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Magnetic-field-induced V-shaped quantized conductance staircase
in a double-layer quantum point contact

S. K. Lyo
Sandia National Laboratories, Albuquerque, New Mexico 87185

~Received 12 January 1999!

We show that the low-temperature conductance~G! of a quantum point contact consisting of ballistic
tunnel-coupled double-layer quantum-well wires is modulated by an in-layer magnetic fieldB due to the
anticrossing.B creates a V-shaped quantum staircase forG, causing it to decrease in steps of 2e2/h to a
minimum and then increase to a maximum, whereG may saturate or decrease again at higherB’s. Relevance
of the result to recent data is discussed.@S0163-1829~99!14935-X#
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The low-temperature conductance~G! through a narrow
constricted channel known as a quantum point contac
quantized in units of 2e2/h.1 This quantization follows from
the fact that, in one dimension, each pair of Fermi points
an energy-dispersion curve of a sublevel contributese2/h per
spin s to G5(e2/h)SsnFs , independent of the form of the
dispersion. HerenFs is the number of pairs of Fermi point
nFs .1

We consider a quantum point contact consisting
coupled double quantum wells~DQW’s! separated by a thin
barrier shown in Fig. 1. The confinement in thez direction
yields sublevels which will be referred to here asQW sub-
levels. The QW widthsw1 ,w2 and the center-to-center dis
tanced are small, allowing only the tunnel-split ground do
blet to be occupied: higher QW sublevels arenot considered
explicitly except that they enhance the mass of the electr
of the ground doublet through sublevel mixing at high fie
B. The channel is a few tenths of a micron wide, yieldi
densely spaced sublevels arising from the confinement in
x direction. These dense sublevels are defined aschannel
sublevelsor simply assublevels. The current flowsballisti-
cally along the channel. The purpose of this paper is to sh
that B (ix) creates a V-shaped staircase of the quanti
G(B) by causingG to decrease initially to a minimum valu
in steps of 2e2/h in a system with a smallg factor and then
to increase to a maximum value. For narrow~wide! QW’s, G
saturates~decreases again! at higherB’s and the saturation
~maximum! G is larger ~smaller! than G(B50). A similar
behavior was observed recently. A single-QW quantum po
contact withBiz has been studied earlier. In this case,G
decreases monotonically with increasingB in steps of
2e2/h.1,2

The wave function for the structure shown in Fig. 1
given by C5eikyyfn(x)c(z,ky), where n indicates the
channel sublevels. The wave functionfn(x) is determined
by the shape of the channel confinement potential an
treated here phenomenologically. The DQW eigenfunct
for the z confinementc(z,ky) is determined by
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where«n is the sublevel energy,l 5(\c/eB)1/2, andV(z) is
the double-well potential illustrated in Fig. 1. The last term
the Zeeman energy wheremB is the Bohr magneton and
s50,1. The effect of the Zeeman splitting is negligibly sm
for GaAs QW’s withg50.44. The Hamiltonian in Eq.~1!
with «n5\2kx

2/2m* 2 has been studied earlier3 and explains
many interesting phenomena intwo-dimensionalDQW’s in-
cluding the magnetoresistance,3–6 anomalous cyclotron
mass,7–9 and the conductance enhancement in DQW wi
with a short mean free path.10

We solve Eq.~1! numerically by transforming it into a
three-point difference equation. Two symmetric~sy1,sy2!
and two asymmetric (asy1,asy2! GaAs/Al0.3Ga0.7As DQW
structures, listed in Table I, are studied. Figure 2~a! shows
the B50 eigenvalues of Eq.~1! for the symmetric and anti-
symmetric ground doublet of sy1 including five low-lyin
sublevels evenly spaced at energy intervals ofd50.02 meV.
The effective mass ism* 50.067 in the QW’s andm*
50.091 in the barriers in units of the free-electron mass. T
vertical dots signify an infinite stack of the sublevels.

For B.0, we turn off interwell tunneling initially. The
confinement wave functions are then centered atz57d/2.
The effective wave numbersk̃y5ky2z/ l 25ky6d/2l 2 in the
second term of Eq.~1! for the left and right QW’s are shifted
relative to each other by an amountDky5d/ l 2. The two
shifted energy-dispersion parabolas intersect each othe
ky50. The degeneracy at the crossing point is removed
interwell tunneling, yielding an anticrossing gap which sep
rates the lower branch from the upper branch as shown
Fig. 2~b! at B52.7 T. A hump is formed at the lower gap
edge only at a sufficiently highB. In Fig. 2~c!, the gap~not
shown! lies far above the chemical potential~m! shown by

TABLE I. DQW’s with well widths w, center-barrier widtht,
well depthsV1 ,V2 , andB50 energy gapD0.

Structure
w/t
~Å!

V1 /V2

~meV!
D0

~meV!

sy1 150/25 280/280 1.39
sy2 135/40 280/280 0.55
asy1 150/25 280/279 1.71
asy2 200/20 280/279 1.46
7732 ©1999 The American Physical Society
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thick horizontal bars forN52.03107 cm21. Note thatB de-
forms the dispersion curve from Fig. 2~a! to Fig. 2~b! by
stretching out the lower branch in theky direction, introduc-
ing additional extrema and large~e.g., divergent! densities of
states. This process transfers states from the upper bran
the region below the gap, thereby loweringm toward the
bottom of the lower branch. This important point is clea
seen in Figs. 2~a! and 2~b!, wherem decreases from 1.64 a
B50 T to 1.05 meV atB52.7 T ~relative to the bottom of
the lower branch!. As a result, significantly fewer subleve
are necessary to accommodate the electrons atB52.7 T, re-
ducing the number of Fermi points and thusG.

With further increasingB, the lower gap edges rise, cros
ing m, and doubling the number of Fermi points from two
four for each crossed hump and thereby increasingG steadily
to a maximum. At highB’s, G saturates as the two groups
the parabolas become separated as shown in Fig. 2~c!. For
DQW’s with very wide wells, however,G decreases again a
higher B’s due to the mass enhancement caused
B-induced mixing of the QW sublevels, as will be show
later.

FIG. 1. A bilayer quantum point contact. The fieldB (ix) is
perpendicular to both the channel (iy) and the growth direction~z!.
Here,d!channel width.

FIG. 2. Energy-dispersion curves for sy1 with five low-lyin
channel sublevels spaced atd50.02 meV ~not to the scale!. The
dotted lines signify higher sublevels. The horizontal bars denote
chemical potentialm for N52.03107 cm21.
to

y

The B-dependentG is displayed in Fig. 3 for sy1 for
several electron densitiesN[n3106 cm21 andd50.02 and
0.05 meV. For the samed, the reductionDG5G(B50)
2G(B5Bmin) at theG minimum atB5Bmin is larger for a
largern. This is readily understood from the fact that, for
largerN, m is larger, populating a larger number of subleve
yielding a larger initialG(B50). Also, it takes a largerB to
pass the hump throughm, yielding a largerBmin . In this
process, a larger number of the sublevels are emptied, re
ing in a largerDG at B5Bmin . For the two curves with
d50.05 and 0.02 meV with the samen510, Bmin is larger
for a largerd becausem is larger for a largerd. The dotted
curve shows the effect of spin splitting forg52. The effect
is negligible forg50.44. Forn520 ~cf. Fig. 2!, G is similar
to that forn510 but is larger.

Figure 4 comparesG for sy2, asy1, and asy2 fo
d50.02 meV. TheB50 energy gapD0 of sy2 is smaller than
that of sy1, yielding a smallerm50.92 meV compared to
m51.07 meV of sy1 forn510. In sy1, the occupied sublev
els consist of only the lower branch of the QW doublet b
causem,D0 . The sublevels just under the Fermi level are
rich source of Fermi points without adding many occupi
states. For sy2, withm.D0 , there are two stacks of occu
pied sublevels, each consisting of the lower and the up
branch, thereby providing two rich sources of Fermi poin
and yielding a largerG(0) than sy1. For sy2, bothBmin and
the relative drop ofG at Bmin are smaller than those of sy
because the hump passes throughm at a lowerB.

For the asymmetric structure asy1,D051.71 meV in-
cludes the 1.0-meV energy mismatch and is larger thanD0
51.39 meV of sy1. TheG(Bmin) is shallow and occurs at a
Bmin , which is somewhat higher than that of sy1. Note th
in asymmetric DQW’s, the two noninteracting parabolas
tersect twice as they are displaced byB: the first time, with
the same sign of the slopes, and the second time, with op
site signs. The hump develops at the lower gap edge at
e

FIG. 3. Conductance as a function ofB for sy1. The dotted
curve shows the effect of spin splitting forg52.
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higher B ~e.g., B52.9 T! when the two parabolas interse
with opposite signs of the slopes, yielding a higherBmin . The
spin splitting is also shown in Fig. 4 forg52 ~dotted curve!.
Recently, theG-minimum behavior shown in Figs. 3 and
with a similar order of magnitude, but with the quantu
steps unresolved, has been observed atT50.3 K.11 The
quantum steps are smeared out forkBT*d.

The ratiosR[G(`)/G(0) saturate at largeB[B` for
most of the curves in Figs. 3 and 4. The asymptotic beha
of G(B`)[G` is reached whenm is far below the gap as in
Fig. 2~c!. In DQW’s with deep narrow QW’s~e.g., sy1, sy2,
and asy1! with negligible mixing of QW sublevels, a largerB
merely displaces the parabolas further away without cha
ing their shapes,m, or G. While most of theR’s in Figs. 3
and 4 are larger than unity,R is less than unity for the bottom
curve~with g52! and the asy2 curve in Fig. 4. For the latte
R decreases after reaching a maximum. These anomalie
due to a combination of large Zeeman splitting, field-induc
mass enhancement, and the energy asymmetryDE ~without
tunneling!, as will be shown below.

We find, equating the number of the occupied states
B50 T andB5B` ,

2A12g (
n50

`

(
s850,1

Am02s8D02«n

5 (
n50

`

(
s,s850,1

Am`2~s8DE1«n1sgmBB`!.

~2!

Here the square roots vanish for negative arguments
m0 ,m` arem’s at B50 andB[B` . 12g is the ratio of the
mass along the channel atB50 andB[B` in the QW’s.

FIG. 4. Conductance as a function ofB for structures sy2, asy1
and asy2~upper scale!. The dotted curve shows the effect of sp
splitting for g52.
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For «n5nad ~a51,2! with d!m0 ,m` , then summation
in Eq. ~2! yields

2A12g (
s850,1

~x2s8!220.5au~x2s8!

5 (
s850,1

(
s50,1

~y2sh2s8Z!220.5au~y2sh2s8Z!,

~3!

where x5m0 /D0 , y5m` /D0 , h5DE/D0 , Z
5gmBB` /D0 , andu(x) is a unit step function. The ratioR
then equals

G~`!/G~0!

5

(
s850,1

(
s50,1

~y2sh2s8Z!1.520.5au~y2sh2s8Z!

2 (
s850,1

~x2s8!1.520.5au~x2s8!

.

~4!

The quantityR is plotted as a function ofx5m0 /D0 in
Fig. 5 for «n5nd. For Z50 andg50, R^1 as seen from
Fig. 5~a! and is consistent with the results in Fig. 3. F
symmetric DQW’s~i.e., h50!, R equals 21/351.26 and&
51.41, respectively, fora51 and 2 in the regionx%1 and
decreases monotonically abovex.1, approaching unity at
large x. For asymmetric DQW’s~i.e., h.0! with g50, R
equals unity forx%h, increases monotonically to a max
mum at x51, and decreases monotonically approach
unity at largex.

We estimateg'2\vc^1uzu2&2/(E12* l 2) for single-well
QW sublevelsu1& and u2& with parity. Here\vc is the cyclo-
tron energy andE12* 5E121\vc(^2uz2u2&2^1uz2u1&)/2l 2 is
the level separation. A similar effect was found earlier us
a different approach.12 The quantityg increases the densit

FIG. 5. Conductance ratioR vs m0 /D0 ~defined in the text! for
uniformly spaced channel sublevels in the absence of~a! the Zee-
man splitting and~b! the mass enhancement.



an

re
-

f
f

te

m

ig
ow

n
try
ig

a

d
t

Q

pin

M.
ire
to
by

the

y1
out

PRB 60 7735BRIEF REPORTS
of states, reducing the number of occupied sublevels
thus R, as shown by the dashed curves in Fig. 5~a!. This
effect is important in wide QW’s such as asy2, whe
g50.09 at 10 T due toB-induced mixing of the QW sublev
els. For the asy2 curve in Fig. 4 withx50.63 andh50.68,R
is smaller than unity, as shown in Fig. 5~a!: g increases
with B, yielding a maximum inG.

For Z.0, R is invariant under the interchangeh↔Z. The
effect of Z is shown in Fig. 5~b!, where Z50.11 and 0.5
correspond, respectively, to the spin splitting atB`56 T for
g50.44,g52, andD051.39 meV. An interesting aspect o
the result in Fig. 5~b! is that, whenx is less than the lesser o
(h,Z) times 222/3, R equalsR5221/3, which is about 20%
less than unity.

The conductance displayed in Figs. 3 and 4 is consis
with the results shown in Fig. 5. TheG ratios obtained from
the curves withn510 in Figs. 3 and 4 agree with those fro
Fig. 5~a!. For the low-density casen52.5 in Fig. 3, however,
R shows a 5% deviation from the theoretical value in F
5~a! because the continuum approximation is poor at l
densities. The effect of spin splitting onG in Figs. 3 and 4 is
small for GaAs QW’s. However, forg52, the effect is sig-
nificant at highB’s. An interesting aspect of the Zeema
splitting occurs when it is combined with the asymme
h.0. In this case,R can become less than 1 as shown in F
5~b! and occurs for the bottom curve in Fig. 4.

For large d, fewer sublevels are populated, yielding
smallerG as seen in Fig. 3. Thed dependence ofG is dis-
played in Fig. 6 for sy1 forB50, 2.2, and 6 T. The dashe
curves there represent the analytic results obtained from
continuum approximation. Here,G drops asd21/3 for small
d,0.12 meV.

In summary, we have shown that a perpendicularB cre-
ates a V-shaped quantized conductance staircase for a D
quantum point contact, decreasingG to a minimum in steps
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of 2e2/h and then increasing it to a maximum, whereG
saturates~decreases again! for narrow~wide! QW’s at higher
B’s. The effect ofB-induced mass enhancement and s
splitting was examined.

The author thanks J. S. Moon, J. A. Simmons, and
Blount for the discussions about the double quantum w
structures and for making their data available to him prior
publication. Sandia is a multiprogram laboratory operated
Sandia Corporation, a Lockheed Martin Company, for
U.S. DOE under Contract No. DE-AC04-94AL85000.

FIG. 6. Conductance vs the uniform sublevel spacing for s
and g50. The dashed curves are the continuum results with
mass enhancement~i.e., g50! at B50 and at asymptotic fieldsB
5B` .
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