitution:v1
→V, v2→vc , g1→0, g2→1,

b1→bV5
vLO

V
~12e2Vu/vLO!, ~23!

and
a-

b2→bvc
5

vLO

vc
~12e2vcu/vLO!. ~24!

For u50, we proved that the present calculation is able
recover: ~i! the 3D result12 when V→0, ~ii ! the ideal 2D
result12 whenV→`, ~iii ! the polaron binding energy in th
absence of the magnetic field of Ref. 26 whenvc→0, and
~iv! the shift of the cyclotron-resonance transition ener
DE0,12DE0,0 within RSPT as calculated in Ref. 13 when w
takeD1,050 in Eq. ~13!.

The polaron energy levels have been calculated as a f
tion of the magnetic fieldvc . Figure 1 shows the polaron
levels in a GaAs/AlxGa12xAs PQW of V50.7vLO for dif-
ferent orientations of the magnetic field:~a! u50, ~b! u
515°, ~c! u545°, and~d! u575°. In the calculation, we
took a50.068. The lower figures give the polaron ener
levels of the seriesm50, and n50 ~solid curves!, n51
~dashed curves!, n52 ~dot-dashed curves!, andn53 ~dotted
curves!. The upper figures give the levels ofm51, andn
50 ~dashed curves!, n51 ~dot-dashed curves!, and n52
~dotted curves!. The thin solid curves are the unperturbe
bare electron energiesEm,n

0 , and the thin dotted curves ar
the energy levelsEm,n

res 5E0,01m\v11n\v21\vLO . We
found that the polaron effect:~1! shifts the energy levels to
lower energy,~2! for u50, the Landau levels split aroun
Em,n

res ~the thin dotted curves! due to the magnetopolaro
resonances, and~3! when the magnetic field is tilted awa
from thez direction, the electric and the magnetic quantiz
tions are mixed. But the splitting of the energy levels s
occurs aroundEm,n

res . Notice that theEm,n
res depends onu. It is

seen that whenu.0, e.g.,u515°, the left part ofvc,V
50.7vLO in Fig. 1~b! is similar to the corresponding part o
that at u50 in Fig. 1~a!. But, whenvc.V50.7vLO , we
also found thatE1,0 at u515° ~the dashed curves! in the
upper figure of Fig. 1~b! corresponds toE0,1 at u50 ~the
dashed curves! in the lower figure of the Fig. 1~a!, and they
have a similar magnetopolaron splitting behavior. In the c
of u545° and 75°, the results are similar. For the high
energy levels, the situation becomes more complex beca
many resonances are found due to the strong mixing of
energy levels.

With increasingu, v2 decreases, which is clearly appa
ent in Fig. 1~d! (u575°) where the distance between th
energy levels becomes very small. In this case, the ene
levels above the LO-phonon continuum split into many s
tions due to the magnetopolaron resonances. In the limi
u590° all the levels with the samem are degenerate, and th
upper and lower parts of the figures should collapse.

Next we consider the case ofV.vLO . Figure 2 shows
the polaron levels in a PQW forV51.4vLO with ~a! u50,
~b! u515°, ~c! u545°, and~d! u575°. The polaron energy
levels of m50, and n50 ~solid curve!, n51 ~dashed
curves!, n52 ~dot-dashed curves!, andn53 ~dotted curves!
are plotted in the lower part of the figures, and the levels
m51, andn50 ~dashed curves!, n51 ~dot-dashed curves!,
andn52 ~dotted curves! are given in the upper figures. Th
thin solid curves indicate the unperturbed electron ene
levels Em,n

0 and the thin dotted curves indicate the energ
Em,n

res 5E0,01m\v11n\v21\vLO .
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FIG. 1. The polaron energy levels in a parabolic quantum well with confinement frequencyV50.7vLO for different magnetic field
orientations:~a! u50, ~b! u515°, ~c! u545°, and~d! u575°. The lower figures give the levels ofm50, andn50 ~solid curve!, n51
~dashed curves!, n52 ~dot-dashed curves!, andn53 ~dotted curves!. The upper figures give the levels ofm51, andn50 ~dashed curves!,
n51 ~dot-dashed curves!, andn52 ~dotted curves!. The thin solid curves indicate the unperturbed bare electron energy levelsEm,n

0 , and the
thin dotted curves indicate the energy levelsE0,01\vLO1m\v11n\v2.
e

y
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e

BecauseV.vLO , the anticrossing ofv1 andv2 occurs
above the LO-phonon continuumE0,01\vLO . The splitting
of the E0,1 in Fig. 2~b! at u515° corresponds to that of th
E0,1 in Fig. 2~a! at u50, which is different from that in Fig.
1 whereV,vLO . But, in Figs. 2~c! and 2~d!, this splitting is
outside the calculated range (vc<1.5vLO).

For the higher energy levelsE1,n in the upper figures, the
results are quite different from those whenV,vLO , espe-
cially for vc!vLO . In the upper figures of Fig. 2, we onl
give several branches. Actually,E1,n split into an infinitive
number of branches according to perturbation theory so
it is impossible to obtain the exact positions of these level
vc→0.
at
at

IV. DISCUSSIONS AND CONCLUSIONS

In a FIR magneto-optical spectroscopic investigation,
positions of the absorption peaks correspond to the trans
energies between the above calculated energy levels. S
results have been obtained for magnetic fieldB,12 T in
wide Ga12xAl xAs parabolic wells.9

In Fig. 3, the transition energiesE0,12E0,0 ~thick solid
curves! as well asE1,02E0,0 ~thick dashed curves! for a V
50.7vLO PQW of GaAs are plotted as a function of th
magnetic field for~a! u50, ~b! u515°, ~c! u545°, and~d!
u575°. The energy difference betweenE0,1 and E0,0 (E1,0
andE0,0) is indicated by the thin solid~thin dashed! curves.
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FIG. 2. The same as Fig. 1 but now for a parabolic well withV51.4vLO .
-

t

e
d
n

-

gy

re-

e

ten
Notice that, atu50, the transition between two levelsE1,0
0

andE0,0
0 in Fig. 3~a! is forbidden. We also find that the po

laron correction to the ground stateE0,0 is smaller than that
to the higher electric levelE1,0 as shown in Fig. 3~a!. The
difference betweenDE1,0 and DE0,0 is 0.012\vLO at zero
magnetic field, and it decreases with increasingvc . The
splitting around\V results from the anticrossing of thev1
and v2, which increases with increasingu. The other anti-
crossings occur for frequencies larger than 0.7\vLO and are
a consequence of magnetopolaron resonances. We found
the position of the anticrossing near\vLO decreases with
increasingu, and at the same time the splitting energy d
creases. With increasingu, more transitions become allowe
just above the LO-phonon energy due to the magnetopho
effect, and the energy between them decreases.
hat

-

on

In Fig. 4, we plot the transition energiesE0,12E0,0 and
E1,02E0,0 for V51.4vLO PQW as a function of the mag
netic field for ~a! u50, ~b! u515°, ~c! u545°, and~d! u
575°. We show that the transition betweenE1,0 andE0,0 can
be strongly coupled with LO phonons whenV.vLO even
for a perpendicular magnetic field (u50). This is signifi-
cantly different from the case in which the transition ener
is smaller than the phonon energy. Foru50° and 15°, such
a coupling is pronounced in small magnetic fields, and
sults in the transition betweenE1,0 and E0,0 cannot be well
defined whenvc→0. With increasingu, the space between
the levels of the splittedE1,0 state decreases, and th
electron-phonon coupling is enhanced as shown in Fig. 4~d!.

In the case of a perpendicular magnetic field, one of
defines the cyclotron massm* 5(vc /v* )mb , where v*
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5(E0,12E0,0)/\ is the cyclotron frequency including th
electron-phonon interaction, andvc5eB/mb is the unper-
turbed cyclotron-resonance frequency. The polaron cyclo
mass is enhanced forv* ,vLO due to the electron-phono
coupling. By analogy with the perpendicular magnetic-fie
case, the authors of Refs. 23 and 24 defined the pola
cyclotron mass bym* /mb5\v2 /(E0,12E0,0) in the case of
a tilted magnetic field. They calculated the lowest few p
laron energy levels below the LO-phonon continuum a

FIG. 3. The polaron transition energiesE0,12E0,0 ~thick solid
curves! andE1,02E0,0 ~thick dashed curves! as a function of mag-
netic field in a V50.7vLO parabolic well for ~a! u50, ~b! u
515°, ~c! u545°, and~d! u575°. The thin solid and thin dashe
curves indicate the energy differencesE0,1

0 2E0,0
0 and E1,0

0 2E0,0
0 ,

respectively. The horizontal thin dotted line indicates the L
phonon energy.
n

on

-
d

from which they obtained the polaron cyclotron mass. T
present calculation is a generalization of the previous w
and is valid for anyV andvc . WhenV→0 andV→`, the
3D and ideal 2D results can be recovered, respectiv
While vc→0, the result is also recovered in the absence o
magnetic field. As far as we know, the present paper pres
the first study of the polaron effects of the higher subba
above the LO-phonon continuum in a Q2D system.

In conclusion, we have investigated the polaron effects
electrons coupled to the LO-phonon modes in parab
quantum wells in the presence of a tilted magnetic field. T
polaron energy levels are calculated within second-order
turbation theory in a multi-subband system. The influence

-

FIG. 4. The same as Fig. 3 but now for a parabolic well w
V51.4vLO .
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the direction of the magnetic field on the polaron effects w
also studied. The magnetopolaron resonances occur a
energiesEm,n

res 5E0,01m\v11n\v21\vLO where a split-
ting of the polaron energy levels is found. Our calculati
resulted in a very rich spectrum of polaron levels. When
unperturbed levels are higher than the energyE0,01\vLO , it
splits into an infinitive number of branches forvc→0 but
which carry negligible oscillator strength. It is expected th
.

e

v

.

-

-
.

,

s
the

e

t

our results are also helpful to understand the magnetopol
effects in other multisubband Q2D systems.
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