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Effect of band nonparabolicity on mobility in a d-doped semiconductor
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We calculate the low-temperature mobility of a two-dimensional~2D! electron gas ind-doped GaAs by
solving coupled Boltzmann equations in the relaxation-time approximation using one-, two-, or three-subband
models depending on the population of the subbands. We assume that the mobility is limited by ionized
impurity scattering, including intersubband contribution. Our results suggest that the nonparabolicity of the
conduction band plays the important role: it reduces the calculated 2D electron-gas mobility by about 20%,
which leads to a better agreement with experimental data.@S0163-1829~99!17035-8#
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I. INTRODUCTION

During the last several years,d-doped semiconductor
have received considerable attention due to their fundam
tal and technological aspects~see the reviews in Ref. 1!. In
our earlier papers,2,3 we calculated low-temperature, two
dimensional electron-gas~2DEG! mobility in d-doped GaAs
assuming that the electrons are scattered from ionized do
which are localized in a single atomic layer2 or are spread
out at uniform density over some distance.3 In the second
case the broadening of the doping profile resulted in the
duction of the mobility, however, the calculated mobiliti
were still about several dozen percent higher than the m
sured ones.

In the present paper we examine the influence
conduction-band nonparabolicity on 2DEG mobility in
d-doped semiconductor. We are concerned withd Si-doped
GaAs with nonvanishing background acceptor density.
limit ourselves to the low-temperature case, assuming
the electrons are scattered by the ionized impurities only.
determine the mobility we solve coupled Boltzmann eq
tions in the relaxation-time approximation using one-, tw
or three-subband models depending on the subband po
tion.

II. SUBBAND STRUCTURE FOR
A d-DOPED SEMICONDUCTOR

We consider a weaklyp-type GaAs with a highly doped
n1 layer of finite thickness with all donors~e.g., Si atoms!
ionized. We assume that the positive charge is uniform
distributed in a thin layer (2d0<z<d0). This configuration
is illustrated schematically in Fig. 1.

For simplicity, the effective-mass Hamiltonian is taken
PRB 600163-1829/99/60~11!/7768~4!/$15.00
n-

rs

e-

a-

f

e
at
o
-
,
la-

y

be ~see, for example, Refs. 4 and 5!

H5a1¹42a2¹21V. ~1!

The corrections due to conduction-band nonparabolicity
represented by thea1¹4 term only, i.e., the band warping i
neglected,

a15
\4

4Eg
S 1

m
2

1

m0
D 2

, a25
\2

2m
, ~2!

and V5V(z) is the confinement potential that include
electron-electron interaction. The eigenfunctions and eig
values of Eq.~1! can be sought in the forms

cnkW~rW !5
1

2p
exp~ ikWrW !hnk~z!, ~3!

FIG. 1. Schematic behavior of the potentialV(z) experienced by
electrons in ad-doped semiconductor with a nonvanishing accep
density and a finite (2d0) width of the donor distribution.
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Enk5E~n,k!1a2k22a1k4, ~4!

whererW 5(x,y) and kW5(kx ,ky). Both hnk and E(n,k) sat-
isfy one-dimensional Schro¨dinger equation

F2a1

]4

]z4 12a1k2
]2

]z2 2a2

]2

]z2 1V~z!Ghnk~z!

5E~n,k!hnk~z!. ~5!

To find V(z), we employ the Thomas-Fermi approxim
tion which is already accurate to better than a few percen
compared with the more realistic but at the same time m
laborious self-consistent method.6 Classical expression fo
the Fermi energyEF used in the Thomas-Fermi approxim
tion ~see, for example, Ref. 7, Chap. 1 Sec. 9! here takes the
form

EF5a2kF
2~rW !1a1kF

4~rW !1V~rW !. ~6!

Now the Poisson equation reads~the energy is measure
from the Fermi levelEF)

d2V

dz2 52
4

3p

e2

e0
S 2m

\2 D 3/2

@2V~z!#3/2F12
3

2

V~z!

Eg8
G

14p
e2

e0
nD~z!24p

e2

e0
nA~z!, ~7!

where nD and nA are the ionized donor and acceptor 3
density, respectively. The first term on the right-hand side
the electron charge density obtained in the Thomas-Fe
approximation. The expression23V/2Eg8 is the first-order
correction due to the nonparabolicity, andEg85Eg(1
2m/m0)22.

To calculateE(n,k) we apply the perturbation theory t
Eq. ~5!, treating 2a1]4/]z412a1k2]2/]z2 as a perturba-
tion. Solutions to the unperturbed problemE0(n,k)5En

2a2k21a1k4 andhnk
0 were obtained numerically. Finally,

Enk5@E0~n,k!1E1~n,k!1•••#1a2k22a1k4

.Ẽn1a2~n!k22a1k4, ~8!

where Ẽn5En
02a1*dzu]2hn

0/]z2u2 and a2(n)5a2

22a1*dzu]hn
0/]zu2.

Now the transport massmn5\2k(dEnk /dk)21 depends
on both energyE and the subband indexn:

mn~E!5
\2

2a2~n! F12
4a1

a2
2~n!

~E2Ẽn!G21/2

. ~9!

The density of states functionD(E) reads

D~E!5(
n

mn~E!

p\2 u~E2Ẽn!, ~10!

and, what follows, the concentration of 2DEG in thesth
subband atT50 K is

ns~EF!5
a2~s!

4pa1
H 12F12

4a1

a2
2~s!

~EF2Ẽs!G1/2J . ~11!
as
re

is
i

Note that both formulas~10! and ~11! reduce to a familiar
form when nonparabolicity is neglected, i.e.,a150.

The influence of nonparabolicity on subband structure
illustrated in Fig. 2. It turns out that the subband bottoms
shifted by the nonparabolicity to higher energies. At t
same time the nonparabolicity leads to a lowering of 2DE
concentrationsni in individual subbands fori .0, as shown
in Fig. 3. In contrast to it, the electron concentrationn0 in the
lowest subband is higher than that calculated within the pa
bolic approximation. This agrees with the results of Zrenn
Koch, and Ploog,8 who used a more realistic formula for th
conduction-band dispersion.

III. MOBILITY LIMITED BY IONIZED
IMPURITY SCATTERING

The system we deal with isd Si-doped GaAs, with a
nonvanishing acceptor background densitynA . We restrict
ourselves to theT50 case, and calculate the mobility limite
by the scattering from ionized donors which are uniform
distributed within 2d0 . The scattering from acceptors can b
ignored.

Both the transport and Hall mobilities can be calculated
the usual way.9,10 It turns out that the nonparabolic ban
formulas can be obtained from the parabolic band ones
the replacement ofm by mn(EF) @Eq. ~9!# and ns(EF)
5m(EF2Es)/p\2 by ns(EF) given by Eq.~11!. The low-
temperature transport mobilitym and the Hall mobilitymH
are given by

FIG. 2. Subband separationEi2EF in d-doped GaAs with a
background acceptor concentrationnA5531015 cm23 vs areal do-
nor concentrationND . The width 2d0 of the square-shaped dono
distribution is 50 Å . The solid and dashed lines are for nonpa
bolic and parabolic conduction bands, respectively.

FIG. 3. 2DEG concentrationsni in the individual subbands vs
areal donor concentrationND in d-doped GaAs for the same case
in Fig. 2.
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m5

(
i

ni~EF!m i~EF!

(
j

nj~EF!

, mH5

(
i

ni~EF!m i
2~EF!

(
j

nj~EF!m j~EF!

,

~12!

where

m i~E!5
ueu

mi~E!
t i~E! ~13!

is the mobility in thei th subband. Relaxation timest i satisfy
coupled linear equations

Pn~E!tn~E!2 (
n85” n

Pnn8~E!tn8~E!51, ~14!

wherePn(E) andPnn8(E) are (E.Ẽn)

Pn~E!5
nD

2p\3 mn~E!E
2d0

d0
dzE

0

2p

dfuVeffnn
~q,z!u2

3~12cosf!1
nD

2p\3 (
n85” n

mn8~E!E
2d0

d0
dz

3E
0

2p

dfuVeffnn8
~q8,z!u2u~E2Ẽn8!, ~15!

FIG. 4. Calculated transport mobilities of the 2DEG ind-doped
GaAs for the same case as in Fig. 2.

FIG. 5. Calculated Hall mobilities of the 2DEG ind-doped
GaAs for the same case as in Fig. 2.
Pnn8~E!5
nD

2p\3 mn~E!Fnn8~E!

nn~E! G1/2

3E
2d0

d0
dzE

0

2p

dfuVeffnn8
~q8,z!u2cosf. ~16!

Here q5k@2(12cosf)#1/2 and q85(k21k82

22kk8cosf)1/2, wherek252pnn(E) and k8252pnn8(E).
Matrix elements of the effective potentialVeff experienced
by electrons are related to the matrix elements of the im
rity potentialVimp ~here ionized donors! by

Veffnn8
~qW ,z!5(

l l 8
enn8,l l 8

21
~qW !Vimpl l 8

~qW ,z!, ~17!

FIG. 6. Calculated subband mobilitiesm i in d-doped GaAs for
the same case as in Fig. 2.

FIG. 7. Calculated transport mobilities of the 2DEG ind-doped
GaAs vs the width 2d0 of the square-shaped donor distribution f
a nonparabolic band. Areal donor concentrationsND : curve a, 6
31012 cm22; curve b, 3.731012 cm22; curve c, 331012 cm22;
curve d, 2.331012 cm22; curve e, 1.731012 cm22; curve f, 1.3
31012 cm22. The background acceptor concentration isnA55
31015 cm23.
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with e21 being an inverse dielectric matrix. In our notatio
Vnn8(q

W ,z) are the 2D Fourier transforms@qW 5(qx ,qy)#,

Vnn8~qW ,z!5E d2rVnn8~rW ,z!exp~2 iqW rW ! ~18!

of the matrix elements with respect tor of the potential
V(rW ,z) in three dimensions:

Vnn8~rW ,z!5E dz8hn* ~z8!V~rW ,z2z8!hn8~z8!. ~19!

In numerical calculations, we use the dielectric mat
obtained in the random-phase approximation~Ref. 10; see
also Ref. 2 for details!. In our calculations nonparabolic co
rections to the screening are ignored.

Low-temperature mobilities limited by the Coulomb sca
tering are calculated numerically from formulas~12!–~19!
and plotted as functions of areal donor concentrationND
52d0nD in Figs. 4 ~transport mobility!, 5 ~Hall mobility!,
and 6 ~subband mobilities! for the doping layer width 2d0
550 Å ~realistic d doping in contrast to genuined doping
whend0→0). These results are compared with those for
parabolic band. Figure 7 shows how the transport mobili
depend on doping layer thickness.

We checked numerically thatm(E) dependence accoun
for most of the change in the electron mobility due to t
nonparabolicity of the conduction band. Nonparabolic c
rections tons(E) as well as to the subband structure can
ignored in the first step when determiningm. The error of
such an approximation does not exceed several percent
re
on

,

e
s

-
e

IV. CONCLUSIONS

Our results suggest that one would have to take band n
parabolicity into account to achieve better agreement
tween theory and experiment. The mobilities calculated
cording to Eqs.~12!–~19! are now close to the experiment
values, and we believe they are accurate within about 2
~calculated mobilities are higher than the measured on!.
Note that the significant scatter among the measured mo
ties ~see, for example, Ref. 1, Chap. 17, and referen
therein!, which can be attributed to uncertainties in the spe
fication of sample parameters, makes any detailed comp
son of the results rather difficult.

In our previous paper3 we discussed the possibility to ob
serve discontinuities in the low-temperature 2DEG mobil
in a d-doped semiconductor atEF5En . Here we would like
to point out only that the nonparabolicity effect does n
change the conclusion of that discussion. 2DEG mobility
hibits drops as a function of the width of the doping profi
~see Fig. 7!. The thickness of the doping profile in a give
sample can be changed with the help of annealing.11–14As in
the previous case~Fig. 5 in Ref. 3!, the drops mentioned
above are about four times larger than the error in most p
cise experiments. Note, however, that the discontinuities
the 2DEG mobility can be smeared out due to the le
broadening, which should be taken into account in more
alistic calculations.

ACKNOWLEDGMENTS

This work was partially supported by the Consejo de D
sarollo Cientı´fico Humanı´stico y Technolo´gico de la Univer-
sidad de Los Andes, Me´rida, Venezuela.
J.

J.

f,

m,

s.
1Delta-doping of Semiconductors, edited by E. F. Schubert~Cam-
bridge University Press, London, 1996!.
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