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Accurate structure factors from pseudopotential methods

J. R. Trail* and D. M. Bird
Department of Physics, University of Bath, Bath BA2 7AY, United Kingdom

~Received 31 March 1999!

Highly accurate experimental structure factors of silicon are available in the literature, and these provide the
ideal test for anyab initio method for the construction of the all-electron charge density. In a recent paper@J.
R. Trail and D. M. Bird, preceding paper, Phys. Rev. B60, 7875 ~1999!# a method has been developed for
obtaining an accurate all-electron charge density from a first-principles pseudopotential calculation by recon-
structing the core region of an atom of choice. Here this method is applied to bulk silicon, and structure factors
are derived and compared with experimental and full-potential linear augmented plane-wave~FLAPW! results.
We also compare with the result of assuming the core region is spherically symmetric, and with the result of
constructing a charge density from the pseudo-valence-density plus frozen-core electrons. Neither of these
approximations provide accurate charge densities. The aspherical reconstruction is found to be as accurate as
FLAPW results, and reproduces the residual error between the FLAPW and experimental results.
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I. INTRODUCTION

Pseudopotential methods, particularly within the fram
work of total-energy plane-wave calculations, are extrem
powerful for theab initio description of large system of a
oms due to their computational efficiency and suitability
structural optimization.1 However, they do not yield the cor
rect charge density of the system studied, but a ‘‘pseud
charge density that does not include core electrons an
incorrect close to atomic nuclei. This precludes the dir
application of these methods to the prediction of any pr
erties of the material that depend directly on the charge d
sity, such as hyperfine couplings or x-ray structure factors
this paper we reconstruct the all-electron charge density
bulk silicon from a pseudopotential calculation using t
method described by us in the preceding paper2 ~hereafter
referred to as I!, and from this we derive the x-ray structu
factors. These are then compared with experimental res
and the results of other theoretical approximations and m
ods to assess the importance of various assumptions o
made in the calculation of structure factors, and to evalu
the success of the reconstruction method.

Previous methods3–6 for solving this reconstruction prob
lem have relied on the assumption that the potential in
core region is spherically symmetric in order to decouple
differential equations that must be solved, and in many ca
the charge density itself is assumed to be spherical.
method used here does not require this to be the case, an
compare the structure factors resulting from assum
spherical symmetry to justify the extra effort necessary
develop an aspherical reconstruction procedure. The re
struction method itself is based around the embedding
proach of Inglesfield.7 Results from this localized calculatio
are used to replace the pseudo-charge-density where th
incorrect, leading to the required structure factors.

In Sec. II a brief summary of the reconstruction approa
is given—a full description can be found in I. We descri
how we obtain the structure factors from the reconstruct
in Sec. III, and compare the reconstruction results with
PRB 600163-1829/99/60~11!/7875~6!/$15.00
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curate experimental and theoretical structure factors. R
berg atomic units are used throughout the paper.

II. RECONSTRUCTION METHOD

The first step in the reconstruction procedure is to obt
an accurate approximation for the real-space single-par
Green function of the substrate system, in this case b
silicon. We begin with a total-energy pseudopotential cal
lation performed with a plane-wave basis and using
local-density approximation~LDA ! for exchange and corre
lation. A plane-wave energy cutoff of 400 eV is used, and
Monkhorst-Packk points8 are included in the irreducible
wedge of the fcc Brillouin zone. These values are more th
sufficient to obtain essentially perfect convergence of
self-consistent density and potential, which allows us to
tribute any errors in our results to the reconstruction pro
dure. A norm-conserving Kerker9 pseudopotential is used
with a maximum core radius of 2.0 a.u. As explained in I, t
method requiresr c to be less than half the nearest-neighb
atomic separation in the crystal. The resulting self-consis
potential is used to obtain a set of eigenstates by direct
trix diagonalization, at 240k points in the irreducible wedge
of the Brillouin zone and with a 200-eV plane-wave ener
cutoff. Careful tests have been carried out to confirm t
these values are sufficient to provide structure factors wit
precision of order;1 millielectrons/atom. The spectra
representation10 is used to construct a Green function fro
the set of plane-wave states. This Green function is then u
to obtain an embedding potential, which is a term that
added to the Kohn-Sham Hamiltonian for the localized c
region of an atom of interest. The effect of the embedd
potential is to take into account the lattice of pseudoato
surrounding the chosen atom. The localized embed
Hamiltonian is then solved self-consistently~again using the
LDA ! to obtain the Green function of the embedded syste
from which the charge density in the core region can
obtained~see paper I!.

The reconstruction is performed using the same par
7875 ©1999 The American Physical Society
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7876 PRB 60J. R. TRAIL AND D. M. BIRD
eters as in I, with the embedding radius chosen as
‘‘touching spheres’’ radius~in this caser s52.222 a.u.!.
Again, convergence with respect to all parameters has b
thoroughly checked. The final result we arrive at is for t
charge density of a single all-electron atom embedded
lattice of pseudoatoms. This information can be used
gether with the original pseudo-charge-density to const
an accurate all-electron charge density, and hence the s
ture factors for the crystal.

III. STRUCTURE FACTORS

Extremely accurate experimental structure factors for s
con have been available in the literature for some time.11–14

These results have been used by a number of worker
assess the accuracy of parametrized models,15 the full-
potential linearized augmented plane-wave~FLAPW! and
otherab initio methods,16 and generalized gradient approx
mations to the exchange-correlation potential.17 In view of
the accuracy and range of data available, both experime
and theoretical, the reconstructed silicon charge densities
used here to construct structure factors for comparison w
experimental data and the results of FLAPW calculations

A. Structure factors from reconstructed charge densities

To obtain the structure factors we require the Fourier
efficients of the charge density,

r total~g!5
1

VE
V

r total~r !e2 ig•r d3r , ~3.1!

where V denotes the unit cell volume, andr total(r ) is the
total real space charge density.r total consists of the origina
pseudo-charge-density between atoms, and the reconstr
total charge density within the embedding sphere surrou
ing each atom. Since this integral is a linear operation on
charge density, it is possible to subtract the contribution
the pseudodensity from the embedding regions around e
atom, and add on the contributions from a reconstruct
calculation. This gives the expression

(
i

@asi

recon~g!2asi

pseudo~g!#, ~3.2!

wheresi are the position vectors of the atoms in the unit ce
The quantitiesa recon andapseudoare the Fourier integrals o
the reconstructed and pseudodensities, respectively, ca
out over the reconstruction sphere surrounding each a
and are given by

asi
~g!5E

ur2si u,r s

r~r !e2 ig•r d3r , ~3.3!

wherer s is the radius of the reconstruction sphere andr(r )
is the appropriate charge density, reconstructed or pse
The original pseudo-charge-densities are available in re
rocal space directly from the plane-wave calculation, and
reconstructed charge densities are given as an expansi
spherical harmonics,2 which allows Eqs.~3.2! and~3.3! to be
evaluated.

For an atom situated at the origin, Eq.~3.3! takes the form
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a0~g!54p(
L

~2 i ! lYL~ ĝ!E
0

r s
rL~r ! j l~gr !r 2 dr,

~3.4!

where the charge density has been explicitly written as
expansion in spherical harmonics, and the identity

eiq•r54p(
L

i l j l~qr !YL* ~ q̂!YL~ r̂ ! ~3.5!

has been used. The radial integral in Eq.~3.4! is carried out
numerically. In our calculations for silicon we choose t
primitive unit cell, and reconstruct the core region of o
atom chosen to be at the origin; hence the integral in
~3.4! is carried out over a sphere centered on this atom. O
atoms within the unit cell must also be taken into accou

and in the case of silicon there is another atom at (1
4 , 1

4 , 1
4 )

related to the origin by an inversion symmetry at (1
8 , 1

8 , 1
8 ).

The contribution to Eq.~3.2! from this atom can be derived
from the symmetry of the unit cell. If the atom at the orig
is related to an atom at sites by the space group operato
$Pus% @defined by$Pus% f (r )5 f (Pr1s)#,18 whereP is a uni-
tary transformation, then the integralas is

as~g!5E
u$Pus%21r u,r s

e2 ig•r$Pus%21r~r !d3r . ~3.6!

By transforming coordinates this reduces to

as~g!5E
ur u,r s

r~P21r !e2 ig•(r1s)d3r . ~3.7!

For silicon the atom at (14 , 1
4 , 1

4 ) is related to the atom at th

origin by the operator$2I u( 1
4 , 1

4 , 1
4 )%, an inversion followed

by a translation. In this case the above expression, toge
with the expansion around the origin in spherical harmon
yields

as~g!54pe2 ig•s(
L

~21! l

3~2 i ! lYL~ ĝ!E
0

r s
rL~r ! j l~gr !r 2 dr, ~3.8!

where s5( 1
4 , 1

4 , 1
4 ). The transformation results in the pha

factor, and the inversion results in the power of (21)
present in the sum.

Equations~3.4! and ~3.8! are applied to both the recon
structed charge density and the pseudodensity~expanded in
spherical harmonics! and are then substituted into Eq.~3.2!
to yield the structure factor as a function of the reciproc
lattice vector,g. At first it seems a roundabout route to ca
culate the radial expansion of the pseudodensity only to c
vert this back to a reciprocal-space representation, but th
the most straightforward way of replacing the pseud
charge-density with the reconstructed charge density in
sphere around each atom. One final point is the position
the origin. The coordinate system used for the reconstruc
has the origin on one of the silicon atoms in the unit cell~at

4̄3m), whereas the system normally chosen for crysta
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PRB 60 7877ACCURATE STRUCTURE FACTORS FROM . . .
graphic studies has the origin at the inversion center, (3m̄).19

Placing the origin at the inversion center gives real struct
factors, and the origin can easily be shifted to this point
introducing an appropriate phase factor into Eq.~3.1!, or
simply by taking the magnitude of the complex structu
factors.

B. Comparison with experimental results
and FLAPW calculations

Before comparison can be made between the theore
and experimental results, two further factors must be con
ered. First, the experimentally measured quantity~normally
given in the literature! is not the Fourier coefficient of the
charge density,r(g), but the form factorf hkl , which takes
into account the lattice structure. This is defined as17

TABLE I. Dynamic form factors from experiment, reconstru
tion, FLAPW, and pseudo1core calculations. Estimated errors
the experimental data are given in parentheses, and the exper
tal and FLAPW data are taken from Zuoet al. ~Ref. 17!. A Debye-
Waller parameter ofB50.4668 Å2 is used, as calculated by Zu
et al. ~Ref. 17!.

f hkl
dyn/e atom21

(hkl) Experimental Reconstructed FLAPW Pseudo1core

1 1 1 10.6025~29! 10.6020 10.5995 10.5824
2 2 0 8.3881~22! 8.3955 8.3952 8.3531
3 1 1 7.6814~19! 7.6879 7.6909 7.6373
2 2 2 0.1820~10! 0.1695 0.1615 0.1650
4 0 0 6.9958~12! 6.9924 6.9933 6.9287
3 3 1 6.7264~20! 6.7081 6.7031 6.6365
4 2 2 6.1123~22! 6.0890 6.0897 6.0145
3 3 3 5.7806~21! 5.7456 5.7552 5.6732
5 1 1 5.7906~27! 5.7754 5.7761 5.6984
4 4 0 5.3324~20! 5.3119 5.3136 5.2339
5 3 1 5.0655~17! 5.0447 5.0490 4.9670
6 2 0 4.6707~9! 4.6542 4.6561 4.5748
5 3 3 4.4552~11! 4.4485 4.4444 4.3661
4 4 4 4.1239~18! 4.1069 4.1085 4.0285
7 1 1 3.9282~22! 3.9213 3.9229 3.8449
5 5 1 3.9349~34! 3.9255 3.9248 3.8482
6 4 2 3.6558~54! 3.6413 3.6427 3.5671
7 3 1 3.4919~11! 3.4868 3.4869 3.4135
5 5 3 3.5055~14! 3.4805 3.4883 3.4108
8 0 0 3.2485~34! 3.2458 3.2470 3.1766
7 3 3 3.1270~14! 3.1112 3.1154 3.0453
8 2 2 2.9111~15! 2.9096 2.9105 2.8456
6 6 0 2.9143~16! 2.9095 2.9105 2.8458
5 5 5 2.8009~21! 2.8008 2.7947 2.7361
7 5 1 2.8006~25! 2.7951 2.7976 2.7341
8 4 0 2.6200~7! 2.6216 2.6219 2.5631
9 1 1 2.5325~8! 2.5232 2.5242 2.4678
7 5 3 2.5274~29! 2.5264 2.5229 2.4688
6 6 4 2.3677~9! 2.3724 2.3733 2.3208
8 4 4 2.1506~24! 2.1572 2.1581 2.1115
8 8 0 1.5325~26! 1.5365 1.5370 1.5095

R/% 0.24 0.24 1.66
GOF 37 31 1158
e
y

al
d-

f hkl5r total~g!/cosS ~h1k1 l !
p

4 D , ~3.9!

where (hkl) are the indices of the reciprocal-lattice vecto
For (hkl) values that satisfy the criteriah1k1 l 54n12 for
n integer, the denominator on the right-hand side is zero,
the structure factor is given.

The second effect that must be taken into account w
correlating the theoretical and experimental results is
thermal motion of the lattice. The majority of experiment
data for structure factors are taken at room temperature,
the thermal energy ‘‘smears out’’ the charge density, red
ing the amplitude of the higher-order structure factors. T
can be described by a convolution integral in real spa
which corresponds to a further correction factor in recipro
space to give thedynamic structure factor

f hkl
dyn5 f hkle

2Bg2/16p2
, ~3.10!

whereB is the Debye-Waller parameter.15–17

Structure factors obtained from the core reconstruct
are compared here with those obtained from three sour
from the simple addition of free atom core states to the or
nal pseudo-charge-density,16 structure factors obtained usin
the FLAPW method by Zuoet al.,17 and structure factors
determined experimentally by Cumming and Hart11 and Saka
and Kato,14 as given by Zuoet al.17 The ‘‘pseudo1core’’
structure factors are obtained from the charge density of
original pseudopotential calculation together with the co
charge densities of the original atomic calculations used
create the pseudopotential. The contribution from the ato
core charge density is included at the atomic sites in
same manner, as described above, i.e.,

r total~g!5rpseudo~g!1
1

V (
i

asi

core~g!, ~3.11!

whereasi

core is the contribution from the core states at sitesi .

This structure factor is expected to show significant err
since the valence charge density will be incorrect close to
atomic sites.

Zuo et al.17 calculated Si structure factors using th
FLAPW method, and they gave results using the LDA, a
two different generalized gradient approximations. Since
core reconstruction calculation carried out here employs
LDA, the reconstruction results are only compared with t
LDA FLAPW results. For a successful reconstructio
scheme we would expect to reproduce these results a
rately, since the same physical approximations have b
made even though the algorithmic implementation of the t
methods is entirely different.

We begin by comparing the theoretical form factors, u
corrected for temperature, and only for the (hkl) values for
which experimental data are available~experimental data are
given in Table I!. Figure 1 shows the difference between t
reconstructed and FLAPW form factors, and the differen
between the pseudo1core and FLAPW form factors. It is
apparent that the reconstruction agrees very well with
FLAPW results—the average absolute difference for the
constructed results is only 3 millielectrons/atom, whereas
the pseudo1core result the average absolute difference
over 25 times greater at 76 millielectrons/atom.

en-
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C. Experimental, FLAPW, and reconstructed structure factors

In order to compare the static structure factors giv
above with experimental data, a value for the Debye-Wa
parameter in Eq.~3.10! is required. This is commonly take
to be a free parameter, and varied to minimize the e
between the experimental and theoretical results. The v
of B used here is that employed by Zuoet al.17: B
50.4668 Å2. In their paper values ofB were obtained by
minimizing the error of highugu values only, for a number o
different ab initio methods. These highugu structure factors
depend largely on the core states of the atoms that mak
the lattice, so the best values should result from methods
accurately describe the core states. Zuoet al. found that a
calculation of these high-order structure factors using
multiconfiguration Dirac-Fock method20 gives the best fit at

FIG. 1. Difference between static form factors calculated
reconstruction and FLAPW methods~circles!, and the difference
between static form factors calculated by pseudo1core and
FLAPW methods~crosses!.
n
r

r
ue

up
at

e

high ugu, and therefore took the associatedB parameter to be
the best estimate. It should be noted that a better fit betw
experiment and theory can be obtained for a differenB
value, but this would effectively use the description of
physical effect, the thermal smearing, to adjust for defici
cies in the theory, such as the LDA.

Table I gives the experimental data, with reconstruct
FLAPW and pseudo1core dynamic form factors. The qua
ity of the theoretical data is assessed by two statistics—thR
factor and the goodness-of-fit~GOF! parameter. TheR factor
is given by

R5

(
i

u f i
theory2 f i

exptu

(
i

u f i
exptu

, ~3.12!

and the goodness of fit parameter by

G5
1

N (
i 51

N

~1/s i
2!~ f i

theory2 f i
expt!2, ~3.13!

wheres i
2 is the sample variance of theith form factor. The

variances i
2 is taken to be the average of the estimated er

for all data points in line with the approach of Zuoet al., and
takes the value (0.0022)2/e2 atom22.

From the data in Table I it can be seen that the reconst
tion calculation describes the experimental data as wel
the FLAPW results. For both sets of data theR factor is
0.24%, and the GOF parameter is;35, with the GOF pa-
rameter for the reconstruction slightly greater than that
FLAPW. The average absolute erroru f theory2 f exptu is 10
millielectrons/atom for both the FLAPW and reconstructi
calculations and 70 millielectrons/atom for the pseudo1core
results. The maximum error is roughly;20 millielectrons/
atom for the FLAPW and reconstruction results, and;100
millielectrons/atom for the pseudo1core results. Figure 2~a!
shows the residual error (d f 5 f theory2 f expt) of the FLAPW

y

data
FIG. 2. Residual error (f theory2 f expt) of ~a! FLAPW and~b! reconstructed dynamic form factors, with error bars of the experimental
shown. Note the change of scale from Fig. 1.
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PRB 60 7879ACCURATE STRUCTURE FACTORS FROM . . .
results together with the error bars of the experimental d
and Fig. 2~b! the residual error for the reconstruction calc
lation. The errors are very similar, even to the point o
significant correlation existing between the two. This su
gests that the errors present are largely due to the th
shared by the calculations, specifically the LDA. It shou
also be noted that the data presented by Zuoet al. is calcu-
lated for a lattice constant ofa055.4307 Å, whereas the
reconstruction calculations are carried out fora055.4300
Å .

Finally, we give theR factor and GOF parameter compa
ing the pseudo1core and reconstructed results with t
FLAPW results. The pseudo1core form factors give anR
factor and a GOF parameter of 1.55% and 1349, resp
tively, while the reconstruction gives 0.06% and 3.6.

D. Spherical symmetry

One of the strengths of our reconstruction method is t
it does not require spherical symmetry of the charge den
in the reconstruction region near the cores of the atom.
assess the importance of the aspherical components o
charge density, we replace the original pseudodensity in
reconstruction sphere with the spherical part only of the
constructed density. Figure 3 gives the residual error of

FIG. 3. Residual error (f theory2 f expt) of reconstructed dynamic
form factors resulting from updating the pseudodensity with
sphericalpart of the reconstructed charge density. Note that for l
ugu the results are worse than for the pseudo1core results in Fig. 1.
.

a,

-
ry

c-

t
ty
o

the
e
-
e

reconstructed form factors from the experimental data
this case. TheR factor is 0.64%, with a GOF parameter o
485—considerably worse than for the full aspherical reco
struction. From these data it is apparent that the aspher
components of the charge density are essential for a calc
tion of accurate form factors. However, it is interesting
note that if we replace thesphericalpart of the pseudoden-
sity with thesphericalpart of the reconstructed density~that
is, the charge density componentsrL for l .0 within the
embedding sphere are given by thepseudo-charge-density!
we obtain form factors that are almost as accurate as
FLAPW and fully aspherical results. In this case theR factor
is 0.25%, the GOF parameter is 37, and the mean abso
error is;11 millielectrons/atom.

IV. CONCLUSIONS

In this paper all-electron states have been reconstruc
successfully from a total-energy pseudopotential calculati
giving an accurate charge density in the region near atom
sites. This reconstruction is carried out using the embedd
method described in our previous paper.2 The reconstruction
calculation itself uses a scalar relativistic description for t
valence states, in a fully aspherical potential and us
LAPW basis functions. The core states are calculated fu
relativistically by direct solution of the Dirac equation in
spherical average of the self-consistent potential. It is app
ent that the reconstruction method itself has a lot in comm
with FLAPW methods.

Structure factors have been derived from the reco
structed silicon charge density for comparison with accur
experimental data and FLAPW calculations. Agreement
excellent, with both the FLAPW and reconstructed form fa
tors agreeing with experimental results with an average
solute error of 10 millielectrons/atom while the experiment
data itself is accurate to 3–5 millielectrons/atom. Th
FLAPW and reconstructed form factors agree extremely w
with each other, with an average absolute difference o
millielectrons/atom. In addition to this, the residual errors f
both methods of calculation show significant correlation, i
dicating that they arise from the physical approximatio
common to both methods.
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