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Quantum mechanical theory of the formation of a nuclear emission hologram
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The quantum mechanical theory of the formation of an emission hologramyarigidiation is developed.
Radiation, produced by a radioactive source nucleus, can go directly to a detector or can be resonantly scattered
by neighboring resonant nuclei before going to the detector. The interference between these two processes
gives rise to fluctuations in the radiated intensity as a function of the emission angle. These fluctuations contain
information about the surrounding of the emitting nucleus. The coupled system of equations describing the
scattering amplitudes has been solved in the single scattering approxini&@di63-182€09)02733-2

I. INTRODUCTION The actual state of the system is then expressed as

The idea to usey radiation for holography with atomic .
resolution has been suggested recehfiyThe scheme is |‘I’(t)>22 a(t)e B¢ (0)), D)
simple, in principle: a photon emitted without rec@illoss-
bauer effegtcan reach dfar-field) detector directly(this is  where|¢,(0)) is an eigenstate dfi, andE, the correspond-
the holographic reference waver after it has been scattered ing energy. Solving the Schdinger equation leads to a set
from closely situated nucleithe object wave The two  of coupled differential equations relating the expansion co-
waves interfere and form the holographic image. Measuringsfficientsa,(t)
the intensity as a function of the angle of the emitted radia-
tion gives information on the relative position of the neigh- _da ,
boring nuclei. In a recent experiméntuclear holography lﬁa=z ag(H)e' 1= ¢(0)|V]@q(0)), (2
has been presented in a slightly different way: a photon from .
an external radioactive source can be resonantly absorb%erew|—wq=(E,—Eq)/ﬁ.

directly by a nucleus in a crystal or, indirectly, after the A solution of this system of coupled differential equations
photon has been resonantly scattered by the neighboring nis \yanted that satisfies an initial condition such that=a0
clei. The interference of these processes gives oscillations ¢f¢ system is in a well-defined state, sayand all other
the total number of deexcitation events measured as a fu”%‘robability amplitudes are zertax,(O)z(') anda,(+0)=1,

tion_ of fche inqide_nce ang_le of the photon. Th_ese holographigheret = + 0 means that approaches zero from the positive
oscillations give information on the local environment of the g4e. Although a physically meaningful solution only in-
nucleus. In this paper we present the theoretical analysis Qfyyes positive timest&=0), for analytical reasons however,

“internal” or nuclear emission holography, as originally ¢4)10\ing Heitler# the solution will be extended to the nega-
proposed in Refs. 1 and 2. tive time axis.

In Sec. Il the mathematical background will be defined. In" \yo choose tha’s such that ()=a,(t)=0 fort<o0. It
Sec. lll the details of the analysis will be given. In Sec. IV follows then thatal ! f '
n

. . . has a discontinuity that can be dealt
the discussion of the results will be presented. Y

with.* Heitler has shown that adding an inhomogeneous term
to the right hand side of expressid@) takes care of the

Il. MATHEMATICAL BACKGROUND initial condition and the discontinuity completely
The general method used in this paper is discussed in _
Heitler* Harris® and in a recent articl2The method applies i = > ag(D)e @Y ¢ (0)|V]pg(0)) +if 8, (1),
guantum-mechanical perturbation theory in the frequency 4 3
domain to obtain a set of coupled equations. The Hamil- 3

tonian of the system is divided into two partd, is the  \yhere §,, is the Kronecker delta and(t) the Dirac delta
unperturbed part which describes the evolution of the nucleagnction. Next introducing the Fourier transfotm

states and the free radiation field in the absence of coupling

between the nuclear states and the radiation field. The eigen- 1 (= .

states ofH, correspond in this case to nuclear states of an a(t)y=— —J doA (w)e' (@ @t (4)
ensemble of nuclei and the states of the free radiation field 2mi )

taken here as plane waves. Any nucleus in an excited sta
can be located at any one of the nuclear positions in th
medium. The perturbing part of the Hamiltonian is denoted Y
by V and is responsible for making transitions between the (w—w|)A|(w)=E Aq(w)ﬂ+ Sin s (5)
nuclear levels. q h

g. (2) can be rewritten in the frequency domain
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whereV,, is the matrix element inducing a transition from V;
the qth unperturbed state to théh unperturbed statey) (0= wptie)Dy(w)=—2=Alw), (8)

=(¢i(0)|V|@4(0)). The integral representation of the Dirac
delta function has been usédlo obtain an equation for
A(w), we would have to divide byd— w,). This division Ve
will not be uniqué and it can be shown that if theg’s are to (w—wp+ie)By(w)=, ?e"‘"mck(w)
fulfill the initial conditions the result of the division bye( K

—w;) must be a factor |irpﬂ0+1/(w—w|+is). This has

Vv,
only a mathematical meaning when integrals are involved, +> ?pe'p'rmmDm,p(w), 9
which eventually is always the cassee later. In fact the P
replacement of  — w|) by (w— w,+ig) (g an infinitesimal,
positive number defines the path of integration, guarantee- V*
ing causality” This is completely analogous to the definition (w—w,+ie)Dpyy(w)=——e Pm/iB (u), (10
of integration paths in the propagator concept in quantum P mP h "
electrodynamics. Of course the devieewill always disap-
pear from the physical answers, as will become clear later.

So Eq.(5) will be rewritten as (0—wp+ie)Culw)= \;_kA(w)JFE \;—ke*ik'rmBm(w),
V m
(0= o tie)A(@) =2 Agw) 7 + 80 (6) A
q

The advantage of the set of equations, ), is that itis a  whereV, andVy are the matrix elements describing, respec-
linear (coupled system. In the next section this general for- tively, absorption and emission of a photon with wave vector
malism will be applied to the study of the interaction of k. Analogous definitions and notations hold for the matrix

radiation with nuclei embedded in a lattice. elements,V, and V; , describing electron conversion pro-
cesses, witlp the momentum of the conversion electron.
1. ANALYSIS An understanding of the structure of these equations can

be obtained by considering E(.1). Equation(11) expresses
the amplitude for finding a photon prese@i,(w). The first
Let us consider, at=0, an excited nucleus, the “source” term on the right-hand side of EGL1) corresponds to having
nucleus, surrounded by identical ground state nuclei, théhe source nucleus emit such a photon. The sum pven
“scattering” nuclei, and no photons or conversion electronsthe right-hand side of Eq11) corresponds to the emission of
present. The source nucleus is taken at the origin of a coor photon by the scattering nuclei. Since each nucleus can do
dinate system. The coordinate of the scattering nuateiss  this we must sum over all resonant scattering nuclei. One
denotedr,,. The different quantum mechanical amplitudesmust keep track of where that emission took place by intro-
are defined below. ducing the appropriate phase factor. An analogous interpre-
A(w): the amplitude of the source nucleus excited, alltation can be done for all other processes. It should be em-
scattering nuclei in their ground states, no photons or conphasized at this stage that the treatment of the electron
version electrons present. conversion processes is only necessary to produce a width
Bm(w): the amplitude corresponding to excitation of the (@and also a shift that will be incorporated int@,) due to
mth scattering nucleus to one of its excited stdtes and no  electron conversion which, combined with the radiative
photons or conversion electrons present. To keep the analysigdth (see latey, will give the total width of the nuclear
as simple as possible, just one excited state will be considexcited state. This has been explained in detail in Appendix
ered. This can be generalized. A. Combining Eqs(7)—(11) it has been shown in Appendix
Cy(w): the amplitude where all nuclei are in the ground A that
state, there are no conversion electrons, and a photon of
wave vectork is present.
Dp(w): the amplitude corresponding to the presence of a (w_wo+i L) A(w)
conversion electron with momentum, produced by the 2%
source nucleus, all nuclei in the ground state and no photons

A. Fundamental equations

present. “1+Y 1 we*””mB (@)
Dm,p(w): the amplitude corresponding to the presence of m K w—wgtie j2 me
a conversion electron, with momentum from the mth
nucleus, all nuclei in their ground states and no photons (12)
present.
The coupled equations relating these amplitudes can thephereT is the total width of the nuclear excited state, given
be shown to be by the sum of the electron conversion widh, and the
radiative widthyg, defined by Eqs(A5) and (A9), respec-
(w—wo-i-is)A(w):E \ick(wHE ED (0)+1, t@vely. o in_corporates a_le\_/el shift_comi_ng from th_e summa-
k h > h P tion overk in Eq. (7). This is explained in Appendix A.

(7) It has been shown also in Appendix A that
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g V: ! i(wg—wg+il/2k)t
w—wo-i-lﬁ Bm(w) Ck(t)z?w —_ +i(F/2ﬁ)(l_e wg— g o
k— @o
1 |Vk|2 iKk-r V: e »
=AY o 2 T syt E
1 |Vk|2 . eiwkl'm/c - .
+§k: 2;4 Bm/(ﬂ))m—ﬁz ik (rm=rm)_ wormlc{1+[|(wk—w0+|l“/2ﬁ)
m-#m
(13 X (t—r /c)el( @ wotil/2n) (t=rp/c)
quation : ,an are the fundamental equations — gi(wg—ogti - _
il oot he fund ! i gl (@i oo T2 (t=rm/e)y 17)

describing multiple scattering in the frequency domain. Therpe total probability amplitude for having a photon with
positions of all resonant nuclei occur in the expressions. \,-ve vectork is the sum of two terms

The system of equations has been solved exactly in the
case of radiation coming from a radioactive soutessat- ck(t)=c(k°)(t)+c{<1)(t) (18)
tered in the forward direction. In the following we will use
another approach, where an approximate solution will pavith
presented. This solution will lead to the idea of holography

: - Vi 1
with vy radiation. C(ko)(t):7

T (1_ei(wk7wo+irl2ﬁ)t) (19)
B. Approximate solution Ok @otigg
Hypotheses(i) The probability of the source nucleus re- and
excited by radiation coming from the neighboring nuclei is . o e
negligible. This can be justified for internuclear distances (1) 4y _ _V_k YR S e ikt e “kim
A, which is always the casdii) Single scattering by the G ()= 202 [w— wo+i(T120)]% 45 €
surrounding nuclei. This will be an excellent approximation
for thin samples. In fact, both hypotheses constitute the X{1+[i(wg— wo+il'/2h)(t—ry/c)
single scattering approximation.
The sums ovem andk in the right-hand side of Eq12)

wol m/C

@l (0= g +iT/28)(t= T /)

describe absorption by the source nucleus of radiation com- — gl (@Kot iT2R)(t=rm/e)]y (20)
ing from the scattering nuclei. According to hypothe&is . _ .
this process will be neglected. Therefore, c9(t) is the amplitude to have a photon with wave vedtor

produced by the source nucleus along)(t) is the ampli-
tude to have a photon with wave vectordue to scattering
w—wot+i(L/2h)" 14 nuclei, having scattered the photon produced by the source
nucleus. In the next section, the radiated intensity will be
This is nothing but the familiafLorentzian frequency spec- calculated with the aid of expressio(9) and (20).
trum centered arounad, with width I'/2%.

A(w)=

The last series on the right-hand side of E) describes IV. RADIATED INTENSITY AND DISCUSSION
the excitation of scattering nucleus at positigh due to _ ) )
radiation coming from the other scattering nuclei. These pro- A. Radiated intensity
cesses are neglected according to hypoth@sisTherefore, The probability of having a photon with wave vectior

present at time, is given by
1 |Vid? ik-rp

r
(w—wo—l—i ﬁ) Bm(w)ZA(w); —_—

PR P () =[c(O)]*=[cid (O[> + e (t)]?

(15 +2Rd c(t)cM* (1)]. (21)

or with Eq. (14) The first term|c{®)(t)|? is the probability to have a photon

r with wave vectok, due to the presence of the source nucleus
(w_w0+i _) B,(®) alone. The second terfn{!)(t)|? is the probability to have a
2h photon with wave vectok, due to the presence of the scat-
1 1 IV, 2 tering nuclei, having scattered the photon pr(_)duced b_y th_e
— KL Lk source nucleus. For a small number of scattering nuclei, this
0= woti(I'2h)F o—wtie 32 ' term is much smaller thefc{(t)|? so that it can be ne-
(16) glected. The last term on the right-hand side of expression
(21) is an interference term between the amplitude due to the
Making use of Egs(11) and (16), C,(w) and, after going source nucleus and all amplitudes due to the scattering nu-
back to time domaing,(t) can be calculated explicitly. This clei.
has been done in Appendix B. One finds The interference terrtﬁl(t) is given explicitly by
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1 e—imkrm/C

2 elkm

Twg—wo—i(T127)]2 G

wolm/C

(22

It is clear from expressio(22) that the count rate depends on This contrast function has similar features as the one for an
the direction, this because of the presence of the factors-ray fluorescence hologrdror photoelectron holografhin
e'*'m_ The count rate will thus change as a function of thethe next section this function will be discussed.

emission direction. Expressid@2) contains therefore infor-
mation on the position of the scattering nuclei with respect to

the source nucleus.

We will consider the probability that a photon has been

emitted in directionk for long times (—«). The interfer-
ence term for long times becomes

2
|01(30)=—R |Vk| YR 1
k 73 wp—woti(L/2h)
1

e—ia)kl’m/C

ik
X[wk—wo—i(F/Zﬁ)]Zg ST
(23
At resonance, it can be shown that
8|Vi|2¥r < SiN(K-rm— wof m/C)
1 () = > T (29

F3 m worm/C

B. Discussion

The contrast functiofr; depends evidently on the direc-
tion k with respect to the positions, of the nuclei. Measur-
ing as a function of the direction will thus give information
on the positions of the nuclei with respect to the source
nucleus, whence the term nuclear hologram. Superimposed
on a constant background, due to the direct radiation of the
source nucleus, there will be fluctuations in the measured
intensity. The reconstruction of the real image from the ra-
diated intensity can be done according to certain techniques
(see, e.g., Ref.)9

The order of magnitude of the “contrast” as well as of
the “oscillations” as a function of the emission direction,
will be estimated for one scattering nucleus at a distance of 3
A from the source nucleus. For the ratjg,/I" we take .
The energy is taken as 14.4 keV'Fe nucleus A simple
calculation shows that the contrast, defined here as the dif-
ference between the maximum and the minimum value of the

The contrast functiorF, (still corresponding to the reso- ratio given by expressio27), is of the order of 1%. Al-
nance conditiop is given by the ratio of the interference though expressiori27), applied to the simple case of one
term |gl(oo) given by expressiori24), and the square of the source nucleus and one scattering nucleus, is not really a
absolute value of expressioh9), evaluated at resonance and periodic function, it shows a series ghonequidistant

for long times. One has

r
o1 sin<k~rm— o m)
Clel@=))? T W

wolm/C (25)

maxima and minima. Figure 1 shows the simulated contrast
for this simple case. The angular distance between a maxi-
mum and its adjacent minimum is about 8° for radiation
emitted in the vicinity of 90° with respect to the line joining
source and scattering nucleus. For smaller or larger angles,
this angular distance increases. For example, a maximum
occurs around 37° and its adjacent minimum around 20°.

The detector, positioned in a certain direction, does not reg- Figure 2 displays the intensity pattern of the 14.4 keV
ister a single energy, of course. One has to integrate thgydiation produced by an excitédFe nucleus at a center of
interference term, Eq23), and the direct term over all pho- cube(of length 2.866 A surrounded by eight ground state

ton energies. When doing so, the new contrast fundign

5’Fe nuclei at the corners of the cube. The intensity is shown

will depend solely on the direction, given by the unit vector a5 a function of the spherical angular coordinatieand ¢,

k=k/k. The explicit expression results in

Sin(1—K- 7 ) @ol m/C]
wolm/C

_ IR

e—(l—k-Fm)rrm/th
I' =

Fi=

(26)

where T, is a unit vector in the directiom,. It can be

verified easily thae~ (1 mTTw2ic~ 1 5o that finally one

has

Sin(1—K- 7 ) @ol /€]

™ wol m/C

(27)

where the axes are defined in Fig. 2. The spots with bright
intensity correspond to directions with high radiated intensity
and, inversely, the darker a spot, the lower the intensity cor-
responding to this direction. For any specific configuration,
the contrast function can be easily evaluated numerically.
Experiments can be performed with the use of a position-
sensitive detector. Given the numerical values of the simula-
tion displayed in Fig. 2, a rough estimate of the needed an-
gular resolution can be made for the cluster of nuclei
presented in Fig. 2. The angular distance between a maxi-
mum and a minimum is of the order of 10°. If we choose for
the detection a pixel definition of one tenth of this, we would
need an angular resolution of 1°, which is easily feasible. For
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Detector

Detector
0
F/\ L& 1
p ’ . . | 120 0.0282
0.004 n ﬂ ﬂ
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0.002
0.000 90° F-0.0021
-0.002
75° L-0.0173
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60°- --0.0324

FIG. 1. Contrast functiofEq. (27)] of the 14.4 keV radiation 607 & 0 105° 120°

produced by an excite@’Fe nucleus at which neighborhood a ) (p
ground state’’Fe nucleus is situated at 3 A.is the angle between

the line defined by the source and scattering nuclei and the line FIG. 2. Intensny p"?‘“em (.)f rgdlatlon produged by_ an excited
) nucleus on a substitutional site in a bcc cell with lattice constant
defined by the source nucleus and tfe away detector.

2.866 A, surrounded by eight ground state nuclei.

a microcuriey source a total counting time of the order of a ) .
few days would already be sufficient. scattering, the system of equations can be solved exactly. We

Finally, it has to be mentioned that a real holographich@ve developed the theory for a single line source. The ex-
image will not look as simple as the one we considered irjension to the case where t_here is hyperfine splitting has still
Fig. 2, this due to the contribution of nuclei situated furthert© P& done. Nuclear emission holography has the advantage
away from the source nuclei. It can be seen from expressioff!at it could be applied to study structures that are too small
(27) that the further the nuclei are away from the sourcefor the usual x-ray diffraction. -
nucleus, the higher the frequencies of the oscillations corre- 10 olitlam a single hologram, some conditions have to be
sponding to these nuclei are. Applying a low-pass filteringfulfilled: ™" the environment of every source nucleus has to be
procedure on the contrast function, one can filter out the high€ Same, every environment has to be oriented in the same

frequency oscillations, and thus keep only the contributiondvay, the size of the sample has to be much smaller than the
of the near-neighbor atoms. distance sample-detector, the radiation emitted by different

source nuclei has to be incoheréithtis is always the case for
radioactive nuclgi The problem of sample preparation for
nuclear emission holography is not trivial. Nuclear emission
Radiation emitted by a radioactive nucleus incorporateciolography is only applicable if enriched single crystalline
in a solid state lattice can go directly to(far-field) detector ~samples are available. The most useful radioactive isotope
or it can scatter resonantly by neighboring nuclei in thefor emission holography is probabR/Fe. The problem of
ground state, before going to the detector. The two types asample preparation is the introduction 8€o (which decays
radiation interfere, which gives rise to oscillations in the in-to >’Fe) into a sample containing/Fe in the ground state.
tensity reaching the detector if measurements are performddn implantation of°’Co into a previously prepared enriched
as a function of the emission angle. These oscillations consample of*’Fe is a possibility. Co-deposition ofCo and
tain information about the relative position of the nuclei in- °’Fe by means of special techniques such as molecular beam
volved in the scattering processes. This is the idea of hologepitaxy (e.g., at the ion and molecular beam laboratbof
raphy with nuclear radiation. The direct radiation is thethe University of Leuvehis another possibility.
reference wave and the scattered radiation is the object wave As already has been mentioned, the crucial part is the
in the holography. The real space reconstruction has to bé’Fe environment of every’Co. If all environments are
performed. The quantum mechanical theory of the scatteringlentical and oriented the same way, then separate but iden-
processes has been developed using perturbation theory fical holograms are added. If there exist a small number of
the frequency domain. Allowing for only single resonantinequivalent source sites, then the hologram will be a super-

V. CONCLUSIONS
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[Vil?

oo e M@

position of the neighboring environments surrounding eack
w—w,tig)

source nucleus. If the environments have completely rando
orientations with respect to each other, the structure in the”
hologram will disappear.

If the problem of sample preparation is solved, the spe-
cific applications of nuclear emission holography could be
the study of nuclei on a surface or of nuclei belonging to
clusters or precipitates. A final word could be said about the
influence of Thomson electronic scattering. The Thomson
scattering occurs not only for the scattering nuclei, but also
for the atoms of the matrix. The Thomson cross settisof
the order of 6<10°2° cn?, while the resonant nuclear cross and an analogous expression Bf(w). P stands for the
section for®’Fe is 2.56< 10 ® cn?. If the concentration of ~principal value of the integral. The presence of the volume
the resonant scattering nuclei is Id@s is the case for non- in Eq.(A4) and in the others resulting from the conversion of
enriched samplésthe Thomson scattering will increase the & sum into an integral in three dimensions, is only apparent,
background, reducing the effect of the holographic oscillabecause the matrix elements such\s® contairt® 1/V.
tions. For enriched, thin samples, Thomson scattering will be When the expression in E¢A4) is taken to the left-hand
negligible because of the large difference between the res@ide of Eq.(Al), the principal value term corresponds to a
nant nuclear and Thomson cross sections. shift in the frequency, which can be incorporated iaig.
The second term of EqA4) gives a width due to the inter-
action of a nucleus with its conversion electron. This width
v, is defined by

o 1JJ |V—p|22dd9 i
RN fw—wpp PALA(w)~

vV 7
X(zwh)ﬁf?fff|Vp|2P25(w—wp)ddeA(w)

(Ad)
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APPENDIX A

Rewriting Eq.(Al) gives then

Ye

. Vi
—wotior =D — +1.
The general Eqs(12) and (13) will be derived in this (“’ “o '2ﬁ>A(“’) ; 7 Co) Tl (A6)

appendix, starting from Eq$7)—(11). Substituting Eq(8) in

Eq. (7) The corresponding equation f8;,(w) is

: < Vk . Vi
(w—a)0+|£)A(w)—; zck(w) (w—wo—kizy—ﬁ) Bm(w)=; zke'k'rmck(w). (A7)

1 V|2
_— | "2| w)+1 Solving now Eq(11) of the main text foiIC,(w) and substi-
p wwptle 7 tuting into Eq.(A6) gives
(A1)
Analogously, with Eqs(9) and(10), one has w—wgti Je A(a))=2 ; |Vk|2A(cu)
' ' 0" 24 X w—owtie 52
. Vi ik - 1 |V |2
(w—wo-i-ls)Bm(w):E Wel "'mCy(w) "’2 Z I A
k m Kk w—wk—l—is ﬁz
1 v Xe KB (w)+1 (AB)
JE— m .
+zp w—w,tie 42 m(@).
(A2) Considering the first term on the right-hand side of &8),

the sum ork can be converted into an integral, analogously

to what has been done before. This results again in a princi-
pal value term and a delta-function term. The principal value

term corresponds again to a frequency shift when brought to
the left-hand side. The delta function term corresponds to the
usual radiative width® yr, where

By converting the sums op in Egs.(Al) and (A2) into an
integraf and expressingV,| %/ %(w— w,+ie) in terms of a
principal part and a delta function, according to the reldtion

1
X+ie

-~ P;—iﬂ-é(x) (A3)

B 2wV
(2m)%h

YR fJfle|25(w_wk)k2dde- (A9)

one has
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Collecting terms on the left-hand side of E&8), using Eq.
(A9), gives

r
(w wo-l-l )A(w)

1 Vil?
w—wgtie §2

=1+ ;

e—ik-rmBm(w)

(A10)
which is Eq.(12) of the main text.

I' is the total width, equal to the sum of the conversion- sum into an |ntegra| as has been done in Appendp( A one

electron and radiative widths. Solving again Efl) of the
main text forC,(w) and substituting into EqA7) gives

1 |Vk|2
(w w0+|2ﬁ) Bm(w)= w)Ew wgtie ﬁ2
S Bolo)———
* K o m'(w)w—wk-i-is
IVil? (Fmmt
_ m)
X— -2 ek (Al11)

The second series of the right-hand side of &dL1) can be
divided in two parts: one witm’#m and the other with
m’=m. Then Eq.(All) can be rewritten as

(w w0+| ) Bn(w)

1 [Vil? ik
—A(w); w—wgtie #2
1 V(|2
+ _
Bm(w); o—wtie 32
|Vk|2 ik
, ~(rmfrm/)
+E mgm Bm (w)w—wk+is %2 '
(A12)

The second term on the right-hand side of E412) can
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The sum ork in expressiorn(16)
(w—wo-l—i o7 Bn(w)
1 1 |Vk|2
- woti(TR2A)T w—wtie ﬁz
(B1)

of the main text will be evaluated now. After converting the
has

2
1 |Vk| eikr
x w—owgtie f2

[Vi?

(277)%2[ ffw wgtie
(B2)

The integral in expressiofB2) is of special interest, because
it contains the factoe' "m. It will be evaluated in Appendix
C. One finds

Ik»rmd3k_

2
1 |Vk| iK-r
K o—owgtle 2
\Vj eiwrm/c

== — V(w)|?w.
27Tﬁ202 M'm | ( )l

(B3)

The radiative widthyg can be showiafter evaluation of the
integral in expressiofA9)] to be equal to

v 2 2
vr=— 5 IV(@)*?. (B4)

Substituting Eq(B4) into Eq. (B3) gives

1 Vil?
X w—wctie p2

YR el(ur /c

Krm = —
2% ol y/c (B5)

which is a Hankel function of the first kind.

again be transformed into an integral. When this term is Substituting Eq(B5) into Eq. (B1) gives
brought to the left-hand side, there will again be a frequency

shift and a radiative width. The equation f8,(w) then
becomes

r
(a) w0+| ) Bn(w)

1 [Vid? ik-r
—A(w); wo—wtie p2
1 |Vk|2 ik-(rm—r
~Tm’)
(A13)

which is Eq.(13) of the main text.

jwry,/c

YRE
 w—wot+i(L/2h) 2k wrylc’
(B6)
Substituting finally Eqs(14) of the main text andB6) into
Eqg. (11) of the main text gives us

r
(w wo+I2 ) B(w)=

1 Vi 1
(w—wptie) i w—wot+i(L/2h)

Crlw)=

7RV: 1 1
- 207 (w—wytie) [o— woti(T/2h)]?

) eiwrm/c
XZ e ik,
m

wrplc’ (B7)
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Going back to the time domain, applying the inverse Fourieicoming from the source. Fde>r,/c the contour has to be
transformation of expressiai7) [Eq. (4)], givesc,(t) closed in the lower half plane, where there are two pales
=wi—le and w=wo—iI'/24 (which is of second ordgr

c(t)——iv—: e CR After calculation one finds
YT 2mi B s (w—wytie)w—woti(I'12h)] . oo e
(D fy=— K TR ik &
Vi =~ 32 fo et (T 2 & ot

1
Xd(x)+ 2ﬁ2 E e —ikrm
)AL+ [ ( @y — ot i TI28) (t—r /<)

+ o e(“)k )t . .
% f x @l (@x—wo+il/2h)(t—ry/c)
e (w—wtie)o—woti(T2k)]?

. _ei(wkfw0+il“/2h)(tfrm/c)]}_ (BlZ)
ela)rm/C

X YR do. (B8)  Substituting expressiori®9) and(B12) into Eq.(B8) finally
gives
The expression containing the first integral will be denoted

clO(t). After contour integration one finds

ol yl/c

*

_ ai(og—wg+il/2n)t
, , et =" o wg (T2 1 )
V* 1 el(wk—wO-HF/Zﬁ)t
k h | wg—woti(T/2h)  wo— w—i(T/2h) YR S eikrn
. 2h2 [w— wot+i(T120)]% 45
:V_k _ (1_ei(a)k—a)0+irl2h)t). eiwkrm/c
- wx—woti(I'/2h) X [1+[i (= wo+iT12h) (t—1 n/C)
(BQ) worm/C
i(wg—wo+iTI2)(t=T/C) _ ai(wg—wg+ilI2h)(t—rmy/
The expression containing the second integral on the right- X gl ot TN /0] — gl (@ eotIT2(E=Tm O]}
hand side of expressiai®8) will be denotecc{!(t), defined (B13)
by which is Eq.(17) of the main text.
*
Dy~ K —ik-rpy
G (V=57 572 % e APPENDIX C
. (o — o)t The integral in expressio(B2), I(rn, ), is defined by
Xf—oc (0—ogt+ie)[w—wy+i(I'12h)]? TR |Vk|2
I(rm,w)—f f f ekmd3k.  (C1
glermlc w— a)k+|8
><wrm/cdw' (B10 Choosingr,,//OZ, soe'k 'm=¢eX'm®% one has

presence ofyg [Eq. (B4)]. E.g., for a dipole transitionyg e'K'mcoF2d ksingd 6d ¢b.
xw? (see, e.g., Ref. 13Becausav, will always be close to (C2)
the nuclear resonance frequeney, the factor 1& can be

written as 1 in all residues arising in the integration over Supposing thaV,|? does not depend ofand ¢ (no polar-
w. This can be confirmed by a straightforward analysis. Sdzation effect$, the ¢ integration gives 2. The 6 integration
vr/w can be put in front of the integral and replaced byis also simple

yrlwg. Therefore

It has to be noticed thab=0 is not a pole because of the V|2
o= [ [ [

w—wtie

- " Y eikrm_e—ikrm
* e'*'mt%¥singd §= - C3
C(l)(t)— 1 Vk YR e*ik'rm fo |krm ( )
k 2 242 wolf m/C ‘A
Therefore
+o i(w—w)t
X " " 0 2 ik m— —ik m
f_m (w—wytie)w—wo+i(T/2h)]? e w)=27'rj Vil efm—e™ " dk
_ m 0 w—wytie ikrm '
X el “'m/Cd . (B1Y) (C4

This integral can also be calculated using the residue theqyyith

rem. Fort<r,/c, the contour has to be closed in the upper

half plane, where there are no poles. Consequently,t for wy 1

<rm/c, cM(t)=0. This is nothing but the principle of cau- k= —dk=do (CH
al|ty which states that there cannot be any radiation coming

from a scattering nucleus before it is excited by radiationthe integral becomes
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% |Vk|2 eiwkrm/C_e—iwkrm/C 2 ES |Vk|2ei“’krmlc
[(rmw)=— . . (M, 0)=: zj — wdwy
(Fms ) 3 Jo w—wtie iyl m/c " IMmC™J - @ = wtle
» 2n—iwygry/c
X widwy. (C6) 27 V| %"k m
— 2 T (x)kd(,()k. (C?)
IrCJ) - w—wgtle

This integral cannot be evaluated in a simple manner using
contour integration, because of the lower bound 0. It will be
shown now how the lower bound can be extended-to,  These two integrals, contrary to the one in expres$),
without changing the value of the integraf:'“k'm/® are os-  can be calculated easily using the residue theorem. The con-
cillating functions ofw, . Forr , large(of the order of a few tour of the first integral has to be closed in the upper half
A), w1 /c>1, except for small values af, . But for small  plane. The pole is within the contour. The contour of the
values ofw, ,wﬁ/(w—wkﬂs) is negligible. For appreciable second integral has to be closed in the lower half plane and
values ofw, e “'m/C oscillates rapidly, so there will be no the pole is outside of the contour, so that the second integral
contribution to the integral unless one of the other factords zero. Therefore we have

shows a comparatively fast variation, compensating this due

to e“'“k'm/®. This occurs neak=w/c. As a consequence, .

the range ofw, values that contribute to the integral could be (2m)%e'“ V()| 2w

reduced to a small regioAky aroundw and there, all fac- H(Fm @)=~ roc2 : (Cy

tors are practically constant except those which have just m

been mentioned. So we can extend the integral fremto

+, Therefore This expression is used in expressi@®).
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