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Spectral properties of a double-quantum-dot structure: A causal Green’s function approach
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Spectral properties of a double quantum dot~QD! structure are studied by a causal Green’s function~GF!
approach. The double QD system is modeled by an Anderson-type Hamiltonian in which both the intra- and
interdot Coulomb interactions are taken into account. The GF’s are derived by an equation-of-motion method
and the real-space renormalization-group technique. The numerical results show that the average occupation
number of electrons in the QD exhibits staircase features and the local density of states depends appreciably on
the electron occupation of the dot.@S0163-1829~99!12535-9#
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I. INTRODUCTION

Semiconductor quantum dots~QD’s! are nanostructure
that allow electronic properties to be tailored through qu
tum confinement. In these systems, the discretenes
charge carried by a single electron and the interplay of qu
tum effects become manifest in striking ways.1 Now, ad-
vances in nanotechnologies have made it feasible to rea
tunneling through a single electronic level within the d
Because the Coulomb interaction of electrons is importan
the QD, several theoretical papers2–6 have suggested that th
tunneling through this single quantum level can be appro
ately described by the Anderson model for a single magn
impurity.

Recently, increasing interest has been generated in do
QD structures.1,7–10 As compared with the single-dot struc
ture, the double QD system exhibits more complex behav
and has, however, been less investigated due to its comp
ity. Very recently, Fujisawaet al.9 experimentally studied the
inelastic transitions in a double QD system, and Blicket al.10

performed photoconductive measurements on the double
and demonstrated the Rabi oscillations in this artificial m
ecule. These studies show that the energy spectrum o
double QD strucure is essential in understanding the exp
mental observations.

In the present article, we investigate the spectral prop
ties of the double QD system by a causal Green’s func
~GF! approach. The double QD structure we study is m
eled as two coupled QD’s, each connected via a tunnel
rier to a lead. As in Refs. 7 and 8, to reveal the effects
electron correlations, we employ an Anderson-type Ham
tonian to model the double QD system, where both the in
and interdot Coulomb interactions are taken into accou
The paper is organized as follows: In Sec. II, the causal G
are studied. We derive the GF’s by an equation-of-mot
method and the real-space renormalization-group~RG! tech-
nique. In Sec. III, we present the numerical results on
electron occupation and the local density of states~LDOS! of
the double QD structure. The electron occupation of the
is calculated in a self-consistent way. Finally, Sec. IV p
vides a brief summary of the paper.
PRB 600163-1829/99/60~12!/8727~7!/$15.00
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II. CAUSAL GREEN’S FUNCTIONS

For the double-QD structure, we consider an Anders
type model in the tight-binding formalism

H5Hd1Ht1H0 , ~1!

with

Hd5(
s

@EAcAs
† cAs1EBcBs

† cBs1TAB~cAs
† cBs1H.c.!#

1UAnA↑nA↓1UBnB↑nB↓1VAB(
ss8

nAsnBs8 , ~2!

Ht5TL(
s

~cAs
† cas1H.c.!1TR(

s
~cBs

† cbs1H.c.!,

~3!

and

H05(
i ,s

@« icis
† cis1t l~cis

† ci 21,s1H.c.!#

1(
j ,s

@« j cj s
† cj s1t r~cj s

† cj 11,s1H.c.!#. ~4!

Here, Hd is the Hamiltonian of an isolated double QD,
which nAs (nBs) is the number operator for electrons wi
spin s in dot A (B). The termUAnA↑nA↓ (UBnB↑nB↓) in
Eq. ~2! characterizes the effect of Coulomb interaction b
tween two electrons of different spins in dotA (B), while the
last term in Eq.~2! characterizes the effect of interdot Co
lomb interaction.7,8 The HamiltonianHt describes the trans
fer of electrons between the left lead and dotA, and between
the right lead and dotB. Typically, UA and UB are much
larger than the transfer integralsuTLu, uTRu, anduTABu in the
double QD structure. Equation~4! gives the Hamiltonian of
the left and right leads, where« i5«a for site i 5a and « i
5« l for sites i 521,22,23, . . . , while « j5«b for site j
5b and « j5« r for sites j 51,2,3, . . . . In thefollowing, we
employ the causal GF’s to obtain the spectral properties
the model Hamiltonian~1!.
8727 ©1999 The American Physical Society
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The retarded GF for Fermi operatorsC andD is defined
as

G~ t !52
i

\
u~ t !^$C~ t !,D%&5^^C~ t !;D&&, ~5!

whereu(t) is the Heaviside function, the curly brackets d
note the anticommutator, and the brakets^•••& indicate the
thermal average. The Fourier transform ofG(t)

G~Z!5E
2`

`

dtG~ t !exp~ iZt/\!5^^CuD&& ~6!

obeys the equation of motion11,12

Z^^CuD&&5^$C,D%&1^^@C,H#uD&&, ~7!

whereZ5E1 ih, with h being a positive infinitesimal num
ber.

From Eq.~7! it follows that

~Z2EA!^^cAsucAs
† &&511TAB^^cBsucAs

† &&1TL^^casucAs
† &&

1UA^^nAs̄cAsucAs
† &&

1VAB~^^nBscAsucAs
† &&

1^^nBs̄cAsucAs
† &&!, ~8!

where ^^nAs̄cAsucAs
† &&, ^^nBscAsucAs

† &&, and
^^nBs̄cAsucAs

† && satisfy

Z^^nAs̄cAsucAs
† &&5^nAs̄&1^^@nAs̄cAs ,H#ucAs

† &&,

Z^^nBscAsucAs
† &&5^nBs&1^^@nBscAs ,H#ucAs

† &&, ~9!

Z^^nBs̄cAsucAs
† &&5^nBs̄&1^^@nBs̄cAs ,H#ucAs

† &&.

Since correlation between electrons at the same site i
dominant importance, we follow Hubbard13 to approximate
GF’s involving more than two sites by GF’s involving no
more than two sites. Here@nAs̄cAs ,H#, @nBscAs ,H#, and
@nBs̄cAs ,H# are approximated by

@nAs̄cAs ,H#5~EA1UA!nAs̄cAs1^nAs̄&~TABcBs1TLcas!

1VAB~nAs̄nBscAs1nAs̄nBs̄cAs!, ~10!

@nBscAs ,H#5@EA1VAB~11^nBs̄& !#nBscAs1^nBs&

3~TABcBs1TLcas!1UAnAs̄nBscAs ,

~11!

@nBs̄cAs ,H#5@EA1VAB~11^nBs&!#nBs̄cAs1^nBs̄&

3~TABcBs1TLcas!1UAnAs̄nBs̄cAs .

~12!

Substitution of Eqs.~10!-~12! into Eq. ~9! gives

~Z2EA2UA!^^nAs̄cAsucAs
† &&

5^nAs̄&~11TAB^^cBsucAs
† &&1TL^^casucAs

† &&!

1VAB~^^nAs̄nBscAsucAs
† &&1^^nAs̄nBs̄cAsucAs

† &&!,

~13!
-

of

@Z2EA2VAB~11^nBs̄& !#^^nBscAsucAs
† &&

5^nBs&~11TAB^^cBsucAs
† &&1TL^^casucAs

† &&!

1UA^^nAs̄nBscAsucAs
† &&, ~14!

@Z2EA2VAB~11^nBs&!#^^nBs̄cAsucAs
† &&

5^nBs̄&~11TAB^^cBsucAs
† &&1TL^^casucAs

† &&!

1UA^^nAs̄nBs̄cAsucAs
† &&. ~15!

The above equations of motion are not closed, since
third-order GF’s ^^nAs̄nBscAsucAs

† && and
^^nAs̄nBs̄cAsucAs

† && are needed to derive the second-ord
GF’s ^^nAs̄cAsucAs

† &&, ^^nBscAsucAs
† &&, and

^^nBs̄cAsucAs
† &&. Writing the equations of motion for the

third-order GF’s and closing them at this stage, we obtain
following relations:

^^nAs̄nBscAsucAs
† &&

5
^nAs̄&^nBs&

Z2EA2UA2VAB~11^nBs̄& !
~11TAB^^cBsucAs

† &&

1TL^^casucAs
† &&!, ~16!

^^nAs̄nBs̄cAsucAs
† &&

5
^nAs̄&^nBs̄&

Z2EA2UA2VAB~11^nBs&!
~11TAB^^cBsucAs

† &&

1TL^^casucAs
† &&!. ~17!

From Eqs.~8! and ~13!-~17!, we finally obtain

^^cAsucAs
† &&5gAs~11TAB^^cBsucAs

† &&1TL^^casucAs
† &&!,

~18!

with

gAs~Z!5gAs
(0)~Z!1

VAB

Z2EA
FgAs

(1)~Z!1gAs
(2)~Z!

1
UA

Z2EA2UA
gAs

(3)~Z!G , ~19!

wheregAs
( i ) (Z), i 50, 1, 2, and 3, are given by

gAs
(0)~Z!5

12^nAs̄&
Z2EA

1
^nAs̄&

Z2EA2UA
. ~20!

gAs
(1)~Z!5

~12^nAs̄& !^nBs&

Z2EA2VAB~11^nBs̄& !

1
^nAs̄&^nBs&

Z2EA2UA2VAB~11^nBs̄& !
, ~21!

gAs
(2)~Z!5

~12^nAs̄& !^nBs̄&
Z2EA2VAB~11^nBs&!

1
^nAs̄&^nBs̄&

Z2EA2UA2VAB~11^nBs&!
, ~22!
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gAs
(3)~Z!5

^nAs̄&^nBs&

Z2EA2UA2VAB~11^nBs̄& !

1
^nAs̄&^nBs̄&

Z2EA2UA2VAB~11^nBs&!
. ~23!

A similar decoupling approximation was also employed
Ref. 2 to derive the retarded GF of a single QD system. T
kind of decoupling approximation is valid for temperatur
higher than the Kondo temperature.14,15 Analogously, one
can derive the following equations:

^^cAsucBs
† &&5gAs~TAB^^cBsucBs

† &&1TL^^casucBs
† &&!,

~24!

^^cBsucBs
† &&5gBs~11TAB^^cAsucBs

† &&1TR^^cbsucBs
† &&!,

~25!

^^cBsucAs
† &&5gBs~TAB^^cAsucAs

† &&1TR^^cbsucAs
† &&!,

~26!

with gBs(Z) given by

gBs~Z!5gBs
(0)~Z!1

VBA

Z2EB
FgBs

(1)~Z!1gBs
(2)~Z!

1
UB

Z2EB2UB
gBs

(3)~Z!G . ~27!

Here, VBA5VAB and gBs
( i ) (Z), i 50, 1, 2, and 3, are ob

tained from Eqs.~20!-~23! by replacingA (B) with B (A).
Also, it follows from Eq.~7! that

~Z2«b!^^cbsucBs
† &&5TR^^cBsucBs

† &&1t r^^c1sucBs
† &&,

~Z2« r !^^cj sucBs
† &&5t r^^cj 21,sucBs

† &&1t r^^cj 11,sucBs
† &&,

j 51,2,3, . . . . ~28!

This set of equations can be solved effeciently by the re
space RG technique.16,17 As odd sites are decimated, on
obtains a new semi-infinite lattice with renormalized para
eters. At thenth stage of decimation, Eq.~28! becomes

~Z2«b
(n)!^^cbsucBs

† &&5TR^^cBsucBs
† &&1t r

(n)^^c2n,sucBs
† &&,

~Z2« r
(n)!^^c2nj ,sucBs

† &&5t r
(n)^^c2n( j 21),sucBs

† &&

1t r
(n)^^c2n( j 11),sucBs

† &&,

j 51,2,3, . . . , ~29!

where the RG equations are

t r
(n)5

~ t r
(n21)!2

Z2« r
(n21)

, « r
(n)5« r

(n21)12t r
(n) ,

«b
(n)5«b

(n21)1t r
(n) , n51,2,3, . . . , ~30!

with t r
(0)5t r , « r

(0)5« r , and«b
(0)5«b . Whenn→`, there is

t r
(n)→0, and then« r

(n)→« r* and«b
(n)→«b* , where« r* and«b*

correspond to the fixed point of the RG equations. In
numerical calculations, tens of iterations are adequate
is

l-

-

e
e-

cause the RG equations converge to the fixed point rap
with increasing iterations. Thus, we have

^^cbsucBs
† &&5

TR

Z2«b*
^^cBsucBs

† &&. ~31!

Similarly, one can derive that

^^cbsucAs
† &&5

TR

Z2«b*
^^cBsucAs

† &&, ~32!

^^casucAs
† &&5

TL

Z2«a*
^^cAsucAs

† &&, ~33!

^^casucBs
† &&5

TL

Z2«a*
^^cAsucBs

† &&, ~34!

where«a* corresponds to the fixed point of the RG equatio
that have the same form as Eq.~30! with substitutions ofa
and l for b and r.

Substituting Eqs.~31!-~34! into Eqs.~18! and ~24!-~26!,
we finally obtain the solutions for the GF’s:

^^cAsucAs
† &&5

GAs
(0)

12GAs
(0)GBs

(0)TAB
2

,

^^cBsucBs
† &&5

GBs
(0)

12GAs
(0)GBs

(0)TAB
2

,

^^cAsucBs
† &&5^^cBsucAs

† &&5
GAs

(0)GBs
(0)TAB

12GAs
(0)GBs

(0)TAB
2

, ~35!

where

GAs
(0)~Z!5

gAs

12gAsTL
2/~Z2«a* !

,

GBs
(0)~Z!5

gBs

12gBsTR
2/~Z2«b* !

, ~36!

in which gAs(Z) and gBs(Z) are given by Eqs.~19! and
~27!.

III. ELECTRON OCCUPATION
AND LOCAL DENSITY OF STATES

The average occupation numbers of electrons in dotA
andB are given by

^nAs&5^cAs
† cAs&5E

2`

`

dE f~E!rAs~E!,

^nBs&5^cBs
† cBs&5E

2`

`

dE f~E!rBs~E!, ~37!

where f (E)5$exp@(E2m)/kBT#11%21 is the Fermi distribu-
tion and the LDOS’s for dotsA andB are determined by the
retarded GF’s:
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rAs~E!52
1

p
Im ^^cAsucAs

† &&,

rBs~E!52
1

p
Im^^cBsucBs

† &&. ~38!

Since the retarded GF’ŝ̂ cAsucAs
† && and ^^cBsucBs

† && de-
pend on^nAs̄& and ^nBs̄& throughgAs(Z) and gBs(Z), the
average occupation numbers^nAs& and^nBs& are thus deter-
mined self-consistently.

In what follows, we present the numerical calculation
As a typical example, we study the symmetric double-Q
structures with parameters:EA5EB , UA5UB , TL5TR , « l
5« r5«a5«b50, and t l5t r5230. Here the nonmagneti
case is considered, i.e.,^nA↑&5^nA↓& and^nB↑&5^nB↓&; for
the symmetric structures, one further has^nA↑&5^nA↓&
5^nB↑&5^nB↓&. Recently, Pohjolaet al.8 studied the Kondo
effect in the double-QD structure. This is not the case
study, since temperatures higher than the Kondo one are
involved.

FIG. 1. ~a! Average occupation numbernA as a function of the
site energyEA ; ~b! and~c! LDOS at dotA for EA5 ~b! 25 and~c!
22.5. Here,VAB50, TAB520.3, kBT50.01, andm50. In this
figure and the following ones, we chooseUA5UB55, TL5TR5
20.1, « l5« r5«a5«b50, andt l5t r5230.
.

e
ere

Figure 1~a! presents the average occupation number
electrons in dotA, nA5^nA↑&1^nA↓&, as a function of the
site energyEA ~the single-particle level of the dotA). The
parameters are chosen to beUA5UB55, VAB50, TAB5
20.3, andTL5TR520.1. The temperature iskBT50.01
and the chemical potential is fixed atm50. It can be seen
that with the site energy decreasing, which is equivalen
the uplift of the chemical potential, the average occupat
number increases in a staircase fashion. Interestingly,
small steps appear aroundEA50 (25). As explained be-
low, these two steps are due to the occurrence of the spe
splittings at single-dot levelsEA andEA1UA . In the present
case, the interdot Coulomb interaction is not conside
(VAB50). If the interdot and dot-lead couplings are furth
removed, the dotsA and B become two isolated QD’s. Fo
the symmetric structure we study, each isolated dot has
els EA5EB and EA1UA5EB1UB . It is expected that the
presence of the interdot coupling will split each of the d
generate levelsEA5EB andEA1UA5EB1UB into two mo-
lecular ones, while the couplings between dots and leads
modify ~renormalize! the molecular states. Because t
chemical potential is kept zero, the decrease of the sin

FIG. 2. ~a! Average occupation numbernA as a function of the
site energyEA ; ~b! and~c! LDOS at dotA for EA5 ~b! 26 and~c!
23. Here,VAB51, TAB50, kBT50.01, andm50. Other param-
eters are the same as in Fig. 1.
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FIG. 3. ~a! and ~b! Average
occupation numbernA as a func-
tion of the site energyEA for
kBT5 ~a! 0.01 and~b! 0.1; ~c! and
~d! LDOS at dotA for EA526,
wherekBT5 ~c! 0.01 and~d! 0.1;
~e! and ~f! LDOS at dotA for EA

50.3, wherekBT5 ~e! 0.01 and
~f! 0.1. Here VAB51, TAB5
20.3, and m50. Other param-
eters are the same as in Fig. 1.
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rate,
particle levelEA (5EB) then leads to the successive fillin
of the renormalized molecular levels and yields a step
variation of the electron occupation. The staircase featur
the average occupation number displayed in Fig. 1~a! is simi-
lar to the results derived by directly diagonalizing the Ham
tonian of the system with a given number of electron7

However, our results show that the heights of the two sm
steps aroundEA50 (25) are different, which indicates tha
the probabilities of electron occupancy on the renormali
molecular states are not the same. In our work, an infi
system is actually treated, since the spectral properties o
double QD are derived from the total Hamiltonian that
cludes the dot-lead couplings. The unequal step heights
scribed above may be due to the renormalization effect
the couplings between dots and leads. In Figs. 1~b! and 1~c!,
we display the LDOS at dotA, rA5rA↑1rA↓ , for EA5
25 and22.5. The LDOS exhibits a four-peak structure
which a gap, determined mainly by the Coulomb interacti
separates the two LDOS peaks at lower energies and the
peaks at higher energies. When the site energyEA increases,
the two LDOS peaks at lower energies increase in b
height and spectral splitting, while the other two peaks
higher energies decreases in both height and spectral s
ting. Since the shift of the site energyEA is associated with
the variation of the average occupation number@see Fig.
1~a!#, the above observations indicate that the LDOS
pends sensitively upon the electron occupation of the do
e
of

-

ll

d
e
he

e-
y

,
wo

h
t
lit-

-
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the noninteracting case, the two peaks at higher energies
appear and the two peaks at lower energies correspond t
single-particle levels of the double QD. The dependence
the LDOS peak heights and positions on the electron oc
pation reveals that the single-particle spectrum is apprecia
affected by the Coulomb interaction. Also, from Fig. 1~c! it
can be seen that atEA522.5, the LDOS is symmetric abou
E50 ~the position of the chemical potential!. This corre-
sponds to the half filling of the QD, since there is^nA↑&
5^nA↓&50.5.

In Fig. 2, we show the average occupation number
electrons in dotA and the LDOS for the case ofTAB50 and
VAB51. Analogous to Fig. 1, the average occupation nu
ber of electrons exhibits staircase features. Also, the LD
has a four-peak structure and depends appreciably on
variation of the site energyEA . If the dot-lead couplings are
further absent, the dotsA andB are then connected only b
the interdot Coulomb interaction. Associated with all po
sible occupancy configurations of the isolated double Q
the electrons in dotA take four kinds of levels,EA , EA

1VAB , EA1UA , andEA1UA1VAB , while the electrons in
dot B take levels,EB , EB1VAB , EB1UB , and EB1UB
1VAB , in which onlyEA andEB are the single-particle lev
els. For the symmetric structure, these levels are degene
i.e., EA5EB , EA1VAB5EB1VAB , EA1UA5EB1UB ,
and EA1UA1VAB5EB1UB1VAB . The four peaks in the
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LDOS @see Figs. 2~b! and 2~c!# correspond to these fou
degenerate levels, but they have been renormalized by
couplings between dots and leads.

Figure 3 displays the average occupation number of e
trons in dotA and the LDOS for the case ofTAB520.3 and
VAB51. In the LDOS’s given in Figs. 2~b! and 2~c!, the
lowest peak corresponds to the single-particle level. As
pected, it will be split into two molecular levels by the pre
ence of the interdot coupling@see, e.g., Fig. 3~c!#. For the
other three peaks, the calculated LDOS demonstrates
spectral splittings as well. The spectral splittings are a
reflected in the average occupation number of electrons@see
Fig. 3~a!#. Comparing Fig. 3~a! with Fig. 2~a!, one sees tha
three new steps appear atEA;0, 21.5, and27. As a matter
of fact, there exists a new step atEA;25, but it is not
resolved at current temperaturekBT50.01. When the tem-
perature becomes lower, this step will be resolved. Fig
3~b! provides the corresponding average occupation num
of electrons at temperaturekBT50.1. Apparently, with the
temperature increasing, the electron occupation curve
smoothed and the new small steps seen in Fig. 3~a! are not
resolved. In a recent work, Ramirezet al.7 calculated the
average occupation number of electrons for a sim
double-QD system. Their results do not display the sm
steps associated with the interdot coupling@see Fig. 2~b! in
Ref. 7#. Actually, this is what one expects, since the tempe
ture used by them,kBT/UA50.04, is even higher than th
temperature for calculating Fig. 3~b!, kBT/UA50.02. For
comparison, we also give in Figs. 3~d! and 3~f! the LDOS’s
corresponding to the average occupation number of elect
in Fig. 3~b!. The LDOS’s have appreciable changes as
temperature varies, but the main features are preserved
nally, we present in Fig. 4 the average occupation numbe
electrons and the LDOS for the case with both stro
interdot coupling and strong-interdot Coulomb interaction.
this case, the spectral splittings are more clearly dem
strated. It is clear that all the small steps are well resol
@see Fig. 4~a!# and the LDOS peaks are largely separated@see
Figs. 4~b! and 4~c!#. In addition, one can conclude that th
LDOS depends appreciably on the electron occupation of
QD, since the LDOS exhibits apparent changes for differ
site energies of the dot.

IV. SUMMARY

In summary, we have studied the spectral properties
double-QD structure by a causal GF approach. To revea
effects of electron correlations, we employ an Anderson-t
Hamiltonian to model the double QD system in which bo
the intra and interdot Coulomb interactions, the interdot t
neling, and the dot-lead couplings are taken into acco
The GF’s are derived by an equation-of-motion method a
the
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the real-space RG technique. Numerical calculations sh
that the average occupation number of electrons in the
exhibits staircase features and the LDOS has an apprec
dependence on the electron occupation of the dot. Our
proach can be extended to artificial molecules with m
than two coupled QD’s. Though it is more complicated, t
generalization is straightforward.
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eters are the same as in Fig. 1.
i
tt.

v.

ct.
*Electronic address: jqyou@red.semi.ac.cn
1For a review, see U. Meirav and E. B. Foxman, Semicond. Sc

Technol.10, 255 ~1995!.
2Y. Meir, N. S. Wingreen, and P. A. Lee, Phys. Rev. Lett.66,

3048 ~1991!.
3A. Groshev, T. Ivanov, and V. Valtchinov, Phys. Rev. Lett.66,

1082 ~1991!.
.

4S. Hershfield, J. H. Davies, and J. W. Wilkins, Phys. Rev. Le
67, 3720~1991!.

5Y. Meir, N. S. Wingreen, and P. A. Lee, Phys. Rev. Lett.70,
2601 ~1993!.

6A. Levy Yeyati, A. Martin-Rodero, and F. Flores, Phys. Re
Lett. 71, 2991~1993!.

7F. Ramirez, E. Cota, and S. E. Ulloa, Superlattices Microstru



r,

er

rl,

a-

tt.

PRB 60 8733SPECTRAL PROPERTIES OF A DOUBLE-QUANTUM-DOT . . .
20, 523 ~1996!.
8T. Pohjola, J. Ko¨nig, M. M. Salomaa, J. Schmid, H. Schoelle

and G. Scho¨n, Europhys. Lett.40, 189 ~1997!.
9T. Fujisawa, T. H. Oosterkamp, W. G. van der Wiel, B. W. Bro

R. Aguado, S. Tarucha, and L. P. Kouwenhoven, Science282,
932 ~1998!.

10R. H. Blick, D. W. van der Weide, R. J. Haug, and K. Ebe
Phys. Rev. Lett.81, 689 ~1998!.

11D. N. Zubarev, Usp. Fiz. Nauk71, 71 ~1960! @Sov. Phys. Usp.3,
320 ~1960!#.
,

12S. W. Lovesey,Condensed Matter Physics: Dynamic Correl
tions ~Benjamin/Cummings, Reading, 1980!, p. 124.

13J. Hubbard, Proc. R. Soc. London, Ser. A276, 238 ~1963!.
14C. Lacroix, J. Phys. F11, 2389~1981!.
15K. Kang and B. I. Min, Phys. Rev. B52, 10 689~1995!.
16Q. Niu and F. Nori, Phys. Rev. Lett.57, 2057~1986!; Phys. Rev.

B 42, 10 329~1990!.
17J. Q. You, J. R. Yan, J. X. Zhong, and X. H. Yan, Europhys. Le

17, 231 ~1992!.


