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Second-order Jahn-Teller effect on carbon 4N12 member ring clusters

Mineo Saito
NEC Informatec Systems, Ltd., 34, Miyukigaoka, Tsukuba 305-8501, Japan

Yasuharu Okamoto
Fundamental Research Laboratories, NEC Corporation, 34, Miyukigaoka, Tsukuba 305-8501, Japan

~Received 9 February 1999!

Occurrence of bond-length alternation of monocyclic carbon 4N12 member rings is examined based on the
hybrid density-functional calculations. In the case thatN<4, the bond-length nonalternant cumulenic structure
@D (2N11)h# is found to be the most stable and this structure becomes unstable whenN>5. Then the bond-
length alternant structure@C(2N11)h# becomes the most stable among the ring-shape clusters. We observe that
the bond-length alternation mode of the stable cumulenic structures is considerably lowered as the size be-
comes large. This softening is analogous to the Kohn anomaly in crystal systems and is the origin of the
Peierls-like~bond-length alternation! distortion of large clusters. These features are discussed in terms of the
second-order Jahn-Teller effect.@S0163-1829~99!08035-2#
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Occurrence of bond alternation of a variety of carb
bond networks is a fundamental issue in chemistry and
also important in solid-state physics. Cyclobutadien (C4H4)
of a 4N member ring withsp2 bonds is a bond-alternan
hydrocarbon in contrast witharomaticbenzene (C6H6) of a
4N12 system without the bond alternation. Meanwhi
polyacetylene, which is an infinite periodic system, is
bond-alternant material because of the Peierls distorti1

Therefore, Peierls-like distortion of bond alternation occ
in 4N12 member ring annulenes (C4N12H4N12) whenN is
large.2,3 A similar situation is expected forsp bond systems.
The infinite polyyne chain is a bond-alternant system wh
monocyclic carbon 4N(4N12) member rings of smallN
have bond~non!alternating geometries.4,5 Understanding of
these pure carbon ring clusters is important toward clarifi
tion of formation mechanism of fullerenes6,7 and then a va-
riety of first-principles calculations have been applie8

Moreover, examination of bond-length alternation of 4N
12 member rings is significant to understand how electro
structures of finite systems approach those of infinite p
odic systems. Recent local-density-approximation~LDA !
calculations4 on the 4N12 member rings indicated that th
bond-length alternation is prevented up toN510, while the
Hartree-Fock~HF! calculation5 suggested that the bond
length alternation occurs whenN>3. A hybrid density-
functional theory~DFT! calculation5 concluded that the bond
alternation is prevented up toN54.

To carefully examine the occurrence of the bond-len
alternation of carbon 4N12 member rings, in this paper w
adopted the hybrid DFT that suitably includes the elect
many-body effects compared with the HF method and
conventional DFT@LDA and generalized gradient approx
mation ~GGA!#: The hybrid DFT gives results comparab
with those of accurate electron-correlation calculations.5,9 It
was concluded that whenN<4, the bond-angle alternant cu
mulenic structure without the bond-length alternation is
most stable, while the bond-length alternation occurs w
N>5. The occurrence of this bond-length alternation w
argued in terms of the second-order Jahn-Teller ef
~SOJTE!.2,10
PRB 600163-1829/99/60~12!/8939~4!/$15.00
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We employed the hybrid DFT method, following Becke
recipe of three parameters~B3LYP!:11 The exchange energ
is a mixture of those of the HF and DFT~LDA and the GGA
of Beck’s type12! and the correlation energy consists of tho
of the LDA ~Ref. 13! and of the GGA of the
Lee-Yang-Parr14 type. We used the basis set of Dunning
correlation-consistent polarized valence double zeta~cc-
pVDZ! type15 that well reproduces vibrational frequencies5

otherwise stated. In order to reduce the computational ti
in some cases we employed the standard double-zeta p
ization ~SDZP! basis set conventionally labeled by
231G(d8).16 The sixd orbitals (xx, yy, zz, xy, yz, andzx)
in the SDZP basis set are legitimately reduced to five orbi
in the cc-pVDZ calculation. All the calculations were pe
formed using theGAUSSIAN 94 program.17

We started with geometry optimization with restriction
the high-symmetryD (4N12)h without alternation of bond
length and bond angle and then calculated vibrational
quencies of the optimized geometries to examine the stab
(3<N<6). It was found that the bond-angle alternatin
mode ofB2u ~Fig. 1! was found to have animaginary fre-
quency, indicating that the high-symmetry geometries
unstable. In contrast, the bond-stretching mode ofB1u that
corresponds to the bond-length alternation~Fig. 1! has the
real frequency up toN54. The frequency is, however, foun
to decrease asN becomes large and to be imaginary wh
N>5, suggesting that the bond-length alternation occurs
large rings.

Understanding of the imaginary frequencies of the abo
two modes is important to clarify how the high symmet
(D (4N12)h) of the unstable geometry is lowered in the stab
geometry. The softening of the modes is here qualitativ
discussed based on the SOJTE. The second derivative o
total energy over a normal mode (Qi) is estimated as

ki5^F0u]2H/]2Qi uF0&

22SnÞ0z^Fnu]H/]Qi uF0& z2/~En2E0!, ~1!
8939 ©1999 The American Physical Society
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where Fn (H) are the total electronic wave function
~Hamiltonian! and n50 (nÞ0) corresponds to the groun
~excited! state.En is the corresponding total energy. Th
basis set of$Fn% is assumed to be complete in the abo
expression. While the first term is positive, the second te
is negative and thus induces softening of the normal mo
Since low-lying excited states give dominant effects on
second term because of the energy denominator in Eq.~1!,2

we focus on excited states of single-electron excitation fr
an occupied level (l ) having a high energy to an unoccupie
level (m) having a low energy. Using the single-partic
wave functions (f) within the mean-field theory, we write
the numerator of the second term asu*drr l ,m]V/]Qi u2,
whereV is the electron-nuclear attractive potential andr l ,m

is the transition density defined asr l ,m5f l* fm . In the
above expression, we neglect the correction of the inco
pleteness of the present basis set of the localized orbi
Analysis of the transition density gives information as
which modes are softened. The above-mentioned effec
softening due to low-lying excited states is called t
SOJTE.2

In the present system, the electron configuration
. . . @p(ENb)#4@s(ENa)#4@s* (E(N11)b)#0@p* (E(N11)a)#0 . . . ,

FIG. 1. Transition densities ofB2u ~a! and B1u ~b! for the C18

ring with theD18h symmetry. The solid~dashed! contour lines rep-
resent positive~negative! values and the absolute values are 0.
322ne/(Å 3), wheren50 –3 in~a! andn51 –3 in~b!. The arrows
indicate the corresponding normal mode of bond-angle~a! and
bond-length~b! alternations~see text!. The calculations are per
formed by use of the SDZP.
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wherea denotesu(g) for the odd~even! numbers ofN and
b is vice versa. Thes (s* ) mainly consist ofp in the radial
direction and have energies close to those ofp (p* ) includ-
ing p perpendicular to the ring plane. We then consider
electron excitations froms to s* , and fromp to p* . Both
give the irreducible representations ofB1u , B2u, andE1u of
the transition densities. This is the reason why the bo
angle alternation (B2u) and bond-length alternation (B1u)
modes are softened. In Fig. 1, we plotted the transition d
sities ofs-s* excitation for example. The transition densi
of B2u is large around each atomic position and the pha
are opposite between the neighboring atomic sites. Th
fore, this transition density corresponds to the softening
the bond-angle alternation mode@the second term in Eq.~1!
is large for this mode#. In contrast, the transition density o
B1u is large around the bond centers and the signs of
neighboring bond-center sites are opposite to each ot
This density thus induces softening of the bond-length al
nation mode. As the cluster size becomes large, the elec
excitation energies decrease and thus the second term in
~1! becomes significant because of the energy denomina
As a result, the two modes are softened asN increases: The
calculated frequencies of theB1u mode are 755 cm21 and
237i cm21 for N54 and 5, respectively, and the corr
sponding values of theB2u mode are 988i cm21 and
1278i cm21, respectively. We confirmed that all theE1u
modes, which are expected to be softened by the SOJT
mentioned above, have real frequencies and thus the ge
etries are stable against theE1u distortion. Thes-p* and
p-s* excitations also have low energies and are likely
induce softening of some out-of-plane modes belonging
B1g , B2g , andE1g . It was, however, found that these ou
of-plane modes have real frequencies. We thus focus on
distortion of bond-angle and bond-length alternations here
ter.

We then optimized the geometry allowing the bond-an
alternating distortion: The symmetry is accordingly lower
from D (4N12)h to D (2N11)h . In order to discuss the stability
of the optimized geometry, we calculated vibrational fr
quencies and classified the modes as follows. Since the
clic group C(2N11) is a subgroup ofD (2N11)h , the normal
mode of the bond-stretching mode has the form

Qj5 (
m50

2N

exp@2pm j/~2N11!#~C2N11!m~cq12c8q2!,

~2!

where q1 and q2 are the coordinates in the circumferen
directions of the neighboring atoms labeled by 1 and 2 anc
andc8 are the corresponding coefficients.C2N11 is the rota-
tional operator of the angle of 2p/(2N11). j ranges from
2N to N and the zero~nonzero! value ofj corresponds to the
A28 (Eu j u8 ) representation. In the infinite limit,j /(2N11)
corresponds to the pseudomomentum in crystal system
simple spring model then leads to the conclusion that
frequency of theoptical-phonon-type bond-stretching mode
~the phases of the first and second atoms are opposite to
other! increases asu j u becomes small and the point ofj 50
corresponding toG in the crystal Brillouin zone has the
maximum value. Yet our hybrid DFT calculation indicate
that the j 50 mode, which has the bond-length alternati
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character, is anomalously softened~Fig. 2!. As was found in
the case of the high-symmetry geometry ofD (4N12)h , the
softening inD (2N11)h is enhanced asN becomes large and
the frequency becomes imaginary whenN>5. We thus con-
cluded that the cumulenicD (2N11)h structure is stable when
N<4 and that the geometry is unstable forN>5 due to the
bond-length alternation~we confirmed that there is no imag
nary frequency up toN54). The softening of the bond
length alternation mode in theD (2N11)h symmetry is ex-
plained based on the SOJTE as was done in the h
symmetry (D (4N12)h) case. In the low-symmetry case, th
transition densities for thes-s* and p-p* excitations in-
clude those of theA28 representation. We confirmed that the
densities resemble those ofB1u in the case ofD (4N12)h ~Fig.
1! and thus correspond to softening of the bond-length al
nation mode ofA28 ( j 50). Finally a photoelectron spectros
copy implied18 that the neutral C18 has a cumulenic structur
consistent with the present theoretical conclusion.

As was discussed above, the cumulenic structure is
stable whenN>5. We then confirmed that theC(2N11)h ge-
ometry with both bond-angle and bond-length alternation
stable forN55 and 6: It was found that the bond-leng
alternant mode (j 50), which is totally symmetric (A8) in
this low symmetry, has a real frequency~Fig. 3!. Further
using the SDZP basis set, we confirmed that theC(2N11)h
geometry is stable forN55, 6, and 7. The SDZP calculatio
in the case ofN56 somewhat overestimates the frequen
of the j 50 bond-stretching mode compared with the c
pVDZ calculation~Fig. 3!.19 Yet the results forN56 and 7
~Fig. 3! suggest that the frequency of the mode increase
the size becomes large in contrast with the decrease o
frequency in the cumulenicD (2N11)h geometries~Fig. 2!.
Therefore, the increase of the frequency of this mode is
sign of the bond-length alternation. It should be emphasi
that the Raman spectroscopy gives important information
this mode: The totally symmetric (A1) mode inC(2N11)h is
detectable by Raman spectroscopy, while the correspon
mode (A28) in the cumulenic structure (D (2N11)h), which is

FIG. 2. The vibrational frequencies of the bond-stretching mo
for the cumulenic structure. The circles, rectangles, triangles,
diamonds indicate thatN52, 3, 4, and 5, respectively. The calcu
lated frequencies forN52, 3, and 4 are the same as those in R
5.
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not totally symmetric, is Raman inactive. It is noted that t
totally symmetric modes are also expected to be detecte
means of photoelectron spectroscopy.18

We summarized the optimized geometries of sta
atomic structures based on the cc-pVDZ and SDZP basis
~Fig. 4!. In the bond-length alternating systems (N>5), the
difference in the two bond lengths becomes large as the
increases. In contrast, the degree of the bond-angle alte
tion decreases as the size becomes large (3<N<7). This
decrease is expected to be due to the fact that thesp hybrid-
ization s frame becomes rigid as the bond angle is close
180° since thesp hybridization favors that angle. Indeed, th
infinite chain ~polyyne! is considered to form a linea
shape.20 It is thus likely that the bond-angle alternation

e
d

.

FIG. 3. The vibrational frequencies of the bond-stretching mo
of the C(2N11)h symmetry. The solid line indicates the cc-pVD
calculation on C26. The dotted~dashed! line means the SDZP cal
culation on C26 (C30!.

FIG. 4. Bond lengths and bond angles in the optimized str
tures with theD (2N11)h symmetry forN53 and 4, and with the
C(2N11)h symmetry forN55, 6, and 7. The solid~dotted! lines
indicate the cc-pVDZ~SDZP! calculation.
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prevented in very large rings, while the bond-length alter
tion is preserved. Based on the SDZP calculations, we c
pare here the 4N12 member rings with the linear chain
whose ends are terminated by hydrogen atoms. The ca
lated lengths of the long and short bonds in the central
of C20H2 are 1.334 Å and 1.240 Å, respectively. The deg
of this bond-length alternation is expected to be larger t
that in the infinite chain since we found that the bond-len
alternation is suppressed as the size of the chain beco
large. The degree is actually slightly larger than that in
C30 ring, in which the difference between the two bon
lengths is expected to be smaller than that in the infin
chain as was discussed above~the two bond lengths calcu
lated based on the same basis set are 1.322 Å and 1.25!.

Previous studies1 reported that the HF~LDA and GGA!
method tends to overestimate~underestimate! the degree of
bond-length alternation in polyacetylene, while the hyb
DFT as well as the Mo” ller-Plesset second-order perturbati
theory well reproduces the experimental degree. We expe
similar situation for the present ring systems. Indeed,
critical number (N) of the occurrence of the bond-leng
alternation is 3 in the case of a HF calculation,5 which is
smaller than the present value of 5 based on the hybrid D
These results are due to the fact that the HF method ove
timates the degree of the bond-length alternation compa
with the hybrid DFT. On the other hand, a LDA calculatio4
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leads to the conclusion that the critical number is very la
~the value is larger than 10!, indicating that the LDA under-
estimates the degree of the alternation.

As Fig. 2 shows, the bond-length alternant mode at
j 50 point is anomalously softened among the bon
stretching modes having a variety ofj. A previous DFT study
suggested that a similar situation appears in the clean
mond ~111! surface:21 The sp2-bond zigzag chains of the
surface are non-bond-length alternant and as a result
bond-length alternant mode at theG point is considerably
softened due to Kohn anomaly. The softening found in
present finite systems is thus analogous to that of this infi
system. It is interesting that the cluster size (N) controls the
degree of softening~Fig. 2! and occurrence of the bond
length alternation.

In summary, we have performed hybrid DFT calculatio
on carbon 4N12 member rings. It has been found that t
cumulenic structure is stable for small clusters (N<4). We
have concluded that the bond-stretching mode ofA28 in the
cumulenicD2N11h geometries is anomalously softened a
that this softening leads to the bond-length alternation
large clusters (N>5).

One of the authors~M.S.! thanks N. Masuda and M. To
monari for guidance in using theGAUSSIAN 94program in the
NEC SX4 supercomputing system.
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