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Model for optical absorption in porous silicon

Shouvik Datta* and K. L. Narasimhan
Solid State Electronics Group, Tata Institute of Fundamental Research, Homi Bhabha Road, Colaba, Mumbai 400 005, Ind

~Received 22 February 1999!

In this paper we analyze the optical absorption in porous silicon. This is the first attempt to explicitly
demonstrate that it is not possible to extract the band gap of low-dimensional nanostructures like porous silicon
from a Tauc plot ofAa\v vs \v. So we model the absorption process assuming that porous silicon is a
pseudo-one-dimensional material system having a distribution of band gaps. We show that in order to explain
the absorption we specifically need to invoke the following:~a! k is not conserved in optical transitions,~b! the
oscillator strength of these transitions depends on the size of the nanostructure in which absorption takes place,
and~c! the distribution of band gaps significantly influences the optical absorption. A natural explanation of the
temperature dependence of absorption in porous silicon also follows from our model.
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I. INTRODUCTION

The discovery of efficient photoluminescence1,2 from po-
rous silicon ~PS! has attracted the attention of many r
searchers. The photoluminescence peak occurs at an en
greater than the band gap ofc-silicon and can be tuned
through the visible spectrum by changing the prepara
conditions. Canham,1 proposed that PS is a nanostructur
material and the band gap of these nanostructures is
hanced due to quantum size effects. He argued that
would account for the fact that the luminescence energ
greater than the band gap ofc-silicon. Evidence for the in-
crease in the band gap was first reported by Lehmann—f
optical-absorption measurements.3 Transmission electron mi
croscopy measurements reveal that the diameter of the
lumnar nanostructures that make up PS depends on pre
tion conditions and can be as small as 2–4 nm.2,3 PS can
hence be thought of as an assembly of pseudo-o
dimensional~1D! quantum wires. The progress in this ar
has been the subject of many recent reviews.4–8 In this paper
we confine ourselves to the understanding of the opti
absorption process in PS.

There have been many attempts to obtain the band ga
PS from optical-absorption measurements.9–13 In these mea-
surements the authors assume that the absorption coeffi
~a! of PS satisfies the same relation as in three-dimensi
~3D! bulk c-silicon, viz.,

Aa\v5Ḋ~\v2Eg!. ~1!

The Tauc plot~Aa\v vs \v! is a straight line and the
intercept on the energy axis gives the band gapEg . The use
of this equation for a one-dimensional system like PS suf
from the following criticisms.

~1! In general, the absorption coefficient depends on
joint density of states~JDOS! of the material. Equation~1! is
valid only when the density of statesg(E) varies14 with en-
ergy near the band edges asg(E)5MAE, whereE is mea-
sured from the band edge andM is a constant. If we treat PS
as a 1D material~up to a first approximation assuming par
bolic band structure! it would be more appropriate to writ
PRB 600163-1829/99/60~11!/8246~7!/$15.00
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the density of stateg(E)5N/AE ~N is a constant! than the
common practice of using a 3D density of state. Clearly
JDOS in PS is expected to be different from that of bu
c-silicon. For a 1D system having a single direct band g
Eg , it is easy to show that the JDOS is proportional
N/A(E2Eg). In such a case, a plot ofa(E) vs E should
peak atEg . On the other hand, for an indirect band-g
material~assuming that the momentumk is not conserved in
this pseudo-1D system in an optical transition!, it is easy to
show that the JDOS is a constant and independent of inci
energy~following Ref. 14!. Therefore, in either case,Aa\v
is not linearly related with\v at all. Clearly the use of Eq
~1! to extract the band gap is not justified for PS.

~2! The nanostructures that make up PS have
distribution2,3,8 of diameters~d!. If the band gap is related to
quantum size effects, then it is clear that the energy ups
DE ~which can be written asDE5C/dX! is different for
each of the nanostructures that make up PS.~The value of
X in the simplest approximation is 2; further details of th
are discussed in Sec. III!. In PS, we are actually dealing wit
a heterogeneous system with a distribution of band ga
Hence it may not be meaningful to visualize PS as havin
single band gap and that this can be extracted from Eq.~1!.

At this junction, we would also like to point out that th
above objections against the common practice of using15 Eq.
~1! to get the band gap are equally valid in case of ot
low-dimensional systems like quantum dots, etc.

In an attempt to address these questions we have inv
gated the optical absorption in PS specifically using the
density of states. In this paper we clarify the absorption p
cess in PS assuming that it has a distribution of band g
Section II contains the experimental results which will
used for comparing our simulations. Here we report a n
destructive way of measuring the porosity of PS thin film
using transmission measurements and effective-med
theory. Section III outlines the model used for calculati
optical absorption and Sec. IV gives the results of our sim
lations. On the basis of the simulations we will further co
solidate our viewpoint that the Tauc plot cannot be used
determine the band gap of low-dimensional systems.
8246 ©1999 The American Physical Society
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PRB 60 8247MODEL FOR OPTICAL ABSORPTION IN POROUS SILICON
also show that we can easily explain the temperature de
dence of the absorption in PS using our model. Finally
summarize our conclusions in Sec. V.

II. EXPERIMENTAL RESULTS

We have done some experiments to facilitate the comp
son of our simulations with real experimental data. PS
made by electrochemical etching ofp-typec-Si in a 1:1 HF:
ethanol solution at a current density between 10–
mA/cm2. Free-standing samples are lifted off the substrate
increasing the current density to.200 mA/cm2. The samples
are then washed in water to get rid of HF, rinsed
n-pentane, and finally air dried on a glass substrate for tra
mission measurements.

Transmission measurements are carried out using a
240 Digikrom monochromator with a tungsten lamp as
source, silicon detector, and SR 530 lock-in amplifier. F
some samples we also use a Cary 1756 spectrometer
have checked that internal multiple scattering does not do
nate the absorption in our samples. This is done by mak
two PS samples of two different thicknesses~5 and 10mm,
respectively! and ensuring that the transmission curves
the same for both samples at low absorption.11

The absorption coefficienta~l! as a function of wave-
lengthl is obtained from the normalized transmittanceT(l)
using14

T~l!5
~12R!2 exp@2a~l!~12P!t#

12R2 exp@22a~l!~12P!t#
. ~2!

The reflectivity~R! is obtained in the lowa region using
the relationR5(12T)/(11T). P is the porosity of the layer
and t is its thickness.

FIG. 1. Porosity calculated@using Eq.~7!# from the transmission
curves is plotted against the corresponding gravimetrically de
mined values of porosity. The points fall nearly on a straight line
slope one.~a! Data from Ref. 9 and~b! data from Ref. 16.
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The porosity of PS is usually determined by gravimet
measurements which destroy the sample. We now show
the optical transmission experiment allows us to meas
porosity in a nondestructive fashion.

The normalized transmittance@in Eq. ~2!# for a50 re-
duces to

TL5
~12R!

~11R!
or R5

12TL

11TL
. ~3!

If n is the real part of the refractive index, then we c
also write for the reflectivity~for a50! as

R5
~n21!2

~n11!2 . ~4!

It follows from Eq. ~4! that the refractive index (nPS) of
PS is

nPS5
11AR

12AR
. ~5!

We model PS as consisting of two media—air@having a
refractive index (nair51)# and crystalline silicon (nSi
53.44). It was shown earlier13 that in the framework of the
effective-medium approximation one can write

~ePS21!/~3ePS!5~12P!@~eSi21!/~2ePS1eSi!#, ~6!

where P is the porosity and the dielectric constante5n2

Therefore,

P512@~2ePS1eSi!~ePS21!/~eSi21!~3ePS!#. ~7!

The porosity can now be obtained using Eqs.~4! to ~7!.
To check the validity of Eq.~7!, we calculate the porosity

@using Eq.~7!# and compare it with the corresponding valu
of P obtained gravimetrically. Figure 1 is a plot of the p

r-
f

FIG. 2. Temperature dependence of the absorption spectru
p-type porous silicon. ~a! 300 K and~b! 100 K.
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8248 PRB 60SHOUVIK DATTA AND K. L. NARASIMHAN
rosity determined from the transmission curves and the
responding experimentally determined porosity by gravim
ric measurements as reported in the literature.9,16 We see
from Fig. 1 that the points nearly fit a straight line with slo
one. We hence conclude that optical transmission meas
ments can reliably be used to obtain the porosity of por
silicon in a nondestructive fashion.

Figure 2 is a plot ofa(E) vs E at 300 and 100 K. The
absorption at low temperature is reduced with respect to
at room temperature. We see that the two curves exhib
rigid shift in agreement with other results.10 An explanation
of this phenomena on the basis of our simulated result
given in Sec. IV.

We now attempt to understand the optical-absorption p
cess in PS with the help of some model calculations
simulations, assuming that these 1D materials have a di
bution of band gaps.

III. A MODEL FOR ABSORPTION IN PS
HAVING A DISTRIBUTION OF BAND GAPS

We model the nanostructures that make up PS to be
parallelopipeds of square cross sections of sided and con-
stant lengthL. Sinced is typically 20–40 Å, the band gap o
the material is enhanced due to quantum size effects.
assume that the effective band gap~lowest energy gap! for a
particular parallelopiped is the minimum separation betw
the conduction-band and the valence-band states for qua
numbersnx51 andny51. We also assume that the absor
tion takes place in the bulk.

The absorption coefficienta(E) for a particular value of
incident energyE can be written as

a~E!5E
EG,E

rJ~E2EG!F~EG!P~EG!dEG , ~8!

where the integration is done over all the band gaps (EG) of
the system below the incident energyE. In Eq. ~8!, rJ is the
joint density of states,F(EG) the oscillator strength for the
optical transition, andP(EG) the distribution of band gap
EG in the material. We now discuss Eq.~8! in some detail.

We have already pointed out in Sec. I, ifg(E)5N/AE
then the JDOS (rJ) is proportional to (E2EG)2W. The
value ofW depends on whether PS is a direct or an indir
band-gap material. For direct band-gap materialW50.5 and
for indirect band gap materialW50.

F(EG) is the oscillator strength governing the absorptio
For indirect band-gap material, the oscillator strength17 can
be enhanced for smalld. This happens because the overl
between the electron and hole wave functions ink space
increases as a result of quantum confinement and contrib
to an increase in the oscillator strength at smalld ~largeEG!
and can be written18,19 as F5 f /dg, whereg55 to 6. This
manifests itself as the dominant no-phonon line which
been seen recently in the luminescence spectra of PS.20

The third term in Eq.~8!, viz., P(EG), is the distribution
of band gaps in PS. The band-gap distribution is obtained
assuming a distribution of sizes ford and a relation govern
ing the upshift in energyDE with the sized ~due to quantum
confinement!.
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In our model we have considered two possible distrib
tion of sizes. One is Gaussian and the other is lognorm21

distribution given byPG(d) andPL(d), respectively,

PG~d!5
1

~A2Ps!
expS 2

~d2d0!2

2s2 D , ~9!

whered0 is the mean size and thes the standard deviation

PL~d!5
1

sLdA2P
expS 2

@ ln~d!2m0#2

2sL
2 D , ~10!

where m05 ln(d0), and sL5 ln(s), d0 being the mean size
ands the standard deviation.

Electron microscopy measurements2,3,22 suggest that for
pPS, d0 is around 30 Å ands'4 Å. Figure 3 shows the
distribution of sizes for lognormal and Gaussian distributio
for d0530 Å ands54 Å.

The energy up shift for the confinementDE can be writ-
ten as

DE5EG2Eg5C/dX, ~11!

whereEg is the crystalline Si fundamental indirect band g
'1.17 eV andEG is the increased band gap due to quant
confinement.

The value ofX is 2 in the usual effective-mass approx
mation. However, for nanocrystals, the effective mass its
becomes size dependent and the exponentX has been re-
ported to vary from 1.2–1.8 and becomes 2 at large size.17,23

For the purpose of our simulation we consider two cases:~a!
X52, C5486 eV/Å2 (EG051.71 eV ford530 Å! ~Refs. 22
and 24! and ~b! X51.4, C5126 eV/Å1.4(EG052.25 eV for
d530 Å! ~Ref. 23!.

FIG. 3. Size distribution of the column widths~a! for a Gaussian
and~b! for a lognormal distribution of widths, havingd0530 Å and
s54 Å.
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The interaction volume of the column structures with
cident light isV(d)5Ld2. The resulting distributionR(d)
5P(d)3V(d) is properly normalized to have equal numb

FIG. 4. Band-gap distribution for corresponding size distrib
tion given in~a! and~b! are for Gaussian distribution forX52 and
1.4, respectively. ~c! and~d! are for the lognormal distribution fo
X52 and 1.4, respectively.
ro

tio
th
of dipole oscillators in each case. We now make a chang
variable fromd to EG ~usingEG5Eg1C/dX! to get the cor-
responding distributionP(EG) of the band gaps.

For a Gaussian distribution of sizes@Eq. ~9!#—the distri-
bution of band gaps is

PG~EG!5P0~EG2Eg!~2X23!/X

3expH 2AF S EG02Eg

EG2Eg D 1/X

21G2J , ~12!

whereP0 is a normalization constant,A50.5(d0 /s)2, and
Eb is the maximum value ofEG .

Following a similar procedure for the lognormal distrib
tion @Eq. ~10!# we have

PL~EG!5R0~EG2Eg!~2X22!/X)sL
21

3expF2BS ln~C/EG2Eg!1/X

ln~C/EG02Eg!1/X21D 2G , ~13!

whereR0 is the normalization constant,B50.5(m0 /sL)2.
Figure 4 shows the distribution of band gapsP(EG) when

the energy upshift is given forX51.4 and 2. For the lognor
mal case, we see thatP(EG) peaks close to the band gap
c-si. Equations~8!, ~12!, and~13! are used to calculatea(E)
for each incident energyE5\v.

a(E) for a Gaussian distribution of sizes is given by

-

aG~E!5a0E
0

Eb
~E2EG!2W~EG2Eg!~g2X23!/X expH 2AF S EG02Eg

EG2Eg D 1/X

21G2J dEG , ~14!

wherea0 is a normalization constant.
For a lognormal distribution of sizesa(E) is

aL~E!5b0E
0

Eb
~E2EG!2W~EG2Eg!@~g2X22!/X#sL

21 expF2BS ln~C/EG2Eg!1/X

ln~C/EG02Eg!1/X21D 2GdEG , ~15!
nts
I.

-
ze
where b0 is a normalization constant. Equations~14! and
~15! are used to simulate various possible absorption p
cesses.

IV. RESULTS OF THE SIMULATION

In this section we present the results for the absorp
coefficient as a function of energy for different cases on
-

n
e

basis of the above model. The values of various expone
for different physical situations are summarized in Table

A. Direct band gap

Figure 5 showsa~\v! vs \v for a direct band gap mate
rial wherek is conserved in the optical transition and no si
dependence of the oscillator strengths (g50) is considered
orous
TABLE I. We have considered these physical situations in the model for the optical absorption in p
silicon for direct transitionsW50.5 and indirect transitionsW50. The value ofg is taken as 6.0 for
size-dependent oscillator strengths and zero for the size-independent case.

Gaussian distribution ind Lognormal distribution ind

Case Value ofX Nature of transition Case Value ofX Nature of transition
1 2.0 Direct 5 2.0 Direct
2 2.0 Indirect 6 2.0 Indirect
3 1.4 Direct 7 1.4 Direct
4 1.4 Indirect 8 1.4 Indirect
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8250 PRB 60SHOUVIK DATTA AND K. L. NARASIMHAN
~cases 1 and 3 and cases 5 and 7 in Table I!. To facilitate
comparison between various cases, we have normalized
absorption to its peak value in each case. We see from
figure that the absorption tends to fall off at high energy~in
sharp contrast with the experimental data!. These results of
the simulation can be easily understood as follows.

For a 1D system, the JDOS has a singularity atE5EG
and falls off forE.EG . The dominant contribution@to each
a(E)# is hence only from a particular set of nanostructu
with band gapEG , whereE5EG and all otherEG’s have
almost no contribution. So the simulateda(E) vs E plot
mimics P(EG). We hence conclude from the simulation a
the experimental data that PS is not a direct band-gap m
rial and we will not consider this case further.

B. Indirect band gap

We now consider the case when momentum~k! is not
conserved for the optical transition. Here we discuss t
cases—size-independent oscillator strengths (g50) and
size-dependent oscillator strengths~assumingg56!.

We first consider the situation where the oscilla
strength has no size dependence. Figure 6@curves~a! and
~c!# is a plot of the calculateda vs \v for a Gaussian distri-
bution of sizes~cases 2 and 4 of Table I!. Figure 7@curves
~a! and~c!# is a plot of the calculateda vs \v for a lognor-
mal distribution of sizes~cases 6 and 8 of Table I!. Also
shown in the figures is a plot of the experimental curve fo
p-type PS.~The dip in a near 2.2 eV in the experimenta
curve is an artifact related to a filter change.! To facilitate
comparison, the calculateda is scaled to match the exper
mental curve near 3 eV. We see from the plots 6~a! and 6~c!
that a initially increases with energy and then saturates—
variance with the experimental results. We understand
result qualitatively as follows. In Sec. I, we have alrea
mentioned that the JDOS is a constant independent of en
for \v.EG and zero for\v,EG . Hence for\v.EG , a
given nanostructure contributes equally at all energies toa.

FIG. 5. Simulateda(E) vs E plot for direct transitions (g
50). Plots~a! and~b! are for cases~1! and~3! in Table I. Plots~c!
and ~d! are for cases~5! and ~7! in Table I.
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However,P(EG) falls off as EG increases. Nanostructure
having a band gap (EG) above a certain cutoff in energy~in
the high-energy tail of the distribution! do not contribute
significantly toa~\v! @as P(EG) is very small#. This gives
rise to the saturation ofa(E) in Figs. 6~a! and 6~c!. This
saturation is more obvious in Figs. 7~a! and 7~c! because
P(EG) falls off very rapidly for a lognormal distribution o
sizes. These results also do not agree with the experime
data.

The situation is not remedied even if we include high
excited states (nx52, ny51, etc.! in the energy range con
sidered in our calculation. Based on the above discussion

FIG. 7. Simulateda(E) vs E plot for indirect transitions. ~a!
and ~b! correspond to case~6! in Table I for g50 and 6, respec-
tively. ~c! and~d! correspond to case~8! in Table I for g50 and
6, respectively.~e! Measureda(E) vs E plot for p-type PS.

FIG. 6. Simulateda(E) vs E plot for indirect transitions. ~a!
and ~b! correspond to case~2! in Table I for g50 and 6, respec-
tively. ~c! and~d! correspond to case~4! in Table I for g50 and
6, respectively. ~e! Measureda(E) vs E plot for p-type PS.
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see that fora to increase with\v, it is necessary to increas
the contribution toa from the nanostructures in the high
energy region ofa(E). This is possible if the oscillato
strength is enhanced for the nanostructures with largeEG
~smaller sizes!.

We now consider the case whenF(EG) varies asf /dg.
Figure 6@curves~b! and~d! for cases 2 and 4 in Table I# and
Fig. 7 @curves~b! and~d! for cases 6 and 8 Table I# are plots
of a~\v! vs \v for g56. For the Gaussian distribution tha
we have chosen, we see that the absorption still satur
although the onset of saturation moves to slightly higher
ergy. This is a measure of the contribution of the~high en-
ergy! tail of P(EG) for the Gaussian case to the total abso
tion. For the lognormal distribution, we see from Fig.
@curves~b! and~d!# thata~\v! vs \v now qualitatively looks
like the experimental curve.

From a comparison of Fig. 6 and 7, we find that in ord
to get the absorption coefficient to increase with incid
energy, it is important that the contributions toa from the
low-energy regions ofP(EG) do not dominate the optica
absorption at large\v. This is also satisfied if the distribu
tion of band gapsP(EG) is sufficiently broad. We illustrate
this in Fig. 8 where we plot the calculated value fora for a
Gaussian distribution of band gaps with the mean energ
2.25 eV and a variance of 0.75 eV. Hence we find that
nature of the band-gap distributionP(EG) plays a crucial
role in determining the shape of the absorption spectrum

We conclude that to properly account for the optical a
sorption in PS we need to assume~1! PS is a pseudo-1D
indirect band-gap semiconductor;~2! the oscillator strength
is size dependent and is given by a power lawf /dg; ~3! the
distribution P(EG) also plays an important role. Lognorm
distribution of the nanostructures diameters in porous sili
seems to naturally account for the absorption spectrum.

All these considerations are in general agreement with
results of luminescence experiments on PS. The lo

FIG. 8. ~a! Simulateda(E) vs E plot for broad Gaussian distri
bution of band gaps (E052.25 eV andsE50.75 eV! with indirect
transitions,X51.4 andg56. ~b! Measureda(E) vs E plot for
p-type PS.
tes
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temperature luminescence of PS excited near the peak o
broad luminescence spectrum exhibits steps which have b
associated with the characteristic TO mode ofc-silicon.25

More recently20 well-resolved peaks corresponding to th
TO mode of Si have been reported for luminescence of
suggesting that PS is an indirect band-gap semiconduc
The observed dominant zero phonon component of lumin
cence constitutes direct evidence for the enhancement o
oscillator strength due to strong quantum confinement
smaller sizes.

We now comment on the validity of the procedure f
obtaining the band gap of PS fromAa\v vs \v. Figure 9 is
a simulated plot ofAa\v vs \v ~case 8 in Table I! for three
different values ofg and the experimental data onp-type
samples. First, we note that the intercept of the linear por
of each of the simulated curves is neither coincident with
peak position~near 1.3 eV! of the corresponding band-ga
distribution ~see Figure 4! nor close to the mean band-ga
energyE052.25 eV. So we see that it is very difficult t
relate this intercept with such physical quantities. The
fore, it is not obvious how to interpret the intercept wi
some kind ‘‘effective band gap.’’ We also note that the i
tercept depends on the choice ofg. We hence believe that th
intercept does not have the simple interpretation of a b
gap as defined for a homogeneous system. We would lik
point out that for such a heterogeneous system the gap ca
interpreted only in an operational sense likeE03 or E04 ~the
energy at whicha5103 and 104 cm21 , respectively! de-
pending on the value of the absorption coefficient~after cor-
recting for the sample porosity!.

Finally we try to understand the temperature depende
of the band gap. To explain the rigid shift of the absorpti
curve with temperature~to lower a!, we argue thatEG of
each of the nanostructures follows a relationEG(T)5EG0
2gT, whereEG0 is the band gap at zero degrees Kelvin. W
assume that the change of the band gap with temperature

FIG. 9. Simulated plots of (a\v)1/2 vs \v for ~a! g55, ~b! g
55.5, ~c! g56.0, and~d! corresponding plot for the experimenta
data onp-type PS.
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8252 PRB 60SHOUVIK DATTA AND K. L. NARASIMHAN
consequence, like in bulk semiconductors, of the electr
phonon interaction and takeg50.5 meV/K. In our model,
changing temperature is equivalent to changing the valu
C in the expression that determines the energy upshiftDE.
Figure 10 is a plot ofa vs \v for three different values ofC.
We see that the absorption curves are rigidly shifted ve
cally with respect to each other10 as also seen in Fig. 2. W
argue that this provides a natural explanation for the
served temperature dependence ofa.

FIG. 10. Simulateda(E) vs E plots for various temperature
~for case 8 withg56!. ~a! C51265C0 , ~b! C51.25C0 , ~c! C
51.5C0 . Curves are rigidly shifted vertically from one another.
er
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V. CONCLUSIONS

In this paper we have investigated and clarified the
sorption process in free-standing thin films of PS. We h
elaborately discussed that one cannot use Eq.~1! to obtain
the band gap of porous silicon. We point out that these
jections are also true for other low-dimensional nanostr
tures like quantum wires, quantum dots, etc. One can e
generalize our results@Eqs. ~8!, ~14!, ~15!# and use them to
analyze the absorption process for other nanostructured
terials too. For that purpose one just has to put the appro
ate density of states function and the size distribution
those equations.

We have calculated the absorption coefficient as a fu
tion of energy assuming that PS can be modeled a
pseudo-1D system having a distribution of band gaps. F
our calculations, we show that it is necessary to look at P
an indirect band-gap material. To satisfactorily account
the absorption, we need to invoke that the oscillator stren
has a size dependence. We also show that a lognorma
tribution of diameters of the nanostructures that make up
appears to account for the measured absorption spectru
p PS. We can explain the temperature dependence o
absorption in PS on the basis of our model, too. We h
also shown that porosity can be inferred nondestructiv
from a transmission measurement in the region of low
sorption.
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