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Accurate structure factors from pseudopotential methods
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Highly accurate experimental structure factors of silicon are available in the literature, and these provide the
ideal test for anyab initio method for the construction of the all-electron charge density. In a recent [daper
R. Trail and D. M. Bird, preceding paper, Phys. Rev6@ 7875(1999] a method has been developed for
obtaining an accurate all-electron charge density from a first-principles pseudopotential calculation by recon-
structing the core region of an atom of choice. Here this method is applied to bulk silicon, and structure factors
are derived and compared with experimental and full-potential linear augmented plan€RlvARV) results.
We also compare with the result of assuming the core region is spherically symmetric, and with the result of
constructing a charge density from the pseudo-valence-density plus frozen-core electrons. Neither of these
approximations provide accurate charge densities. The aspherical reconstruction is found to be as accurate as
FLAPW results, and reproduces the residual error between the FLAPW and experimental results.
[S0163-182699)01635-3

[. INTRODUCTION curate experimental and theoretical structure factors. Ryd-
berg atomic units are used throughout the paper.

Pseudopotential methods, particularly within the frame-
work of total-energy plane-wave calculations, are extremely
powerful for theab initio description of large system of at-
oms due to their computational efficiency and suitability for ~ The first step in the reconstruction procedure is to obtain
structural optimizatiort.However, they do not yield the cor- an accurate approximation for the real-space single-particle
rect charge density of the system studied, but a “pseudo’Green function of the substrate system, in this case bulk
charge density that does not include core electrons and &licon. We begin with a total-energy pseudopotential calcu-
incorrect close to atomic nuclei. This precludes the direcfation performed with a plane-wave basis and using the
application of these methods to the prediction of any proplocal-density approximatiofLDA) for exchange and corre-
erties of the material that depend directly on the charge derlation. A plane-wave energy cutoff of 400 eV is used, and 28
sity, such as hyperfine couplings or x-ray structure factors. I'Monkhorst-Packk point€ are included in the irreducible
this paper we reconstruct the all-electron charge density fowedge of the fcc Brillouin zone. These values are more than
bulk silicon from a pseudopotential calculation using thesufficient to obtain essentially perfect convergence of the
method described by us in the preceding pagbkereafter self-consistent density and potential, which allows us to at-
referred to as)| and from this we derive the x-ray structure tribute any errors in our results to the reconstruction proce-
factors. These are then compared with experimental resulure. A norm-conserving Kerk&pseudopotential is used,
and the results of other theoretical approximations and methwith a maximum core radius of 2.0 a.u. As explained in |, the
ods to assess the importance of various assumptions oftenethod requires. to be less than half the nearest-neighbor
made in the calculation of structure factors, and to evaluatatomic separation in the crystal. The resulting self-consistent
the success of the reconstruction method. potential is used to obtain a set of eigenstates by direct ma-

Previous methods® for solving this reconstruction prob- trix diagonalization, at 24 points in the irreducible wedge
lem have relied on the assumption that the potential in thef the Brillouin zone and with a 200-eV plane-wave energy
core region is spherically symmetric in order to decouple thecutoff. Careful tests have been carried out to confirm that
differential equations that must be solved, and in many case$ese values are sufficient to provide structure factors with a
the charge density itself is assumed to be spherical. Thprecision of order~1 millielectrons/atom. The spectral
method used here does not require this to be the case, and wepresentatiol! is used to construct a Green function from
compare the structure factors resulting from assuminghe set of plane-wave states. This Green function is then used
spherical symmetry to justify the extra effort necessary tao obtain an embedding potential, which is a term that is
develop an aspherical reconstruction procedure. The recomdded to the Kohn-Sham Hamiltonian for the localized core
struction method itself is based around the embedding apegion of an atom of interest. The effect of the embedding
proach of Inglesfield.Results from this localized calculation potential is to take into account the lattice of pseudoatoms
are used to replace the pseudo-charge-density where this $sirrounding the chosen atom. The localized embedded
incorrect, leading to the required structure factors. Hamiltonian is then solved self-consistenthgain using the

In Sec. Il a brief summary of the reconstruction approachLDA) to obtain the Green function of the embedded system,
is given—a full description can be found in I. We describefrom which the charge density in the core region can be
how we obtain the structure factors from the reconstructiorobtained(see paper)l
in Sec. lll, and compare the reconstruction results with ac- The reconstruction is performed using the same param-

II. RECONSTRUCTION METHOD
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eters as in I, with the embedding radius chosen as the ~ (Ts

“touching spheres” radius(in this caser,=2.222 a.u. ao(g) =472, (_i)IYL(g)J pL(r)ji(gr)radr,

Again, convergence with respect to all parameters has been - 0 (3.4)
thoroughly checked. The final result we arrive at is for the '
charge density of a single all-electron atom embedded in awhere the charge density has been explicitly written as an
lattice of pseudoatoms. This information can be used toexpansion in spherical harmonics, and the identity

gether with the original pseudo-charge-density to construct

an accurate all-electron charge density, and hence the struc- iqr_ iy 50 -
ture factors for the crystal. e —4772 FhanYg(@yy(r) (3.5

IIl. STRUCTURE EACTORS has be_en used. The radial integral in _IE_EJ,A) is carried out
numerically. In our calculations for silicon we choose the
Extremely accurate experimental structure factors for siliprimitive unit cell, and reconstruct the core region of one
con have been available in the literature for some tin&*  atom chosen to be at the origin; hence the integral in Eq.
These results have been used by a number of workers 18.4) is carried out over a sphere centered on this atom. Other
assess the accuracy of parametrized mofekhie full-  atoms within the unit cell must also be taken into account,

potential linearized augmented plane-walf APW) and — and in the case of silicon there is another atom it (3)
otherab initio methods® and generalized gradient approxi-

mations to the exchange-correlation potentfaln view of related to. thg origin by an Inversion symmetry gt g’%_)'

the accuracy and range of data available, both experimentdin€ contribution to Eq(3.2) from this atom can be derived
and theoretical, the reconstructed silicon charge densities af@™ the symmetry of the unit cell. If the atom at the origin
used here to construct structure factors for comparison wit> élated to an atom at sieby the space group operator

. _ 18 . .
experimental data and the results of FLAPW calculations. {P|s} [defined by{P[s}f(r)=f(Pr+s)],™ whereP is a uni-
tary transformation, then the integral, is

A. Structure factors from reconstructed charge densities A
e '9P|st p(nd®. (3.6

S

To obtain the structure factors we require the Fourier co- (9= J{P|S}1r<r
efficients of the charge density,
By transforming coordinates this reduces to

1 .
_ —|g-rd3 , 3.1
Protal( ) QJ‘QPtotal(r)e r (3.9) as(g):L p(Pflr)eiig.(Hs)dgr- (3.7
r<rg

where () denotes the unit cell volume, angy,(r) is the
total real space charge densipye, consists of the original ~ For silicon the atom at¥, 3,5) is related to the atom at the
pseudo-charge-density between atoms, and the reconstructgﬁlgin by the operatof—1|(%,%,%

. e . 7.7.2)}, an inversion followed
total charge density within the embedding sphere surround[—)y a translation. In this case the above expression, together

ing each atom. Since this .|ntegral is a linear operation on th@vith the expansion around the origin in spherical harmonics,
charge density, it is possible to subtract the contribution t ields

the pseudodensity from the embedding regions around each
atom, and add on the contributions from a reconstruction

calculation. This gives the expression adQ)=4me 195> (—1)'
L
reco __pseud . ~ I's .
2 [a5™9)~ aF™ R, 3.2 X (—)'YL(9) fo pL(Di(gnr2dr, (3.8
wheres; are the position vectors of the atoms in the unit cell. 111

The quantitiese™" and aPs¢"“are the Fourier integrals of wheres=(3,z,7z). The transformation results in the phase

the reconstructed and pseudodensities, respectively, carriégctor, and the inversion results in the power of X)

out over the reconstruction sphere surrounding each atonPrésentin the sum. _
and are given by Equations(3.4) and (3.8) are applied to both the recon-

structed charge density and the pseudoder{sitpanded in
_ spherical harmonigsand are then substituted into E@.2)
ag(g):f p(rye "9 d%, (3.3  to yield the structure factor as a function of the reciprocal-
Ir=sil<rs lattice vector,g. At first it seems a roundabout route to cal-

wherer . is the radius of the reconstruction sphere @) culate _the radial expa_nsion of the pseudodensit_y only to con-
is the appropriate charge density, reconstructed or pseud&ert this back tQ a reciprocal-space represgntatlon, but this is
The original pseudo-charge-densities are available in recigh® most straightforward way of replacing the pseudo-

rocal space directly from the plane-wave calculation, and th€harge-density with the reconstructed charge density in the
reconstructed charge densities are given as an expansion s}ﬁherg 'around each.atom. One final point is the position of
spherical harmonicswhich allows Eqs(3.2 and(3.3 to be  the origin. The coordinate system used for the reconstruction
evaluated. has the origin on one of the silicon atoms in the unit ¢atl

For an atom situated at the origin, E§.3) takes the form Z?;m), whereas the system normally chosen for crystallo-
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TABLE |. Dynamic form factors from experiment, reconstruc- .

tion, FLAPW, and pseudbcore calculations. Estimated errors of fhk|=ptota|(g)/cos<(h+k+|)z), (3.9
the experimental data are given in parentheses, and the experimen-
tal and FLAPW data are taken from Zet al. (Ref. 17. A Debye-  where (ikl) are the indices of the reciprocal-lattice vector.
Waller parameter 0B=0.4668 & is used, as calculated by Zuo For (hkl) values that satisfy the critertat k+1=4n+2 for
et al. (Ref. 17. ninteger, the denominator on the right-hand side is zero, and
am - the structure factor is given.

_ fni/@ atom The second effect that must be taken into account when
(hkl) ~ Experimental Reconstructed FLAPW = Pseudore  correlating the theoretical and experimental results is the
111  10.60289) 10.6020 10.5995 105824 thermal motion of the lattice. The majority of experimental
220 8.388122) 8.3955 8.3952 8.3531 data for structure factors are taken at room tempeyature, and
the thermal energy “smears out” the charge density, reduc-

311 7.681419) 7.6879 7.6909 7.6373 . . . .
299 0.182010) 0.1695 01615 01650 N9 the amplitude of the higher-order structure factors. This
400 6.995812) 6'9924 6'9933 6'9287 can be described by a convolution integral in real space,
' ' ' ' which corresponds to a further correction factor in reciprocal
j ; ; g'ﬁggg 2'3325 g'gggi 2'3?22 space to give thelynamic structure factor
333  5.780621) 5.7456 5.7552 5.6732 fom_f, e~ BoM6r" (3.10
511 5.790627) 5.7754 5.7761 5.6984 .
440 5.332420) 5.3119 5.3136 5.2339 whereB is the Debye-Wa_IIer paramet%?r‘.” .
531 5.065617) 50447 5.0490 4.9670 Structure factors obtained from the core reconstruction
620 4.67079) 4.6542 4.6561 45748  are compared here with those obtained from three sources:
533 4.455711) 4.4485 4.4444 43661 rom the simple addition of free atom core states to the origi-
444 4.123918) 4.1069 4.1085 4.0285 nal pseudo-charge-densiystructure factors obtained using
711 3'928222) 30213 39229 3g4q9 the FLAPW method by Zucet al,” and structure factors
551 3'934%4) 3'9255 3.9248 3.8482 determined experimentally by Cumming and Hhend Saka
542 3.65564) 36413 36427 seg7,  and Kato* as given by Zucet all’ The “pseudorcore”
231 3'491 X 3l4868 3l4869 3'4135 structure factors are obtained from the charge density of the
' 914) '4 '4 ‘41 original pseudopotential calculation together with the core
553 3.505814) 3.4805 3.4883 3.4108 charge densities of the original atomic calculations used to
800 3.248%834) 3.2458 3.2470 3.1766  (reate the pseudopotential. The contribution from the atomic
733 3127014 3.1112 3.1154 3.0453  core charge density is included at the atomic sites in the
822 291119 2.9096 2.9105 2.8456  same manner, as described above, i.e.,
660 2.914816) 2.9095 2.9105 2.8458
555 2.800921) 2.8008 2.7947 2.7361 1 cor
751  2.800625) 27951 2.7976 27341 Protal( Q) = Ppseuabd) + 2, ag’19), (311
840  2.62007) 2.6216 2.6219 2.5631 _ - .
911 2.53288) 25232 25242 24678 wherea;°re|s the contribution from the core states at sjte
753 2.527429 2.5264 2.5229 2.4688  This structure factor is expected to show significant error,
664 2.36779) 2.3724 2.3733 2.3208 since. thg valence charge density will be incorrect close to the
844 2.150624) 2.1572 2.1581 2.1115 atomic sites.
880 1.532826) 1.5365 1.5370 1.5095 Zuo et all’ calculated Si structure factors using the
FLAPW method, and they gave results using the LDA, and
RI% 0.24 0.24 1.66 two different generalized gradient approximations. Since the
GOF 37 31 1158 core reconstruction calculation carried out here employs the

LDA, the reconstruction results are only compared with the

hi ies has the oriai he i . ) ( LDA FLAPW results. For a successful reconstruction
graphic studies has the origin at the inversion centen)( cheme we would expect to reproduce these results accu-

Placing the origin at the inversion center gives real structurgatew, since the same physical approximations have been

factors, and the origin can easily be shifted to this point by 4e even though the algorithmic implementation of the two
introducing an appropriate phase factor into E8.1), or methods is entirely different.

simply by taking the magnitude of the complex structure e begin by comparing the theoretical form factors, un-

factors. corrected for temperature, and only for thek{) values for
which experimental data are availaljgxperimental data are
given in Table ). Figure 1 shows the difference between the
reconstructed and FLAPW form factors, and the difference

Before comparison can be made between the theoretichletween the pseudeore and FLAPW form factors. It is
and experimental results, two further factors must be considapparent that the reconstruction agrees very well with the
ered. First, the experimentally measured quariitgrmally =~ FLAPW results—the average absolute difference for the re-
given in the literaturgis not the Fourier coefficient of the constructed results is only 3 millielectrons/atom, whereas for
charge densityp(g), but the form factorf,,,,, which takes the pseude-core result the average absolute difference is
into account the lattice structure. This is definedf as over 25 times greater at 76 millielectrons/atom.

B. Comparison with experimental results
and FLAPW calculations
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0.1 T T T J T high|g|, and therefore took the associagarameter to be
the best estimate. It should be noted that a better fit between
experiment and theory can be obtained for a differBnt
value, but this would effectively use the description of a
physical effect, the thermal smearing, to adjust for deficien-
cies in the theory, such as the LDA.

o Table | gives the experimental data, with reconstructed,
0 9’%09‘00"0;00_‘!&03 UOUO.SU o o FLAPW and pseud®core dynamic form factors. The qual-
n ity of the theoretical data is assessed by two statistics-Rthe
factor and the goodness-of-f(EOF) parameter. Th& factor

is given by

0.05

_1)

6 frri (e atom
°
o

20.05 F S
+ S [fpeor— g

—‘:FHZ‘I:H:FHHE[: -I:':_FHF —I
-0.1 l .+* ! | . R= : (3.12
0 25 50 75 100 125 E |1

h? + k% + 12

and the goodness of fit parameter by
FIG. 1. Difference between static form factors calculated by
reconstruction and FLAPW methodsircles, and the difference
between static form factors calculated by psetdore and g=
FLAPW methods(crosses

Zl -

N
izzl (1/0_i2)(fitheory_ fiexpt)Z’ (3.13

wherec? is the sample variance of thith form factor. The
variances? is taken to be the average of the estimated error
In order to compare the static structure factors giverfor all data points in line with the approach of Zebal, and
above with experimental data, a value for the Debye-Walletakes the value (0.0022g? atom 2.
parameter in Eq(3.10 is required. This is commonly taken From the data in Table | it can be seen that the reconstruc-
to be a free parameter, and varied to minimize the errotion calculation describes the experimental data as well as
between the experimental and theoretical results. The valuidne FLAPW results. For both sets of data tRefactor is
of B used here is that employed by Zuetall: B 0.24%, and the GOF parameter-is35, with the GOF pa-
=0.4668 A?. In their paper values oB were obtained by rameter for the reconstruction slightly greater than that for
minimizing the error of highg| values only, for a number of FLAPW. The average absolute errpi"®®V—f{e®| is 10
different ab initio methods. These higly| structure factors millielectrons/atom for both the FLAPW and reconstruction
depend largely on the core states of the atoms that make wugalculations and 70 millielectrons/atom for the psetidore
the lattice, so the best values should result from methods thaesults. The maximum error is roughty 20 millielectrons/
accurately describe the core states. &t@l. found that a atom for the FLAPW and reconstruction results, and00
calculation of these high-order structure factors using themillielectrons/atom for the pseudaore results. Figure(d)
multiconfiguration Dirac-Fock methé¥gives the best fit at shows the residual errorsf = f"e°Y— &) of the FLAPW

C. Experimental, FLAPW, and reconstructed structure factors
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FIG. 2. Residual errorf("°v— ) of (a) FLAPW and(b) reconstructed dynamic form factors, with error bars of the experimental data
shown. Note the change of scale from Fig. 1.
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0.2 T T T T T reconstructed form factors from the experimental data for
o this case. TheR factor is 0.64%, with a GOF parameter of
485—considerably worse than for the full aspherical recon-
struction. From these data it is apparent that the aspherical
0.1F 7] components of the charge density are essential for a calcula-
o tion of accurate form factors. However, it is interesting to

° o note that if we replace thsphericalpart of the pseudoden-

() e e Rrg @22 22 | sity with thesphericalpart of the reconstructed densityat
00,%° ° is, the charge density componenig for 1>0 within the
embedding sphere are given by thseudecharge-density

we obtain form factors that are almost as accurate as the
-0.1 n FLAPW and fully aspherical results. In this case Béactor

is 0.25%, the GOF parameter is 37, and the mean absolute
error is~11 millielectrons/atom.

8 fhri (e atom™h)

(]

-0.2 ] ] 1 1 ]
0 25 50 75 100 125
B2 4 k2 + 2 In this paper all-electron states have been reconstructed
successfully from a total-energy pseudopotential calculation,
FIG. 3. Residual errorf{"®®¥— ) of reconstructed dynamic giving an accurate charge density in the region near atomic
form factors resulting from updating the pseudodensity with thesites. This reconstruction is carried out using the embedding
sphericalpart of the reconstructed charge density. Note that for lowmethod described in our previous paf:é’rhe reconstruction
|g| the results are worse than for the psettdore results in Fig. 1. calculation itself uses a scalar relativistic description for the
valence states, in a fully aspherical potential and using
results together with the error bars of the experimental data.APW basis functions. The core states are calculated fully
and Fig. 2b) the residual error for the reconstruction calcu- relativistically by direct solution of the Dirac equation in a
lation. The errors are very similar, even to the point of aspherical average of the self-consistent potential. It is appar-
significant correlation existing between the two. This sug-ent that the reconstruction method itself has a lot in common
gests that the errors present are largely due to the theoxyith FLAPW methods.
shared by the calculations, specifically the LDA. It should Structure factors have been derived from the recon-
also be noted that the data presented by £ual. is calcu-  structed silicon charge density for comparison with accurate
lated for a lattice constant cdy=5.4307 A, whereas the experimental data and FLAPW calculations. Agreement is
reconstruction calculations are carried out fy=5.4300 excellent, with both the FLAPW and reconstructed form fac-
A. tors agreeing with experimental results with an average ab-
Finally, we give theR factor and GOF parameter compar- solute error of 10 millielectrons/atom while the experimental
ing the pseud&rcore and reconstructed results with thedata itself is accurate to 3-5 millielectrons/atom. The
FLAPW results. The pseudecore form factors give aiR ~ FLAPW and reconstructed form factors agree extremely well
factor and a GOF parameter of 1.55% and 1349, respewith each other, with an average absolute difference of 3
tively, while the reconstruction gives 0.06% and 3.6. millielectrons/atom. In addition to this, the residual errors for
both methods of calculation show significant correlation, in-
dicating that they arise from the physical approximations

_ _ common to both methods.
One of the strengths of our reconstruction method is that

it does not require spherical symmetry of the charge density ACKNOWLEDGMENTS
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IV. CONCLUSIONS

D. Spherical symmetry
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