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Neutron structural study of a displacively modulated crystal:
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We present a structural study by single-crystal neutron diffraction of the one-dimensional displacively
modulated dielectric crystal betaine calcium chloride dihydi@€ECD). The fourfold and fivefold low-
temperature commensurate structures of its Devil's-staircase-type phase diagram have been investigated at 100
and 68 K, respectively. In both structures, the atomic modulation functions, deduced from a four-dimensional
refinement, are highly anharmonic. Moreover, the amplitude of the third-order harmonic is as higid%s
of that of the first-order harmonic and the phases of the two harmonics are roughly equal. Consequently, many
atomic modulation functions display a typical two-step squared shape. On the basis of four-dimensional
symmetry arguments, we interpret this modulation anharmonicity as a soliton regime with respect to the
lowest-temperature nonmodulated ferroelectric structure. The two-step solution of the sine-Gordon equation
can indeed describe at least qualitatively the phase of the modulation for many atoms in BCCD. After the case
of thiourea, our work constitutes a complete structural characterization of a soliton regime in an incommen-
surate system. The physical consequences of this soliton regime in BCCD are discussed. In particular, the
relevance of the use of polar Ising pseudospins as a low-temperature structural model is directly established
and the theoretical predictions of the double Ising spin model concerning the dielectric anonigharat
confronted with our result§S0163-182609)02634-X]

[. INTRODUCTION placive transition that occurs & is driven by a mixed
optic-acoustic soft-mode of 5 symmetrsy(antisymmetric for
Since its synthesis in 1984betaine calcium chloride di- Ca, anda,, symmetric forE anda,).”® _
hydrate (BCCD) or (CHs)sNCH,COOCaC}(H,0), has The room-temperature orthorhombic cell contains four
been studied by many experimental techniques and differed@rmula units of 28 atomssee Fig. 1 of Ref. 5 among
theoretical models have been developed in order to epraiWh'Ch eight lie on the mirror plane, of the structure, so
and to predict its remarkable physical properfidadeed, only 18 atoms are symmetrically independent. This formula

; : ; it is composed on one hand of the polar organic betaine
this compound constitutes among incommensur@ic) UM 0 "
system3 one of the best experimental examples of the Dev_molecule[(CHg)gN CH,COO ], and on the other hand of

iI's staircase concept:when the temperature decreases ata_d|storted octahedrofCaCh(H,0),] centered on the cal-

atmospheric pressure, between the high-temperatur%Ium atom. These two elementary units share an oxygen

paraelectric structuréspacegrouf®nma (Refs. 5,6 with a _T_fm ?f tf:e carboxg/l tgrmmgl grouptoflzhe beéame mollletl:ule.
~10.95 A, b=10.15 A, and c=10.82 A, above T, e structure can be viewed as a stacking alorg paralle

-1 =3 i i
=164 K) and the lowest-temperature nonmodulated ferrolha yderros Z;yg?ia 4e:r(]dcﬁtl_¥/_%) +» linked by [011] diagonal
electric structure(spacegroupPn2,a,® below To=46 K), yarog 9 :

there is a succession of one-dimensional displacively modu- The nature of the phase diagram of BCC-D is sl

_ P Y MGt ontroversiaP 1 whereas its low-temperature part is close to
lated  structures  characterized by the wave-vector 5 “harmless” Devil's staircase, several higher-order com-
=§(T)c*, which are either INC(structures INC1 and mensurate structures have been detected in the structure
INC2), or commensuratémainly §=2,%,%, and$). The dis-  INC2 between the structured=2 and 8= 2 which
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might indicate, together with a global hysteresis phenomiually, many experimental results in BCCD have been al-
enon of the wave-vector of the modulatid®m, “complete”  ready interpreted assuming a soliton regith&,~>*but a mi-

Devil’'s staircase behavior in this range of temperature. Dug€roscopic evidence and an analysis of the nature of this
to its layer structure and to the nonpolar or polar charactespeculated soliton regime were still missing. Consequently,
alonga or b of the different structures of the Devil's stair- We have studied by means of a four-circle neutron diffraction

case, BCCD displays furthermore very interesting feature§Xpe”1ment 'ghe two low temperature commensurate struc-
under pressure or electric fielgb.g., structural branching turesz and s at 100 and 68 K, respectively, in order to
proces or unusual dielectric anomalies, for instance theclarify the situation, i.e., to determine and to interpret the
“T, anomaly’). This compound is therefore a prototype shape of the modulation of_the 18 |_ndependen_t atoms o_f the
system for various theoretical modelphenomenological average structure, or their atomic modulation functions
Landau type?> semimicroscopic¢®!’ or statisti¢® models. (AMF's).

BCCD has been apparently classifiéin the so-called The structure of this paper is as follows: first, we describe
Landau type-1l INC family® such as thiourea, quartz, or the experimental method, second, we show that the modula-

NaNO,: their lowest-temperature structure beldyis non-  tion in BCCD deduced from a four-dimension@D) struc-
modulated and the Lifshitz invariant in the Landau free-{ural refinement is highly anharmonic at least below 100 K,
energy density is forbidden: the modulation is assumed tdhird, this Iow—temperature structural anharmonicity is inter-
remain nearly sinusoidal even closeTtg, no soliton regime ~ Preted on the basis of 4D symmetry arguments as a soliton
develops and the transition towards the lowest-temperatur€dime with respect to the lowest-temperature nonmodulated
nonmodulated structure is always first oré&On the other ferroelectrl_c structure. The physical consequences of this
hand, Landau type-I INC systerfs.g., numerous oh,MX,  Soliton regime are then discussed.

compounds have a commensurately modulated lowest-

temperature structure; the Lifshitz invariant is allowed and a Il. EXPERIMENTAL METHOD
soliton regime is assumed to develop on cooling towards the . _ _
rather continuous lock-in transitiotsee Sec. IV B This The experiment was performed on the four-circle diffrac-

Landau rough classification, confirmed by a numerical meantometer 6T2 located on a thermal source at Oeptesactor,
field analysis? is inconsistent with the case of thiourea: a Saclay, France. We have used as monochromator crystal py-
coexistence of solitonic and sinusoidal modulations has beef®litic graphite vertically benfreflection (0 0 2, i.e., X
experimentally detecteth:22Recently, this example has been =1.528 A]. The cylindrical collimators installed on the pri-
used to prove that the difference between Landau type-l anghary beam, between the monochromator crystal and the
type-ll INC crystals is, as a matter of fact, very sample, between the sample and the detector, were equal to
schemati@®?*In addition, it turns out that BCCD can not be 30', 15, and 25, respectively; a pyrolitic graphite filter was
easily classified as a type-Il or a type-lI INC system. Indeedmounted on the incident beam in order to reduce higher-
even though its lowest-temperature structure is nonorder contaminations. The minimum angular resolution was
modulated, the order parameter describing the sequence efjual to about 0.2°.
phase transitions is two-dimensioh (although a simpli- The single-crystal of fully deuterated BCCDV(
fied phenomenological model based on a one-dimensionat120 mn?) has been grown by slow evaporation from a
order parameter has also been developeds in type-1 INC  saturated BO solution of completely deuterated pure chemi-
compounds. Moreover, unlike other type-1I INC crystals, thecals (global rate of deuteriation equal to 99%Ne have
Lifshitz point in the pressure-temperature phase diagram greviously confirmet that no isotopic effect occurs in
BCCD would be very far from the atmospheric presqloie  BCCD, therefore the deuteriation does not disrupt the experi-
tween=10 and 13 kbafRefs. 13,26,2)], or in other words, ment, but on the contrary it removes the incoherent elastic
the temperature region of the modulated structures is vergcattering coming from hydrogen atoms and thus enhances
large (around 118 K, indicating that BCCD is distinguish- the signal to noise ratio. The sample was hold on the cold
able from a typical type-1l INC compoun@ee Refs. 2,14  finger of a displex closed-cycle cryostat, allowing a thermal
The initial motivation of this work is the recent discovery stability of 0.1 K. The acquisition of the data was performed
of high-order satellite peaksnainly of third-ordeyin a fully ~ at 100 and 68 K for the structurgsand, respectively, over
deuterated single-crystal of BCCDTheir intensities, mea- two octants of the reciprocal space byscansw — # scans,
sured by neutron diffraction, become beloW;—40 andw — 26 scans in the 2 range 0°-45°, 45°-80°, and
=115 K (i.e., in the structuré) clearly consistent with an 80°—120°, respectively.
anharmonic modulatiorinon-negligible contribution of the The stability of standard reflections, including main and
third-order harmonic This result is the first direct experi- superstructure peaks, at 100 and 68 K, was better than 1.4%,
mental evidence of a deviation from the sinusoidal charactepver 113 and 258 h, respectively. The cell parameters, re-
of the modulation in BCCD, insofar as no high-order satellitefined from the position of 25 and 21 strong main peéks
peaks have been measured up to now eitherxbpy theérange 8.11°—21.36°, and 14.77°-21.36°, respectively
diffraction 283 or by neutron diffractiori* It leads to the are a=10.83(2) A, b=9.98(2) A, ¢=43.13(7) A and
two following remarks:(i) from a general viewpoint, the a=10.82(3) A, b=9.98(2) A, ¢=53.93(2) A in the
theoretical predictions aforementioned for type-ll INC com-structures; andz, respectively.
pounds seem to be once more contradictéd;from a par- The data reduction, realized with theoLL5 program
ticular viewpoint, the previous x-ray structural study of the based on the Lehmann and Larsen algoritfias allowed
structure *° which has concluded in favor of an harmonic, us to eliminate bad profile principally contaminated by alu-
or almost harmonic, structural model, has to be revised. Acminum powder reflections of the cryostat fer— 6 andw —
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260 scans. Finally, 2537 and 5189 reflections have been se- TABLE I. Symmetry operators of the superspace-group
lected with all observed reflectiongi.e., with FZ,,  P(Pnma:(1s,—1) for a wave vector of the modulatiork
BBU(FﬁH)] fulfilling the extinction rules of the space- =4§(T)c* and the internal space origin chosen at the inversion
groupsP2,ca and P2,2,2, for the structures and i, re-  center.

spectively. These space-groups have been predicted by

Paez-Mato! assuming the same order parameteAgfsym- 1 {E|000,@ 5 {il000,g
metry for the whole sequence of phase transitions, and fo? 111 9 6 111 O
P2,ca, yet confirmed by the previous x-ray stutfyThe [C2x|555'_§] {"X'ﬁ?'_i]
averaging of the data, considering these space-groups, leags 101 7 161
to a number of independent reflections equal to 17RY, ( {C2,/0202} {2,/0203}
=3.68%) and to 2456R;,= 3.83%) for the structures and [CZZI%O%,—§+% {JZ|%O§, §+%
%, respectively. 2 2

I1l. STRUCTURAL REFINIlEMENTlOF THE STRUCTURES
4+ AND 5 where the zero-order harmonic is includedrift, p is the

The two structures investigated are displacively modu-number of harmonics introduced in the refinements the

lated structures, but commensurate ones. Hence, two kinds gg|| |abel[v=k-I (mod. 1)] and is related ta by

structural refinement can be achieved: first, a standard

3D) one, i.e., considering the fourfolavith 4x28=112 in- v=t—K- Fg_ (4)

dependent atomsand fivefold (with 5X28=140 indepen- i . o

dent atoms commensurate super-cells for the structufes AN alternative and more physical parametrization of the

L 1
and L, respectively, and using the space-groups aforemerf:MF's would bé

tioned for each case. Secondly, a 4D one, which uses the P
superspace descriptiihand is based on the average cells Ukl () = AX cod 2m(nt+ Bl 5
(a,b,c/4) and @,b,c/5) for the structureg andz, respec- ® nzl n’ cogzmnt+ ¢l ©

tively, plus a modulation wave. The 3D refinements are de- i - ,
scribed elsewher® In this paper, we shall deal only with the WhereAy" and ¢ are the amplitude and phase of thth
second approach. The main goal is not to decrease the nurtder harmonic of atorw alongi=a, b, or c, respectively.
ber of refinement parametei$™but to take into accountthe  If we consider that the modulated structugesind 5 de-
modulated nature of these structures and to obtain in a dire¢tve from the high-temperature INC1 structuf@etermined
manner the shape of the AMF’s. at 130 K by Ziiiga et al?®) and that the order parameter in

In a one-dimensional displacively modulated structureBCCD corresponds to the irreducible representatignfor
with a wave vectork, the position of the atomu in the the whole sequence of phase transitions, then the superspace-
group chosen iP(Pnma:(1,s,—1).” The symmetry ele-
ments of this superspace-group are given in Table | with the
following definition: {R|t,7} is a symmetry operator of the

superspace-groufR is the rotational operatiorf, is the frac-
tional translation in real space, ards the translation along
wherer} is the average atomic position anf the complex the one-dimensional internal spaten general,r depends

average cell can be written in the general form

- oo 1 S T
r(u)=T+rg+5 X ape?med=m, ()

n

Fourier vectorial amplitudes which fulfil the relation on the wave vector of the modulatidn and also on the
. origin chosen for the internal coordinates.
uk=ut . (2 Considering two atomg and v which are related in the

average structure by the 3D symmetry operd®yt}, then

. L
We have refined the structurgsands using the package i nh-order complex Fourier vectorial amplitudes fiffil

programJANA ‘96.** In this program, the complex Fourier

vectorial amplitudes are splitted into their real and imaginary G'=RlE e 12 (6)
parts, in such a way that the AMF of the atgmalong i " RiR)n ’
=a, b or ¢ is a function of the internal coordinateof the  with
conventional 4D approath[t=Kk- (I +r%)] and is given by -
To=7+K- 1, (7)
p
Uit = 2 [l sin(2mnt) + Uk g,scog 27nt) ], and
n=1 ' ' R R
R(R)==1 if R(k)==k. (8)

ie.,
o If we apply the general rule of Ed6) to the particular
G 0 - - case of the superspace-groRpPnma:(1,s,—1) and to an
u# (V)_nzl {Un/sinSIN 2mn(v+k-15) ] atom u on special position so that=v, i.e., for BCCD,
i . which lies on the mirror plangsy|030,5} (case of the eight
+Ufe0sCOg 2N(V +K-1g) 1}, (3 atoms C1, C3, C4, Ca, D2, N, O1, and Qthen we obtain
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TABLE II. Systematic extinction rules of the superspace-group—40 K=115 K2 This point is confirmed by a careful in-

P(Pnma:(1s,—1). spection of the present four-circle data in thek 0) scatter-

ing plane. In this specific scattering plane, only the satellite

peaks belonging to the main reflections with | = even are

not forbidden by the extinction rules of the superspace-group

P(Pnma:(1,s,—1) (see Table I\ Consequently, whed# is

the following symmetry restrictions on the sine and comneratlon"’lI in particular equal t or to 5, between two main

amplitudes of thenth-order harmonic$3) of these atoms: ~ reflections alongc* [e.g., between (& 10) and (Ok I
+10), | even, the satellite peaks (& | m), m>0 are not

(0 k 0 0): k odd
(h 01 m): modd

(0O 0Ol m:l+modd (hk O 0):hodd
(0 k I m): k+1 odd

Uty =ut¥ =0 if n even, superposed with the satgllite peaksK0-+1 m), m_<0, be-
’ cause the latter are extinct. [in|=4 or 5, satellite peaks
. 0 k1 m), m>0 can eventually be superposed with high-
U= Ut USE = UE=0 it 1 odd. (9 D KTT) Y 0 aper® ¢

order satellite peaks (R I+2 —m), but it would concern

. . the same kind of satellite reflectiof60 k | 4) over (Ok |
All these considerations are relevant for the INC struc- , 4) and (Ok | 5) over (Ok [+2 —5) in the struc-

tures of BCCD[and indeed, they have been used for the
refinement of the INC1 structure at 130 (Ref. 29]; no
assumption has been made about the rational or irrational
value of the misfit parametet. Precisely, we discuss in the
following the three main physical consequences of the com-
mensurate natur®:*? of the structures investigated. in the structure; [see Fig. 1, where a pseudpscan along

(1) Diffraction peaks are superposéshtellite peaks over C* between(0 3 5 and(0 3 10 — in the “commensurate”
satellite peaks or over main peaks and the transformation three-index indexation — is dlsplay]sdThe ad hoc com-
of the data from a “commensurate” three-index indexationmensurate option of the programna ‘96,** which takes into
to an “INC” four-index one is not unique. All superposed account this obvious superposition effect of commensurate
satellite reflections with different four-index indexation de- structures, allows us to overcome this problem.
scribe equally well the diffraction vector. Usually, when the  (2) All the values of the internal coordinate are not rel-
modulation is sinusoidal or weakly anharmonic, this super€evant, since we can define, unlike the INC case for which the
position effect may be neglected, especially if it is a longphase of the modulation is not fixed, a commensurate super-
period commensurate structure. Then, the refinement can tsgll. More specifically to our problem, the valueswivhich
done as if the structure was INC, disregarding the rationa@re relevant, i.e., which correspond to real atomic positions
value of the wave-vector of the modulation. This procedurein the structureg (%) are the 4(5) values which correspond
applied in the previous x-ray structural study of the structurag 4 (5) consecutive cells:v=®+m/4 (mod 1]®
1.3 is relevant only if high-order satellite peaks are negli-+m/5 (mod 1)], m integer, therefore only 45) values
g|ble which is in fact not the case in BCCD beloWw separated by 0.2%0.20. The phased of the modulation

tures4 and £, respectively. Finally, it turns out from this

mspectlon done in both structures that “pure,” or almost
ure” for m = 4 or 5, high-order satellite peaks may be

very strong, mainly third-order ones, but also fifth-order ones

five—fold structure
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in the fivefold structure af =68 K between the peaké 3 5 and(0 3 10 — in the “commensurate”
three-index indexation — composed of individualscans. Actually, under the assumption tlmat<5, and considering the extinction rules

—1) for (0 k | m) reflections(see Table I}, the peaks have been reindexed in the superspace

formalism (see Sec. I)M. Then, (0 3 5 becomes a main peald 3 1 0 and two fifth-order satellite peaks, namel@ 3 1 5 and
(0 3 3 —5), are superposed at the location@f3 10, while the main peak0 3 2 0 is extinct by symmetry, this point being corroborated

by its almost zero intensity in the fourfold structure where no satellite peaks appear at its position. Notice that odd-order satellite reflections
are strong, whereas even-order ones are very weak.
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first—order harmonic along y third—order harmonic along y
amplitude amplitude
1200 T T T T 400 F T T 3

o — slope = 1.07(3) o — slope =1.0(1) | FIG. 2. Amplitude alongb (relative units
£ 900 - 7 2 300 - .« X 10%) of the first-order harmonic in the structure
2 i 1 = i % versus amplitude aloniy (relative unitsx 10%)
600 - . ? 200 - 1 ) >
% I % of the first-order harmonic in the structuﬁeand
T 300 | T 100 - | phase alondp (2 units X 10°) of the first-order
2 I 2 I harmonic in the structuré versus phase along

o 0 N L b (27 units X 10%) of the first-order harmonic in
0 200 400 €00 800 0 100 200 800  the structuret (on the lefi; Amplitude alongb
four—fold structure four—fold structure (relative unitsx 10*) of the third-order harmonic
in the structuret versus amplitude along (rela-
1000 phase 1200 phase tive units X 10*) of the third-order harmonic in
‘ e RN the structure: and phase along (27 units

o — slope = 1.00(3 o | —— slope =1.0(2 4
5 800 P ®) 5 1000 | P @ X 10°) of the third-order harmonic in the struc-
E 600 | il § 800 - 7 ture £ versus phase alory (27 units X 10°) of
s f o 600 - . the third-order harmonic in the structuteon the
© 400 - . 1 9 400!l ] right). Amplitudes and phases fulfil Eq(5).

1 ] ] I ) . o . g
2 200 ) 2 200 | ] ESD’s of Fhe slopeglinear fitting) are given in
= W= [ parenthesis.

0 . I . 1 . 1 . 0 I I BN B
0 200 400 600 800 0 200 400 600 800 1000
four—fold structure four—fold structure

along the internal space corresponds to cell “0” and defineg for the structures and i, respectively: R,,=8.25%,
the selected section of the super-crystal. It is calculated fror@mainz 5.68%, Reuu=9.73%, Reu=26.88% (1644, 551,

the following general expressidf: 907, 186 observations, respectively, with 335 positional and
) 56 thermal parametersaand R,,;=13.11%, Rin=8.21%,
R(R)®—d=K-({+8)— 14, (10 Ryy=15.01%, Reyo=21.71% (2347, 615, 992, 740 obser-

vations, respectively, with 420 positional and 36 thermal pa-
with 7, being the fourth component of the super-vector rameters in the structures; and %, respectively. The
after de Wolffet al* and G any translational vector of the goodness-of-fit is equal to 4.61 and to 5.68, respectitfely.
3D reciprocal space. IR(R)=—1 [the case of the four N0 modulation of the thermal parameters can be applied and
symmetry elements of the superspace-grougnoreover these latter parameters present two anoméljes:
P(Pnmg:(1s,—1) withR=C,, C,, i, ando], then Eq. they are anisotropic only for some atortal the deuterium
(10) should be fulfilled for the operations corresponding toatoms in the structurg; only D1, D2, D7, and D8 in the
the space group and the proper valughotan be found. For  structuret); (i) they are slightly negative for the Ca atom in
instance, considering the symmetry elemeitt,, 333, the structure; and for atoms Ca, Cl, C1, C3, C4, N, and O1
— 612} (for which 7,=0) in the structure}, we obtain® in the structuret. The relatively high value of the reliability
= +m’/8, with m’ integer. In the structuré, a similar  factors and the correlated thermal parameters anomalies are

calculation leads tab=35+m’/10, with m’ integer. We explained by the relatively low value of sbq /N
have arbitrarily chosem’=1, hence® =15 and®=5; in  (=0.567 A1) and by the fact that the observed structure
the structures and 3, respectively. factors are truncated in the reciprocal space after data reduc-
(3) The number of positional parameters to be refinedion (see Sec. )l Nevertheless, several arguments support
(equal to 36X p for an atom in general positiontheoreti-  the relevance of both structural models. First, the interatomic
cally unlimited in the INC case, cannot exceed 3x4 and  gistances and angles alomgare physically reasonable, i.e.,
3X2X5 in the structures; and g, respectively. Hencep  close to those at room temperatfimyen though in the struc-
cannot overstep 4 and 5, respectively, but with the fourth a”@ure% they are quite different from the ones previously re-
fifth-order harmonics selectively truncateshly sine or co-  fined from x-ray datd? but actually these latter geometric
sine component, depending on the valu&keoff per atom, parameters, due to an irradiation effect at constant tempera-
so as to avoid a refinement artifact which induces nonreasorure, are no more relevarisee Sec. V and Refs. 3847
able interatomic distances alohg Secondly, the continuity between the two independent re-
Finally, taking as starting average structure the roomfinements in the structures and £ is very good. This is

temperature structural mo§ebr both temperatures, and in- shown for instance along the directibnof the main atomic
troducing gradually and atom per atom the different harmondisplacements with the curves plotting “amplitugehase in

ics with a strong damping factor, the refinement hasthe fivefold structure versus amplitudphase in the four-
converged to the following reliability factorigsotropic ex-  fold structure” for a given odd-order harmoniice., first- or
tinction of type I(Ref. 453: g;so=7.5(5) and 7.67); weight-  third-order on¢ (Fig. 2). Thirdly, the good agreement be-
ing schemew= 1] 0%(Fp) + (u n.Fﬁ,d)] with un=2 and tween the continuous AMF’s deduced from these 4D refine-
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four—fold structure five—fold structure
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oL i o ture  (on the lefy and in the structuré (on the
~ 0.00 cosine term X . - > "
= N W 720 I A W A 0 sine term right). Black circles indicate real atomic positions
°~ -0.25 alongv as deduced from the 3D refineméRef.
050 I 38). The sine and cosine splitted terms of the
modulation are drawn.
0.50
025
< o000
8 -0.25
-0.50 —
0.0

ments and the discrete points deduced from the independeffe space-groupP2,2,2, chosen, e.g.{0,|0%0}, for
3D structural modefé also supports the relevance of the which R,=1 andro=%, we obtain
present structural models. This has been evidenced through

the procedure described below. The first step is to express . 1 3 m 1

the AMF u*(t) of an atomy for instance along=b and in Ry vtk t— 70)=Vmt 05 =0t =5

the structuret by taking into account the discrete character

of the internal coordinaté in this commensurately modu- 3 (m—2) 1

lated structure. Then, following Ed4), where reads as = E)*' 5 10 (16)

=®+m/5 (mod 1) with the chosen valu® = :
and finally Eqg.(15) can be rewritten

3 m .. .o
uk(t)=u* —+—+k~r“)zu“(t")=u“(v"+ rh).
0'5 0 m m 0 ) 3+(m—2) 1+|gm _R-1y 3+m+l2ay
(11) u Z) —5 E ro|= u Z) g Iof-
Considering the atom which is related to the atom in the
average structure by the 3D symmetry operator (17)
{RT}({R|t,7} being an operator of the superspace gipup To sum up, we have shown that for a symmetry operation
then {R|f, 7} of the superspace-group that is not retained in the
L space-group chosen, the AMF of atom is equal to the
ro=Rrg+t, (12 AMF of atom v, suitably transformed und&® %, but at the
) ) five positionsv=35+(m—2)/5—7 (mod 1), m integer,
u()=RUWR, Y(t—10)], (13)  namely, atv=0.05, 0.25, 0.45, 0.65, and 0.85, that are dif-

. . ferent from the five other “obvious” positions defined in
with 7o andR,(R) defined through Eqs.7) and(8), respec-  point (2) of this sectior{atv= 2+ m/5 (mod 1, namely, at
tively.  Thus, tp=vp+k-rg=vg+k-(Rrg+t)=vp+  v=0.15, 0.35, 0.55, 0.75, and 0.9%ence the comparison

Rk- Fg+ k-t and Eq.(13) alongi= b is then written as between continuous 4D AMF’s and the discrete points of the
3D refinement can be done over ten points in the fivefold
uTth]=RUR, Y(th—70)] structure. Notice that if atonx belongs to the mirror plane

L ay, only half of these ten points are independent. Similar
=Ru"[R|_1(ern+ Rk-rg+k-t—7g)] (14 arguments lead in the fourfold structure to eight points of
comparison between both approaches, with the same symme-

=RUK-rE+R (vl +k-t— 7). (15)  try restrictions for atoms belonging t®, . As a conclusion,

) . such a comparison is satisfactory as a whole alﬁr@ee
late the ternR,‘l(v;ﬁ k-t— 79) which appears in Eq15). and discrete positions for some atoms, mainly in the fivefold
More specifically, in the case of a symmetry operation of thestructure, can probably be explained by the fact that the 3D
superspace-group(Pnma:(1,s,— 1) thatis not retained in refinements have been carried out with geometric soft-
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five—fold structure : AMF along y
amplitude phase

o — : — o 1200 : \ :
‘s + —— slope = 0.32(2 ‘c — slope = 0.9(1
é 300 | p ( ) 1 é P (1) .
8 i ] 5 800 V] FIG. 4. Amplitude alongb (relative units
5 200 - ] = X 10%) of the third-order harmonic in the struc-
© F B © 1 . - . .
S L ] S 400 | . ture 5 versus amplitude along (relative units
$ 100 ] 5 X 10%) of the first-order harmonic in the structure
R , ] £ 0 ‘ ‘ % and phase alondy (27 units X10°) of the

0 400 800 0 400 800 third-order harmonic in the structurg versus

first-order harmonic phase along (2 units x 10°) of the first-order

harmonic in the structuré (top). Amplitudes and

first—order harmonic

sine & cosine terms

o ' ‘ phases fulfil Eq(5). Along b, a similar correla-
5 i tion diagram with the splitted sine and cosine par-
g 100 - i tial amplitudes(3) (relative unit X 10%) is also
< » sine : slope = 0.20(4) reported(bottom). ESD’s of the slopedinear fit-
g _100 | o cosine : slope = 0.72(7) ting) are given in parenthesis.
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2
£

-300 : ‘

-500 0 500

first-order harmonic

restraints, relaxed when the convergence was reathedare not negligible, mainly for the methyl group out of the
whereas this kind of contrivance has not been used witmirror planeo, (atoms C2, D3, D4, and D5Furthermore,
JANA ‘96. let us show howANA ‘96 (Ref. 41) has allowed us to analyze
the rigid-body behavior along of different molecular units.
Thus, as soon as the carboxyl grdiapoms C4, O1, and Q2

is excluded from the rigid molecular unit considered, the
total reliability factor becomes remarkably close to the opti-

The 18<3 AMF’s alongé 5. andc deduced from the mal one(with individual atomic modulationsR,,;= 8.25%),

aforementioned 4D structural refinements in both structure&S: equal to .10'08% for a (GILNCD, rigid group,

+ andi describe completely the structural modulation for a”whereas only isotropic thermgl_ parameters and on_Iy thr_ee
the atoms of BCCD at 100 and 68 K, respectivélyt turns harmpmcs for the molecular rigid unit are used durm_g th!s
out that, as emphasized above, the continuity betwee e-refinement of the dqta. The structural mod.ulatlon in
AMPF’s in the structurel and in the structuré is very good CCD can then be described as follows: the terminal part of

(Fig. 2. It implies that the form of the structural modulation ;[/Cifh t;gtsalggt ;gotlﬁguslt%tizvm?clljltjIgt]i?)nc\?vgj\?ex)gngr?huis’rrﬁ)lggﬁe
remains essentially unchanged at the phase transition b P

tween these two structures and we may assume that this describes a frozen libration movement approximately around

also true during the structural transitions at lower temperafﬁe bond C3—C4almost unmodulated All the AMF’s of

) _2 1 atoms belonging to this rigid part of the betaine molecule,
ture towards the other modulated structuretth 6= 1, &, including all the deuterium atoms, but also to the the water

i3, 7 etc), for which there is only a change of period in real molecule, are in phase. The carboxyl group is clearly not
space, even though this means that different points in the ’ P ' y! group y

AMF’s become realized as atomic positions in the differentrIgiOl — as the distorted oE:tahedron centered on the calcium
structures(see Fig. 3. Then, considering the better refine- &0m — and AMF's along of atoms O1 and O2 are out of
ment quality in the structurg and for the sake of simplicity,
we shall discuss in the following the results obtained for this
last structure onlynevertheless, the results in the structéire
are also reported on Figs. 3);5vhich will then be taken as
representative of the modulated structure of BCCD in the
temperature range 115.3 (tructure3) — 46 K (nonmodu-
lated ferroelectric structuyg!

The maximum — minimum atomic displacements aleng
with respect to thePnma average structure are equal to

0.79 A (atom D5-0.05 A (atom C) along b, to 0.45 A

IV. DISCUSSION

A. Description of the low-temperature structural modulation

—— AMF along x
---- AMF along z

four-fold structure five-fold structure

—

~N
=
S
>
o
o

< 0.2

(atom D4—0.045 A (atom N alonga and to 0.30 A(atom
D4)—-0.007 A (atom N alongc, respectively. Even though
the tranverse directiob corresponds to the direction of the
main atomic displacements, the contributions aléngndé

0.4 1 1 L L
0 02 04 06 08 1
v

0 02 04 06 08 1
v

FIG. 5. AMF’s alonga andc of atom C2: in the structurg (on
the lefy and in the structuré (on the righ}.
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four—fold structure : AMF along y

amplitude phase
o — . ] o 1200 — ‘ ‘
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£ I . ] £ . .
S oo & ] 5 800 o FIG. 6. Amplitude alongb (relative units
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£ , L £ ol * ‘ ‘ # and phase alondp (27 units X10°) of the
0 400 800 0 400 800 third-order harmonic in the structurg versus
first—order harmonic first—order harmonic phase alondp (27 units X 10%) of the first-order
sine & cosine terms harmonic in the structurg (top). Amplitudes and
© ' ‘ phases fulfil Eq(5). Along b, a similar correla-
S 100 L ] tion diagram with the splitted sine and cosine par-
g i tial amplitudes(3) (relative unit X 10%) is also
< » sine : slope = 0.14(5) reported(bottom). ESD’s of the slopedinear fit-
g ~100 i o cosine : slope = 0.64(7) ting) are given in parenthesis.
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phase. These results are in agreement with the rigid-bodghe water molecule. Finally, let us emphasize a special fea-

behavior determined from x-ray data in the structure INC1 ature of the modulation anharmonicitipottom of Fig. 6: the

130 K?2° although in this refinement only one harmonic hascosine term of the modulation is almost five times more an-

been introduced. harmonic than the sine terflatter global ratio equal to
The AMF’s are all strongly anharmoni&ig. 3), with a  14(5)% and to 647)%, respectively This point will be dis-

negligible contribution of even-order harmonic6.e., cussed in Sec. V in the scope of the double Ising $pitS)

second-order one in both structures and fourth-order onmodel predictions applied to theT anomaly.™®

only in the structuret) and a strong contribution of the

third-order harmonic. The curves “amplitudphase of the B. Interpretation of the structural anharmonicity:

third-order harmonic versus amplitudphas¢ of the first- a soliton regime in BCCD

order harmonic” along one given directigsee top of Fig. 6

alongb) allow us to characterize more quantitatively and in
an overall way this anharmonicity of the modulation. The

In Landau type-I INC family?® the “classical” evolution
of the structural modulation for decreasing temperature from

. - T; down to T, is interpreted as the occurence of a soliton
slope X 100, deduced from a rather relevant linear fitting Ofregime precursor of the lock-in transition towards the com-

theses curves, which gives the global ratio between the ank Shsurate lowest-temperature structir& This regime is

plitudes of the first and third-order harmonics for eighteencharacterized by the growth of high-order harmonics in the

atoms alongd and only for ten atoms aLOF@ (see Sec. I, distortion, hence by the appearance of odd-order “distor-
is equal to 3()% and to 387)% for theb anda directions, tion” satellite peaks in the diffraction patte?nThe modu-

respectively. Alongf, this ratio, for only ten atomgsee Sec. lated structure neaf is then made of commensurate do-

), is equal to 1810)% but is less relevant because of the mains(where the phase of the modulation is constant along
high value of the standard error associated with the linear fity) of the same symmetry as the lock-in structure, separated
This point results of the very low value of the amplitude of by walls or discommensurations or phase solitons, within

the modulation along and thus a worse correlation between Which the phase of the modulation varies rapidly witfrom

the different harmonics along this direction. This almost one®N€ constant value to another one, following the nonlinear
third contribution of the third-order harmonic amplitude with Sine-Gordon equation which is derived from the minimiza-
respect to the first-order harmonic amplitude is also assocfion of the Landau free-energy in the “constant amplitude
ated with a particular and “well-adapted” phase relationshipassumpt'or_?- Consequently, the lock-in transition d is
between these two harmoniise., their phases, according to Father continuous, since the commensurate domains grow so
Eq. (5), are roughly equal, see top of Fig. 6; notice that thethat they becomg macroscopic, or in other words, the dls—_
cloud of points around f0<¢’f'5:700 corresponds with the tance between discommensurations increases, so that their

o . . correlations disappear. The number of steps in the solution of
rigid-body part of BCCD) and it induces a typical squared- the sine-Gordon equation should correspond to the number

wave shape of the AMF's alonig, but also alonge for the  of possible different macroscopic domains in the lock-in

methyl group out of the mirror plangigs. 3 and % How-  structure® Our aim is to show that such a behavior occurs in

ever, one should add that this typical two-step squared shaggccp, too, as in thiouréd— a Landau type-1l INC system

is clearly observed alonf only for the atoms belonging to — provided that we take into account the nonmodulated na-
the above-defined rigid part of the betaine molecule and tdure of the lowest-temperature “lock-in" structure. There,
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2r — ———; In the case of odd-order harmonics,
L ”,"/ .
32 | _ 7 u,=RuUy if R=E or oy,
e ’ k=0
/ ------------ = V— R |f R: r
6 * 1 ==~ k=0.99999 Un U C, OF 0y,
, A | — k=1 : :
2 B | ul=Ru*, if R=i or Cy,
0 L 1 up=—Ru* if R=Cy or o,. (21)
. . ‘ . If we separate the complex Fourier vectorial amplitudes into
. . k=099999 | their real and imaginary parts, i.e.,
0.8 1y vy
s i /] up=ef,—ies,, (22
g 03 \ P — sine term u u , , :
g o \__\\ ,==" ] ==~ cosine term whereef, andes, are eq:f.al to theﬂtl:osme and_sme ampli-
8 e \ :_:.// tude§ of_Eq.(3), namely,up’.,s andup'y,, respectively, and
I, 0.7 \y { considering Eq(2), Eqs.(20) and(21) give then
e \ i ]
I
r | Ve U .
1.2 ' Un=@x, n 18, n (23)

0 02 04 06 08 1

‘ for even-order harmonics, and

FIG. 7. Phase of the modulation versus the internal coordinate uﬁ:e’B‘3 n ie’B‘2u n (24
calculated from the sine-Gordon equatiq81) for k=0, k
=0.99999, andk=1, that correspond to a sinusoidal regime, anfor odd-order harmonics, respectively, Whegb n eBZ n
intermediate soliton regime and an ideal soliton regime, respeceng andeulu’ have the symmetry Cng, BZu- A and

tively (top); theoretical AMF alongb for k=0.99999 calculated - . . . .

from Eq, (30) (with the assumption thatY— ey splitted into its By, respectl_\/ely, which are irreducible representations of
_ d cosi . 3 Bau mmm the point group factor of the space-groBpma

sine and cosine componeritsotton). We shall make hereafter several approximations. First, we

ssume that for a given harmonic parity, the frozen

the number of distinct p_ossible domains'is equal t0 two an ymmetry-modes are roughly the same whatever the order of
corresponds to a “lock-in" phase transition froBnmato- the harmonic is. then

wardsPn2,a atq=0. Thus, we shall use the two-step solu-

tion of the sine-Gordon equatioisee top of Fig. Y as the efn=\neg, and egﬁn:x;eg , (25
phase of the modulation without any specific free energy % 2
expansiorf* if n odd, and
Let us calculate the AMF’s along one given main crystal- ,
lographic direction by applying Ed6) to the eight symme- €1n= Yn€a, and €3,=7yneq, (26)

try elements of the superspace-groBpPnma:(1,s,—1)
(Table ). We have first to calculate the valuesR®fR) and
of 7y, depending orR:

if n even. Thus, Eq(6) with t as a variable becomes

ut(t)=ef > NnCOg2mNt) +ef > N/ sin(2ant)
R(R)=1 if R=E,Cy,,04 Or oy, 39n"odd Un“odd

Ri(R)=—1 if R=i,Cy,Cyy oOr o,. (18) +ek > y,cog2mnt)+el > ylsin2wnt),
9n “even 1un “even
Furthermore,
(27)
. _ : _ —j2mnTy :
if R=E,i,Cp or 0,70=0 and e”/*™""0=1, but as S 1 odd\n COS(2mMt) S, o A p€' 2™+ c.C.)

! =p,(t)e'2®+c.c., and the three other similar expressions
if R=C,,0,,Cp, OF 020 T0=5 and e 12™M70= +1 for the three other sums of EQR7), then
u“(t)=ef. pi(t)coshy(t)+el pi(t)sindy(t),
. 39 2u
for n even and odd, respectively. (19
o ) . + ek po(t)cosh,(t)+eh po(t)sinds(t). (28
Hence, we have now to distinguish the harmonics with re- A2 2 81,2 2
spect to their parity. In the case of even-order harmonicsit is now necessary to make a strong assumption, the well-

excluding the case=0, known “constant amplitude approximation,” which implies
) ) thatp,, p1, po, andp, are independent dfand that only the
up=Ruy if R=E,0y,Cs, Or oy, phase of the order parameter is spatially inhomogeneous, i.e.,

, _ _ dependent oft. Furthermore, we shall assume ﬂ‘@it(t)
Up=RuE, i R=1,Co,Cpy OF 0. 20 =pi(t)=0(t), 0,(1)=05(1)=26(t), and py=p;=p,=p}
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=1 by taking into account the over-simple relation der the simpliflying assumption tha‘gé‘g:egx — actually

(Znoddhn€ ?™) 2% 2 crervne! 7= C'ope! 240, which ot fully relevant as can be seen on the bottom of Fig. 6 —
gives the relation betweeny, andy, . Finally, we obtain the = ang splitted into its sine and cosine components, is displayed
following expression for the AMF of an atom: on the bottom of Fig. 7. It turns out that the global shape of

this “theoretical” modulation, assuming implicitly a soliton
regime with respect to a nonmodulated structure, is very
close to many “experimental” AMF'SFig. 3), in particular
the AMF’s of atoms belonging to the rigid part of the betaine

The last assumption will be to consider an atanbelonging molecule or to the. water 'T'O'eC“.'e- Thus, we have demon-
to the mirror planes,, i.e, C1, C3, C4, Ca, D2, N, O1, or strated that a soliton regime with respect to the lowest-

02. In that case, Eq9) indicates that only odd-order har- temperature nonmodulated .ferroelf—:‘ctrlc structure occurs in
. i tribute to th dulati lofia the di BCCD at low temperature, i.e., strictly speaking below the
monics will contribute to the modulation alorg the direc- lock-in transition atd=%, but most probably below the pla-

tion of the main atomic displacements, that will be the onIyteau ats=2 (Ref. 9 — in the far lower part of the structure
=2 9 —

d|r¢ct|on conS|dere.d hereafter.. Hence, £2f) can be sim- INCL1. Correlatively, the splitted cosine and sine terms of the
plified to the following relation: modulation display very specific shapes, that we shall ex-
LYY — ey wY o plain below. Indeed, one can obseirfb®ttom of Fig. 7 that
ue() 83, COSG(tHeBZu siné(t), 30 the cosine ternisymmetryB;g) is almost negligible in both
where the modulation has been splitted into frozen symmetrgommensurate domains, while the sine tésymmetryB,,)
modes. Is predominant there; moreover, the cosine term is confined
at the location of the discommensurations. This result is
qualitatively in very good agreement with the “experimen-
tal” sine and cosine terms of the AMF'&ee Fig. 3, ne-
glecting an offset along that is related to the definition of

ut(t)= egsgcose(t) + e’B‘Zusin o(t)+ eﬁg cos 20(t)

+ e’B‘lLI sin 26(t). (29

Summing up, the AMF alonﬁ of one atom which lies on
the mirror planes, is directly equal to a cosine term, which
has the symmetry of thBg, irreducible representatiofan-
tisymmetric forC,,, C,y, o,, and o), plus a sine term, )
which has the symmetry of th&,, irreducible representation (4) and to the value o (10). Such an analysis appears also
(antisymmetric f0ICy,, Cpy, i, anday). We propose now to relevant for many other atoms which do not bialong to the
determine the phasé(t) [or 6(v)] of the modulation as a Mirror planeoy, as can be seen for instance aldngn Fig.
solution of the following sine-Gordon equation adapted to3 for atom D1. This point is explained by the very weak
the case of a nonmodulated “lock-in" structure, by only contribution of even-order harmonics to the global distortion,
considering general argumeritsas emphasized in the intro- @S stressed above. A symmetry-mode analysis performed in
duction of this subsection the nonmodulated ferroelectric structiieas demonstrated
that only theAy and B,, frozen modes contribute to the
distortion of this structure with respect to tfRnma basic

structure; alond, only the latter contribution is present. So,

. . . . ) in BCCD, the structural modulation evolves on cooling to-

wherev is the cell labelk is a continuous variable vv_hlch wards a soliton regime with respect to the lowest-

drives the more or less steplike shapeafl) and which e mperature nonmodulated ferroelectric structure in order to
varies between Qsinusoidal regimeg(v) is linear, only one  anicipate this structure, which appears from this viewpoint
harmonic in the modulatidnand 1 [perfect soliton regime: 55 5 “ground-state” energetically more favorable, by confin-

pure two-step shape @i(v), modulation equal to an infinite ing progressively its contribution &, symmetry, which is

sum ofnth odd-order harmonics, with their respective am-gohigden belowT,, at the location of the discommensura-
plitudes equal to 11 and equal phasgssee top of Fig. 7, {jons.

K(k) is the complete elliptic integral of the first kind(v

+1)=6(v)+ 2. Actually, kis related to the soliton density

ng, defined as the ratio “width of the discommensurations V. CONCLUDING REMARKS
over width of the commensurate domains, By

deo(v)\?

dv

2
ZK(k)) [1-Kk%cog O(v)], (31

We have determined by means of single-crystal neutron
T diffraction the fourfold and fivefold modulated structures of
ns:m: (32 BCCD, at 100 and 68 K, respectively. Both modulations are
highly anharmonic, with an almost one-third contribution of
thus,ns=1 in the sinusoidal regime and =0 in the perfect the amplitude of the third-order harmonic with respect to the
soliton regime where the width of the commensurate doamplitude of the first-order one. Moreover, phases of these
mains becomes infinite. two harmonics are roughly equal. As a consequence, the
The solutiong(t) of the sine-Gordon equatiof31), cal-  shapes of many AMF’s are very close to a two-step squared
culated numerically, is drawn on the top of Fig. 7 for threefunction. This structural anharmonicity is interpreted on the
values ofk, or of ng, namely,k=0 (sinusoidal regime k  basis of four-dimensional symmetry arguments as a soliton
=0.99999(intermediate soliton regimeandk=1 (perfect regime with respect to the lowest-temperature nonmodulated
soliton regimé. At the location of the discommensurations ferroelectric structure. Indeed, we show that the solution of
[att=0 and att=0.5(mod 1], the phase(t) of the modu- the sine-Gordon equation adapted to the case of a nonmodu-
lation is shifted by a value equal te. The corresponding lated “lock-in" structure, i.e., with two steps, can describe at
“theoretical” modulation, determined through EB0) un-  least qualitatively the phase of the modulation for
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many atoms in BCCD. After the case of thiouréathe Ising-type or related theoretical models in BC&DSuch a
present work constitutes a complete structural characterizadewpoint is also very useful to explain many dielectric prop-
tion of a soliton regime in an INC system. In addition, the erties of this compound and to interpret new phase transi-

apparent discrepancy between our results and the previousfsns under high electric field applied alobgvithout change
published x-ray structural analysis of the fourfold structire, of the modulation periodicity?
where only one harmonic was taken into account, is eX- Finally, let us discuss the conclusions deduced from the
plained by an irradiation effect at constant temperatfifé:  p|s model concerning the T anomaly.”® At atmospheric
in BCCD, an unusual time-variation of the intenSity of dif- pressure, this controversial dielectric anorﬁeﬂwcurs just
fraction peaks occurs under x-ray irradiation, this phenomyelow the transition towards the fourfold structdfedence,
enon being dramatic for third-order satellite reflectipmsto  the present structural model of the fourfold structure, refined
—81(3)%after 86 H. from data collected at =100 K, corresponds to a structure
Let us discuss several physical consequences of thgelowT,. Neubertet al*® have predictedia the DIS model
present work now. First, we have explained the appearancgn “internal” first order transition that would occur in par-
between the plateaus at=% and 6=3 and the growth on ticular in the four-fold structure of BCCD through the flip of
cooling of odd-order satellite peakisy the development of a  four pseudospins belonging to the cosine part of the modu-
soliton regime with respect to the lowest-temperature nontation. This structural change in the pseudo-spins arrange-
modulated ferroelectric structure. The multisolitons regimement induces an increase of the solitonic anharmonicity of
in BCCD, initially evidenced by EPR;* indirectly con-  the cosine part of the modulation beldiy. Our results cor-
firmed by diel_ectri(’:4'34 or elastic neutron scattering roporate this pointsee Sec. IV A and bottom of Fig) Gout
measurements, is therefore fully characterized and ex- the definitive assignment of this theoretical “internal” tran-
plained. It must be stressed that authors of Refs. 31, 32 angtion with the “Ts anomaly” would actually require to
34 have assumed a multisolitons regime precursor of thgrove that abovel, the cosine part of the modulation is
commensurate structurésor z, in contradiction with our  mych more harmonic, but also that the sine part is unchanged

structural results. _ in comparison with the situation beloW.
Simple symmetry arguments allow us to explain the oc-

currence of a soliton regime when the temperature decreases
down to the transition towards the nonmodulated ferroelec-
tric structure(at To): the frozenBzy symmetry-mode of the One of us(O.H.) was financially supported by the “Min-
distortion, which is forbidden beloW,,® is confined at the istere Franais de I'Enseignement Supeur et de la Recher-
location of the discommensurations, and thus progressivelghe.” We want to thank J.-M. Godard.aboratoire de Phy-
reduced for the benefit of thB,, symmetry-mode, allowed sique des Solides, UniversiRaris XI Paris-Sud, Frangéor
below T,. After the case of thioure®,we confirm the gen- the elaboration of the sample. We are very much indebted to
eralization of the sine-Gordon equation to all the INC com-P. Fouilloux for his technical support during the experiment
pounds, Landau type-l or type-1l, whatever their particularat Orphe reactor. Lastly, we acknowledge Dr. V. Redk
thermodynamic potential is, and correlatively we contradict(Institute of Physics, Academy of Sciences of the Czech Re-
commonly admitted theoretical results Furthermore, we public, Praha, Czech Republior his fruitful assistance dur-
confirm at a microscopic level the relevance of the use ofng the 4D refinement with the prograsanA ‘96 and Dr. I.
polar Ising pseudospins as a low-temperature structuréhramburu(Departamento de Eica Aplicada |, Universidad
model, as has been implicitly assumed by authors applyingel Pas Vasco, Bilbao, Spajrfor helpful discussions.
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