
n

PHYSICAL REVIEW B 1 SEPTEMBER 1999-IIVOLUME 60, NUMBER 10
Neutron structural study of a displacively modulated crystal:
A soliton regime in betaine calcium chloride dihydrate

O. Hernandez* and M. Quilichini
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We present a structural study by single-crystal neutron diffraction of the one-dimensional displacively
modulated dielectric crystal betaine calcium chloride dihydrate~BCCD!. The fourfold and fivefold low-
temperature commensurate structures of its Devil’s-staircase-type phase diagram have been investigated at 100
and 68 K, respectively. In both structures, the atomic modulation functions, deduced from a four-dimensional
refinement, are highly anharmonic. Moreover, the amplitude of the third-order harmonic is as high as.30%
of that of the first-order harmonic and the phases of the two harmonics are roughly equal. Consequently, many
atomic modulation functions display a typical two-step squared shape. On the basis of four-dimensional
symmetry arguments, we interpret this modulation anharmonicity as a soliton regime with respect to the
lowest-temperature nonmodulated ferroelectric structure. The two-step solution of the sine-Gordon equation
can indeed describe at least qualitatively the phase of the modulation for many atoms in BCCD. After the case
of thiourea, our work constitutes a complete structural characterization of a soliton regime in an incommen-
surate system. The physical consequences of this soliton regime in BCCD are discussed. In particular, the
relevance of the use of polar Ising pseudospins as a low-temperature structural model is directly established
and the theoretical predictions of the double Ising spin model concerning the dielectric anomaly atTs are
confronted with our results.@S0163-1829~99!02634-X#
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I. INTRODUCTION

Since its synthesis in 1984,1 betaine calcium chloride di
hydrate ~BCCD! or (CH3)3NCH2COOCaCl2(H2O)2 has
been studied by many experimental techniques and diffe
theoretical models have been developed in order to exp
and to predict its remarkable physical properties.2 Indeed,
this compound constitutes among incommensurate~INC!
systems3 one of the best experimental examples of the D
il’s staircase concept:4 when the temperature decreases
atmospheric pressure, between the high-tempera
paraelectric structure~spacegroupPnma ~Refs. 5,6! with a
510.95 Å, b510.15 Å, and c510.82 Å, above Ti
5164 K) and the lowest-temperature nonmodulated fe
electric structure~spacegroupPn21a,6 below T0546 K),
there is a succession of one-dimensional displacively mo
lated structures characterized by the wave-vectorkW

5d(T)cW* , which are either INC~structures INC1 and
INC2!, or commensurate~mainly d5 2

7 , 1
4 , 1

5 , and1
6 ). The dis-
PRB 600163-1829/99/60~10!/7025~12!/$15.00
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placive transition that occurs atTi is driven by a mixed
optic-acoustic soft-mode ofL3 symmetry~antisymmetric for
C2z andsy , symmetric forE andsx!.

7,8

The room-temperature orthorhombic cell contains fo
formula units of 28 atoms~see Fig. 1 of Ref. 6!, among
which eight lie on the mirror planesy of the structure, so
only 18 atoms are symmetrically independent. This form
unit is composed on one hand of the polar organic beta
molecule@(CH3)3N1CH2COO2#, and on the other hand o
a distorted octahedron@CaCl2(H2O)2# centered on the cal
cium atom. These two elementary units share an oxy
atom of the carboxyl terminal group of the betaine molecu
The structure can be viewed as a stacking alongbW of parallel
layers aty/b5 1

4 and aty/b5 3
4 , linked by @011# diagonal

hydrogen bridges (Cl•••H–O).
The nature of the phase diagram of BCCD is s

controversial:9,10 whereas its low-temperature part is close
a ‘‘harmless’’ Devil’s staircase, several higher-order co
mensurate structures have been detected in the stru
INC2 between the structuresd5 2

7 and d5 1
4 ,11,12 which
7025 ©1999 The American Physical Society
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might indicate, together with a global hysteresis pheno
enon of the wave-vector of the modulation,9 a ‘‘complete’’
Devil’s staircase behavior in this range of temperature. D
to its layer structure and to the nonpolar or polar chara
alongaW or bW of the different structures of the Devil’s stai
case, BCCD displays furthermore very interesting featu
under pressure or electric field~e.g., structural branching
process13 or unusual dielectric anomalies, for instance t
‘‘ Ts anomaly’’14!. This compound is therefore a prototyp
system for various theoretical models~phenomenologica
Landau type,15 semimicroscopic,16,17 or statistic18 models!.

BCCD has been apparently classified10 in the so-called
Landau type-II INC family,3 such as thiourea, quartz, o
NaNO2: their lowest-temperature structure belowT0 is non-
modulated and the Lifshitz invariant in the Landau fre
energy density is forbidden; the modulation is assumed
remain nearly sinusoidal even close toT0, no soliton regime
develops and the transition towards the lowest-tempera
nonmodulated structure is always first order.19 On the other
hand, Landau type-I INC systems~e.g., numerous ofA2MX4
compounds! have a commensurately modulated lowe
temperature structure; the Lifshitz invariant is allowed an
soliton regime is assumed to develop on cooling towards
rather continuous lock-in transition~see Sec. IV B!. This
Landau rough classification, confirmed by a numerical me
field analysis,20 is inconsistent with the case of thiourea:
coexistence of solitonic and sinusoidal modulations has b
experimentally detected.21,22Recently, this example has bee
used to prove that the difference between Landau type-I
type-II INC crystals is, as a matter of fact, ve
schematic.23,24 In addition, it turns out that BCCD can not b
easily classified as a type-II or a type-I INC system. Inde
even though its lowest-temperature structure is n
modulated, the order parameter describing the sequenc
phase transitions is two-dimensional7,25 ~although a simpli-
fied phenomenological model based on a one-dimensi
order parameter has also been developed,15! as in type-I INC
compounds. Moreover, unlike other type-II INC crystals, t
Lifshitz point in the pressure-temperature phase diagram
BCCD would be very far from the atmospheric pressure@be-
tween.10 and 13 kbar~Refs. 13,26,27!#, or in other words,
the temperature region of the modulated structures is v
large ~around 118 K!, indicating that BCCD is distinguish
able from a typical type-II INC compound~see Refs. 2,14!.

The initial motivation of this work is the recent discove
of high-order satellite peaks~mainly of third-order! in a fully
deuterated single-crystal of BCCD.9 Their intensities, mea-
sured by neutron diffraction, become belowTi240
.115 K ~i.e., in the structure2

7 ) clearly consistent with an
anharmonic modulation~non-negligible contribution of the
third-order harmonic!. This result is the first direct experi
mental evidence of a deviation from the sinusoidal chara
of the modulation in BCCD, insofar as no high-order satel
peaks have been measured up to now either byx-ray
diffraction,28–30 or by neutron diffraction.31 It leads to the
two following remarks:~i! from a general viewpoint, the
theoretical predictions aforementioned for type-II INC co
pounds seem to be once more contradicted;~ii ! from a par-
ticular viewpoint, the previous x-ray structural study of t
structure1

4 ,30 which has concluded in favor of an harmoni
or almost harmonic, structural model, has to be revised.
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tually, many experimental results in BCCD have been
ready interpreted assuming a soliton regime,14,31–34but a mi-
croscopic evidence and an analysis of the nature of
speculated soliton regime were still missing. Consequen
we have studied by means of a four-circle neutron diffract
experiment the two low temperature commensurate st
tures 1

4 and 1
5 at 100 and 68 K, respectively, in order t

clarify the situation, i.e., to determine and to interpret t
shape of the modulation of the 18 independent atoms of
average structure, or their atomic modulation functio
~AMF’s!.

The structure of this paper is as follows: first, we descr
the experimental method, second, we show that the mod
tion in BCCD deduced from a four-dimensional~4D! struc-
tural refinement is highly anharmonic at least below 100
third, this low-temperature structural anharmonicity is inte
preted on the basis of 4D symmetry arguments as a so
regime with respect to the lowest-temperature nonmodula
ferroelectric structure. The physical consequences of
soliton regime are then discussed.

II. EXPERIMENTAL METHOD

The experiment was performed on the four-circle diffra
tometer 6T2 located on a thermal source at Orphe´e reactor,
Saclay, France. We have used as monochromator crysta
rolitic graphite vertically bent@reflection ~0 0 2!, i.e., l
51.528 Å#. The cylindrical collimators installed on the pr
mary beam, between the monochromator crystal and
sample, between the sample and the detector, were equ
308, 158, and 258, respectively; a pyrolitic graphite filter wa
mounted on the incident beam in order to reduce high
order contaminations. The minimum angular resolution w
equal to about 0.2°.

The single-crystal of fully deuterated BCCD (V
.120 mm3) has been grown by slow evaporation from
saturated D2O solution of completely deuterated pure chem
cals ~global rate of deuteriation equal to 99%!. We have
previously confirmed35 that no isotopic effect occurs in
BCCD, therefore the deuteriation does not disrupt the exp
ment, but on the contrary it removes the incoherent ela
scattering coming from hydrogen atoms and thus enhan
the signal to noise ratio. The sample was hold on the c
finger of a displex closed-cycle cryostat, allowing a therm
stability of 0.1 K. The acquisition of the data was perform
at 100 and 68 K for the structures1

4 and 1
5 , respectively, over

two octants of the reciprocal space byv scans,v – u scans,
and v – 2u scans in the 2u range 0° –45°, 45° –80°, an
80° –120°, respectively.

The stability of standard reflections, including main a
superstructure peaks, at 100 and 68 K, was better than 1
over 113 and 258 h, respectively. The cell parameters,
fined from the position of 25 and 21 strong main peaks~in
theu range 8.11° –21.36°, and 14.77° –21.36°, respective!,
are a510.83(2) Å, b59.98(2) Å, c543.13(7) Å and
a510.82(3) Å, b59.98(2) Å, c553.93(2) Å in the
structures1

4 and 1
5 , respectively.

The data reduction, realized with theCOLL5 program
based on the Lehmann and Larsen algorithm,36 has allowed
us to eliminate bad profile principally contaminated by a
minum powder reflections of the cryostat forv – u andv –
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2u scans. Finally, 2537 and 5189 reflections have been
lected with all observed reflections@i.e., with Fhkl

2

>3s(Fhkl
2 )# fulfilling the extinction rules of the space

groupsP21ca and P212121 for the structures1
4 and 1

5 , re-
spectively. These space-groups have been predicted
Pérez-Mato,7 assuming the same order parameter ofL3 sym-
metry for the whole sequence of phase transitions, and
P21ca, yet confirmed by the previous x-ray study.30 The
averaging of the data, considering these space-groups,
to a number of independent reflections equal to 1737 (Rint
53.68%) and to 2456 (Rint53.83%) for the structures14 and
1
5 , respectively.

III. STRUCTURAL REFINEMENT OF THE STRUCTURES
1
4 AND 1

5

The two structures investigated are displacively mo
lated structures, but commensurate ones. Hence, two kind
structural refinement can be achieved: first, a standard~or
3D! one, i.e., considering the fourfold~with 43285112 in-
dependent atoms! and fivefold ~with 53285140 indepen-
dent atoms! commensurate super-cells for the structures1

4

and 1
5 , respectively, and using the space-groups aforem

tioned for each case. Secondly, a 4D one, which uses
superspace description37 and is based on the average ce
(a,b,c/4) and (a,b,c/5) for the structures14 and 1

5 , respec-
tively, plus a modulation wave. The 3D refinements are
scribed elsewhere.38 In this paper, we shall deal only with th
second approach. The main goal is not to decrease the n
ber of refinement parameters,39,40but to take into account the
modulated nature of these structures and to obtain in a d
manner the shape of the AMF’s.

In a one-dimensional displacively modulated structu
with a wave vectorkW , the position of the atomm in the
average celllW can be written in the general form

rW~ lW,m!5 lW1rW0
m1

1

2 (
n

uW n
mej 2pnkW•~ lW1rW0

m), ~1!

whererW0
m is the average atomic position anduW n

m the complex
Fourier vectorial amplitudes which fulfil the relation

uW n
m5uW 2n

m* . ~2!

We have refined the structures1
4 and 1

5 using the package
programJANA ‘96.41 In this program, the complex Fourie
vectorial amplitudes are splitted into their real and imagin
parts, in such a way that the AMF of the atomm along i

5aW , bW or cW is a function of the internal coordinatet of the
conventional 4D approach37 @ t5kW•( lW1rW0

m)# and is given by

um,i~ t !5 (
n51

p

@un,sin
m,i sin~2pnt!1un,cos

m,i cos~2pnt!#,

i.e.,

um,i~v !5 (
n51

p

$un,sin
m,i sin@2pn~v1kW•rW0

m!#

1un,cos
m,i cos@2pn~v1kW•rW0

m!#%, ~3!
e-
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where the zero-order harmonic is included inrW0
m , p is the

number of harmonics introduced in the refinement,v is the
cell label @v5kW• lW (mod. 1)# and is related tot by

v5t2kW•rW0
m . ~4!

An alternative and more physical parametrization of t
AMF’s would be21

um,i~ t !5 (
n51

p

An
m,i cos@2p~nt1fn

m,i !#, ~5!

whereAn
m,i andfn

m,i are the amplitude and phase of thenth

order harmonic of atomm along i 5aW , bW , or cW , respectively.
If we consider that the modulated structures1

4 and 1
5 de-

rive from the high-temperature INC1 structure~determined
at 130 K by Zúñiga et al.29! and that the order parameter
BCCD corresponds to the irreducible representationL3 for
the whole sequence of phase transitions, then the supersp
group chosen isP(Pnma):(1,s,21).7 The symmetry ele-
ments of this superspace-group are given in Table I with
following definition: $Ru tW,t% is a symmetry operator of the
superspace-group,R is the rotational operation,tW is the frac-
tional translation in real space, andt is the translation along
the one-dimensional internal space.39 In general,t depends
on the wave vector of the modulationkW and also on the
origin chosen for the internal coordinates.

Considering two atomsm andn which are related in the
average structure by the 3D symmetry operator$Ru tW%, then
their nth-order complex Fourier vectorial amplitudes fulfil39

uW n
n5RuW RI (R)n

m e2 j 2pnt0, ~6!

with

t05t1kW• tW, ~7!

and

RI~R!561 if R~kW !56kW . ~8!

If we apply the general rule of Eq.~6! to the particular
case of the superspace-groupP(Pnma):(1,s,21) and to an
atom m on special position so thatm5n, i.e., for BCCD,

which lies on the mirror plane$syu0
1
2 0,1

2 % ~case of the eight
atoms C1, C3, C4, Ca, D2, N, O1, and O2!, then we obtain

TABLE I. Symmetry operators of the superspace-gro

P~Pnma!:(1,s,21) for a wave vector of the modulationkW

5d(T)cW * and the internal space origin chosen at the invers
center.

1 $Eu000,0% 5 $ i u000,0%
2 HC2xu

1
2

1
2

1
2,2

d

2 J 6 Hsxu
1
2

1
2

1
2,2

d

2 J
3 $C2yu0

1
2 0,1

2 % 7 $syu0
1
2 0,1

2 %
4 HC2zu

1
20

1
2,2

d

2
1

1
2J 8 Hszu

1
20

1
2,2

d

2
1

1
2J
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the following symmetry restrictions on the sine and cos
amplitudes of thenth-order harmonics~3! of these atoms:

un,sin
m,y 5un,cos

m,y 50 if n even,

un,sin
m,x 5un,cos

m,x 5un,sin
m,z 5un,cos

m,z 50 if n odd. ~9!

All these considerations are relevant for the INC stru
tures of BCCD@and indeed, they have been used for t
refinement of the INC1 structure at 130 K~Ref. 29!#; no
assumption has been made about the rational or irrati
value of the misfit parameterd. Precisely, we discuss in th
following the three main physical consequences of the co
mensurate nature,40,42 of the structures investigated.

~1! Diffraction peaks are superposed~satellite peaks ove
satellite peaks or over main peaks!,43 and the transformation
of the data from a ‘‘commensurate’’ three-index indexati
to an ‘‘INC’’ four-index one is not unique. All superpose
satellite reflections with different four-index indexation d
scribe equally well the diffraction vector. Usually, when t
modulation is sinusoidal or weakly anharmonic, this sup
position effect may be neglected, especially if it is a lo
period commensurate structure. Then, the refinement ca
done as if the structure was INC, disregarding the ratio
value of the wave-vector of the modulation. This procedu
applied in the previous x-ray structural study of the struct
1
4 ,30 is relevant only if high-order satellite peaks are neg
gible, which is in fact not the case in BCCD belowTi

TABLE II. Systematic extinction rules of the superspace-gro
P~Pnma!:(1,s,21).

(0 k 0 0): k odd (0 0 l m): l 1m odd (h k 0 0): h odd
(h 0 l m): m odd (0 k l m): k1 l odd
e

-
e

al

-

r-

be
al
,

e
-

240 K.115 K.9 This point is confirmed by a careful in
spection of the present four-circle data in the (0k l) scatter-
ing plane. In this specific scattering plane, only the satel
peaks belonging to the main reflections withk1 l 5even are
not forbidden by the extinction rules of the superspace-gr
P(Pnma):(1,s,21) ~see Table II!. Consequently, whend is
rational, in particular equal to14 or to 1

5 , between two main
reflections alongcW* @e.g., between (0k l 0) and (0k l
11 0), l even#, the satellite peaks (0k l m), m.0 are not
superposed with the satellite peaks (0k l11 m), m,0, be-
cause the latter are extinct. Ifumu54 or 5, satellite peaks
(0 k l m), m.0 can eventually be superposed with hig
order satellite peaks (0k l12 2m), but it would concern
the same kind of satellite reflections@(0 k l 4) over (0k l
12 24) and (0k l 5) over (0k l12 25) in the struc-
tures 1

4 and 1
5 , respectively#. Finally, it turns out from this

inspection done in both structures that ‘‘pure,’’ or almo
‘‘pure’’ for m 5 4 or 5, high-order satellite peaks may b
very strong, mainly third-order ones, but also fifth-order on
in the structure1

5 @see Fig. 1, where a pseudo-QW -scan along
cW* between~0 3 5! and ~0 3 10! — in the ‘‘commensurate’’
three-index indexation — is displayed#. The ad hoc com-
mensurate option of the programJANA ‘96,41 which takes into
account this obvious superposition effect of commensu
structures, allows us to overcome this problem.

~2! All the values of the internal coordinate are not re
evant, since we can define, unlike the INC case for which
phase of the modulation is not fixed, a commensurate su
cell. More specifically to our problem, the values ofv which
are relevant, i.e., which correspond to real atomic positi

in the structures14 ( 1
5 ) are the 4~5! values which correspond

to 4 ~5! consecutive cells: v5F1m/4 (mod 1)@F
1m/5 (mod 1)#, m integer, therefore only 4~5! values
separated by 0.25~0.20!. The phaseF of the modulation
s
ace

d
flections
FIG. 1. Pseudo-QW -scan alongcW * in the fivefold structure atT568 K between the peaks~0 3 5! and~0 3 10! — in the ‘‘commensurate’’
three-index indexation — composed of individualv scans. Actually, under the assumption thatumu<5, and considering the extinction rule
of the superspace-groupP~Pnma!:(1,s,21) for (0 k l m) reflections~see Table II!, the peaks have been reindexed in the supersp
formalism ~see Sec. III!. Then, ~0 3 5! becomes a main peak~0 3 1 0! and two fifth-order satellite peaks, namely,~0 3 1 5! and
(0 3 3 25), are superposed at the location of~0 3 10!, while the main peak~0 3 2 0! is extinct by symmetry, this point being corroborate
by its almost zero intensity in the fourfold structure where no satellite peaks appear at its position. Notice that odd-order satellite re
are strong, whereas even-order ones are very weak.
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FIG. 2. Amplitude alongbW ~relative units
3104) of the first-order harmonic in the structur
1
5 versus amplitude alongbW ~relative units3104)
of the first-order harmonic in the structure1

4 and

phase alongbW (2p units3103) of the first-order
harmonic in the structure15 versus phase along

bW (2p units3103) of the first-order harmonic in

the structure1
4 ~on the left!; Amplitude alongbW

~relative units3104) of the third-order harmonic

in the structure1
5 versus amplitude alongbW ~rela-

tive units 3104) of the third-order harmonic in

the structure1
4 and phase alongbW (2p units

3103) of the third-order harmonic in the struc

ture 1
5 versus phase alongbW (2p units3103) of

the third-order harmonic in the structure1
4 ~on the

right!. Amplitudes and phases fulfil Eq.~5!.
ESD’s of the slopes~linear fitting! are given in
parenthesis.
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along the internal space corresponds to cell ‘‘0’’ and defin
the selected section of the super-crystal. It is calculated f
the following general expression:40

RI~R!F2F5kW•~ tW1GW !2t4 , ~10!

with t4 being the fourth component of the super-vectortW

after de Wolffet al.44 andGW any translational vector of the
3D reciprocal space. IfRI(R)521 @the case of the four
symmetry elements of the superspace-gro
P(Pnma):(1,s,21) with R5C2x , C2y , i, andsz#, then Eq.
~10! should be fulfilled for the operations corresponding
the space group and the proper value ofF can be found. For

instance, considering the symmetry element$C2xu
1
2

1
2

1
2 ,

2d/2% ~for which t450) in the structure1
4 , we obtainF

5 1
16 1m8/8, with m8 integer. In the structure15 , a similar

calculation leads toF5 1
20 1m8/10, with m8 integer. We

have arbitrarily chosenm851, henceF5 3
16 and F5 3

20 in
the structures14 and 1

5 , respectively.
~3! The number of positional parameters to be refin

~equal to 3163p for an atom in general position!, theoreti-
cally unlimited in the INC case, cannot exceed 33234 and
33235 in the structures1

4 and 1
5 , respectively. Hence,p

cannot overstep 4 and 5, respectively, but with the fourth
fifth-order harmonics selectively truncated~only sine or co-
sine component, depending on the value ofkW•rW0

m per atom!,
so as to avoid a refinement artifact which induces nonrea
able interatomic distances alongt.

Finally, taking as starting average structure the roo
temperature structural model6 for both temperatures, and in
troducing gradually and atom per atom the different harm
ics with a strong damping factor, the refinement h
converged to the following reliability factors@isotropic ex-
tinction of type I~Ref. 45!: giso57.5(5) and 7.6~7!; weight-
ing scheme:w51/@s2(Fhkl)1(un.Fhkl

2 )# with un52 and
s
m

p

d

d

n-

-

-
s

3% for the structures14 and 1
5 , respectively#: Rtot58.25%,

Rmain55.68%, Rsat159.73%, Rsat2526.88% ~1644, 551,
907, 186 observations, respectively, with 335 positional a
56 thermal parameters! and Rtot513.11%, Rmain58.21%,
Rsat1515.01%,Rsat2521.71% ~2347, 615, 992, 740 obser
vations, respectively, with 420 positional and 36 thermal
rameters! in the structures1

4 and 1
5 , respectively. The

goodness-of-fit is equal to 4.61 and to 5.68, respectivel46

No modulation of the thermal parameters can be applied
moreover these latter parameters present two anomalies~i!
they are anisotropic only for some atoms~all the deuterium
atoms in the structure14 ; only D1, D2, D7, and D8 in the
structure1

5 ); ~ii ! they are slightly negative for the Ca atom
the structure1

4 and for atoms Ca, Cl, C1, C3, C4, N, and O
in the structure1

5 . The relatively high value of the reliability
factors and the correlated thermal parameters anomalies
explained by the relatively low value of sinumax/l

(50.567 Å21) and by the fact that the observed structu
factors are truncated in the reciprocal space after data re
tion ~see Sec. II!. Nevertheless, several arguments supp
the relevance of both structural models. First, the interato
distances and angles alongv are physically reasonable, i.e
close to those at room temperature,6 even though in the struc
ture 1

4 they are quite different from the ones previously r
fined from x-ray data,30 but actually these latter geometr
parameters, due to an irradiation effect at constant temp
ture, are no more relevant~see Sec. V and Refs. 38,47!.
Secondly, the continuity between the two independent
finements in the structures14 and 1

5 is very good. This is
shown for instance along the directionbW of the main atomic
displacements with the curves plotting ‘‘amplitude~phase! in
the fivefold structure versus amplitude~phase! in the four-
fold structure’’ for a given odd-order harmonic~i.e., first- or
third-order one! ~Fig. 2!. Thirdly, the good agreement be
tween the continuous AMF’s deduced from these 4D refi
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FIG. 3. AMF’s alongbW of atoms N, D1, and
O3 from top to bottom, respectively, in the stru
ture 1

4 ~on the left! and in the structure15 ~on the
right!. Black circles indicate real atomic position
alongv as deduced from the 3D refinement~Ref.
38!. The sine and cosine splitted terms of th
modulation are drawn.
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ments and the discrete points deduced from the indepen
3D structural models38 also supports the relevance of th
present structural models. This has been evidenced thro
the procedure described below. The first step is to exp
the AMF um,i(t) of an atomm for instance alongi 5bW and in
the structure1

5 by taking into account the discrete charac
of the internal coordinatet in this commensurately modu
lated structure. Then, following Eq.~4!, where reads asv
5F1m/5 ~mod 1! with the chosen valueF5 3

20 :

um~ t !5umS 3

20
1

m

5
1kW•rW0

mD[um~ tm
m !5um~vm

m1kW•rW0
m!.

~11!

Considering the atomn which is related to the atomm in the
average structure by the 3D symmetry opera

$RtW%($Ru tW,t% being an operator of the superspace grou!,
then

rW0
n5RrW0

m1 tW, ~12!

uW n~ t !5RuW m@RI
21~ t2t0!#, ~13!

with t0 andRI(R) defined through Eqs.~7! and~8!, respec-
tively. Thus, tm

n 5vm
n 1kW•rW0

n5vm
n 1kW•(RrW0

m1 tW)5vm
n 1

RkW•rW0
m1kW• tW and Eq.~13! along i 5bW is then written as

un@ tm
n #5Rum@RI

21~ tm
n 2t0!#

5Rum@RI
21~vm

n 1RkW•rW0
m1kW• tW2t0!# ~14!

5Rum@kW•rW0
m1RI

21~vm
n 1kW• tW2t0!#. ~15!

In order to obtain the relation betweenum andun, we calcu-
late the termRI

21(vm
n 1kW• tW2t0) which appears in Eq.~15!.

More specifically, in the case of a symmetry operation of
superspace-groupP(Pnma):(1,s,21) that is not retained in
nt

gh
ss

r

r

e

the space-groupP212121 chosen, e.g.,$syu0
1
2 0,1

2 %, for
which RI51 andt05 1

2 , we obtain

RI
21~vm

n 1kW• tW2t0!5vm
n 102

1

2
5

3

20
1

m

5
2

1

2

5
3

20
1

~m22!

5
2

1

10
, ~16!

and finally Eq.~15! can be rewritten

umS 3

20
1

~m22!

5
2

1

10
1kW•rW0

mD5R21unS 3

20
1

m

5
1kW•rW0

nD .

~17!

To sum up, we have shown that for a symmetry operat

$Ru tW,t% of the superspace-group that is not retained in
space-group chosen, the AMF of atomm is equal to the
AMF of atom n, suitably transformed underR21, but at the
five positions v5 3

20 1(m22)/52 1
10 ~mod 1!, m integer,

namely, atv50.05, 0.25, 0.45, 0.65, and 0.85, that are d
ferent from the five other ‘‘obvious’’ positions defined i
point ~2! of this section@at v5 3

20 1m/5 ~mod 1!, namely, at
v50.15, 0.35, 0.55, 0.75, and 0.95#. Hence the comparison
between continuous 4D AMF’s and the discrete points of
3D refinement38 can be done over ten points in the fivefo
structure. Notice that if atomm belongs to the mirror plane
sy , only half of these ten points are independent. Sim
arguments lead in the fourfold structure to eight points
comparison between both approaches, with the same sym
try restrictions for atoms belonging tosy . As a conclusion,
such a comparison is satisfactory as a whole alongbW ~see
Fig. 3!. Some discrepancy which persists between AMF
and discrete positions for some atoms, mainly in the fivef
structure, can probably be explained by the fact that the
refinements have been carried out with geometric s
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FIG. 4. Amplitude alongbW ~relative units
3104) of the third-order harmonic in the struc

ture 1
5 versus amplitude alongbW ~relative units

3104) of the first-order harmonic in the structur
1
5 and phase alongbW (2p units 3103) of the
third-order harmonic in the structure15 versus

phase alongbW (2p units3103) of the first-order
harmonic in the structure15 ~top!. Amplitudes and

phases fulfil Eq.~5!. Along bW , a similar correla-
tion diagram with the splitted sine and cosine pa
tial amplitudes~3! ~relative unit 3104) is also
reported~bottom!. ESD’s of the slopes~linear fit-
ting! are given in parenthesis.
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restraints, relaxed when the convergence was reach38

whereas this kind of contrivance has not been used w
JANA ‘96.

IV. DISCUSSION

A. Description of the low-temperature structural modulation

The 1833 AMF’s along aW , bW , and cW deduced from the
aforementioned 4D structural refinements in both structu
1
4 and 1

5 describe completely the structural modulation for
the atoms of BCCD at 100 and 68 K, respectively.35 It turns
out that, as emphasized above, the continuity betw
AMF’s in the structure1

4 and in the structure15 is very good
~Fig. 2!. It implies that the form of the structural modulatio
remains essentially unchanged at the phase transition
tween these two structures and we may assume that th
also true during the structural transitions at lower tempe
ture towards the other modulated structures~with d5 2

11 , 1
6 ,

2
13 , 1

7 etc.!, for which there is only a change of period in re
space, even though this means that different points in
AMF’s become realized as atomic positions in the differe
structures~see Fig. 3!. Then, considering the better refin
ment quality in the structure14 and for the sake of simplicity
we shall discuss in the following the results obtained for t
last structure only~nevertheless, the results in the structure1

5

are also reported on Figs. 3–5!, which will then be taken as
representative of the modulated structure of BCCD in
temperature range 115.3 K~structure1

4 ) – 46 K ~nonmodu-
lated ferroelectric structure!.11

The maximum – minimum atomic displacements alongv
with respect to thePnma average structure are equal
0.79 Å ~atom D5!–0.05 Å ~atom Cl! along bW , to 0.45 Å
~atom D4!–0.045 Å ~atom N! alongaW and to 0.30 Å~atom
D4!–0.007 Å ~atom N! along cW , respectively. Even though
the tranverse directionbW corresponds to the direction of th
main atomic displacements, the contributions alongaW andcW
,
th

s
l

n

e-
is
-

e
t

s

e

are not negligible, mainly for the methyl group out of th
mirror planesy ~atoms C2, D3, D4, and D5!. Furthermore,
let us show howJANA ‘96 ~Ref. 41! has allowed us to analyz
the rigid-body behavior alongv of different molecular units.
Thus, as soon as the carboxyl group~atoms C4, O1, and O2!
is excluded from the rigid molecular unit considered, t
total reliability factor becomes remarkably close to the op
mal one~with individual atomic modulations:Rtot58.25%),
i.e., equal to 10.08% for a (CD3)3NCD2 rigid group,
whereas only isotropic thermal parameters and only th
harmonics for the molecular rigid unit are used during t
re-refinement of the data. The structural modulation
BCCD can then be described as follows: the terminal par
the betaine molecule, without the carboxyl group, is rig
with respect to the static modulation wave and this molec
describes a frozen libration movement approximately aro
the bond C3–C4~almost unmodulated!. All the AMF’s of
atoms belonging to this rigid part of the betaine molecu
including all the deuterium atoms, but also to the the wa
molecule, are in phase. The carboxyl group is clearly
rigid — as the distorted octahedron centered on the calc
atom — and AMF’s alongbW of atoms O1 and O2 are out o

FIG. 5. AMF’s alongaW andcW of atom C2: in the structure14 ~on
the left! and in the structure15 ~on the right!.
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FIG. 6. Amplitude alongbW ~relative units
3104) of the third-order harmonic in the struc

ture 1
4 versus amplitude alongbW ~relative units

3104) of the first-order harmonic in the structur
1
4 and phase alongbW (2p units 3103) of the
third-order harmonic in the structure14 versus

phase alongbW (2p units3103) of the first-order
harmonic in the structure14 ~top!. Amplitudes and

phases fulfil Eq.~5!. Along bW , a similar correla-
tion diagram with the splitted sine and cosine pa
tial amplitudes~3! ~relative unit 3104) is also
reported~bottom!. ESD’s of the slopes~linear fit-
ting! are given in parenthesis.
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phase. These results are in agreement with the rigid-b
behavior determined from x-ray data in the structure INC1
130 K,29 although in this refinement only one harmonic h
been introduced.

The AMF’s are all strongly anharmonic~Fig. 3!, with a
negligible contribution of even-order harmonics~i.e.,
second-order one in both structures and fourth-order
only in the structure1

5 ) and a strong contribution of th
third-order harmonic. The curves ‘‘amplitude~phase! of the
third-order harmonic versus amplitude~phase! of the first-
order harmonic’’ along one given direction~see top of Fig. 6
alongbW ) allow us to characterize more quantitatively and
an overall way this anharmonicity of the modulation. T
slope3100, deduced from a rather relevant linear fitting
theses curves, which gives the global ratio between the
plitudes of the first and third-order harmonics for eighte
atoms alongbW and only for ten atoms alongaW ~see Sec. III!,
is equal to 30~3!% and to 33~7!% for thebW andaW directions,
respectively. AlongcW , this ratio, for only ten atoms~see Sec.
III !, is equal to 18~10!% but is less relevant because of t
high value of the standard error associated with the linear
This point results of the very low value of the amplitude
the modulation alongcW and thus a worse correlation betwe
the different harmonics along this direction. This almost o
third contribution of the third-order harmonic amplitude wi
respect to the first-order harmonic amplitude is also ass
ated with a particular and ‘‘well-adapted’’ phase relationsh
between these two harmonics@i.e., their phases, according t
Eq. ~5!, are roughly equal, see top of Fig. 6; notice that t

cloud of points around 1033f1
m,bW.700 corresponds with the

rigid-body part of BCCD# and it induces a typical squared
wave shape of the AMF’s alongbW , but also alongcW for the
methyl group out of the mirror plane~Figs. 3 and 5!. How-
ever, one should add that this typical two-step squared sh
is clearly observed alongbW only for the atoms belonging to
the above-defined rigid part of the betaine molecule and
dy
t

e

f
-

n

t.

-

i-

e

pe

to

the water molecule. Finally, let us emphasize a special
ture of the modulation anharmonicity~bottom of Fig. 6!: the
cosine term of the modulation is almost five times more
harmonic than the sine term@latter global ratio equal to
14~5!% and to 64~7!%, respectively#. This point will be dis-
cussed in Sec. V in the scope of the double Ising spin~DIS!
model predictions applied to the ‘‘Ts anomaly.’’48

B. Interpretation of the structural anharmonicity:
a soliton regime in BCCD

In Landau type-I INC family,20 the ‘‘classical’’ evolution
of the structural modulation for decreasing temperature fr
Ti down to T0 is interpreted as the occurence of a solit
regime precursor of the lock-in transition towards the co
mensurate lowest-temperature structure.49,50 This regime is
characterized by the growth of high-order harmonics in
distortion, hence by the appearance of odd-order ‘‘dist
tion’’ satellite peaks in the diffraction pattern.3 The modu-
lated structure nearT0 is then made of commensurate d
mains~where the phase of the modulation is constant alo
v) of the same symmetry as the lock-in structure, separa
by walls or discommensurations or phase solitons, wit
which the phase of the modulation varies rapidly withv from
one constant value to another one, following the nonlin
sine-Gordon equation which is derived from the minimiz
tion of the Landau free-energy in the ‘‘constant amplitud
assumption.3 Consequently, the lock-in transition atT0 is
rather continuous, since the commensurate domains gro
that they become macroscopic, or in other words, the
tance between discommensurations increases, so that
correlations disappear. The number of steps in the solutio
the sine-Gordon equation should correspond to the num
of possible different macroscopic domains in the lock
structure.51 Our aim is to show that such a behavior occurs
BCCD, too, as in thiourea23 — a Landau type-II INC system
— provided that we take into account the nonmodulated
ture of the lowest-temperature ‘‘lock-in’’ structure. Ther
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the number of distinct possible domains is equal to two a
corresponds to a ‘‘lock-in’’ phase transition fromPnma to-
wardsPn21a at qW 50W . Thus, we shall use the two-step sol
tion of the sine-Gordon equation~see top of Fig. 7! as the
phase of the modulation without any specific free ene
expansion.24

Let us calculate the AMF’s along one given main cryst
lographic direction by applying Eq.~6! to the eight symme-
try elements of the superspace-groupP(Pnma):(1,s,21)
~Table I!. We have first to calculate the values ofRI(R) and
of t0, depending onR:

RI~R!51 if R5E,C2z ,sx or sy ,

RI~R!521 if R5 i ,C2x ,C2y or sz . ~18!

Furthermore,

if R5E,i ,C2x or sx ,t050 and e2 j 2pnt051,

if R5C2y ,sy ,C2z or sz ,t05
1

2
and e2 j 2pnt0561

for n even and odd, respectively. ~19!

Hence, we have now to distinguish the harmonics with
spect to their parity. In the case of even-order harmon
excluding the casen50,

un
n5Run

m if R5E,sx ,C2z or sy ,

un
n5Ru2n

m if R5 i ,C2x ,C2y or sz . ~20!

FIG. 7. Phase of the modulation versus the internal coordinat
calculated from the sine-Gordon equation~31! for k50, k
50.99999, andk51, that correspond to a sinusoidal regime,
intermediate soliton regime and an ideal soliton regime, resp

tively ~top!; theoretical AMF alongbW for k50.99999 calculated
from Eq.~30! ~with the assumption thateB3g

m,y5eB2u

m,y) splitted into its
sine and cosine components~bottom!.
d

y

-

-
s,

In the case of odd-order harmonics,

un
n5Run

m if R5E or sx ,

un
n52Run

m if R5C2z or sy ,

un
n5Ru2n

m if R5 i or C2x ,

un
n52Ru2n

m if R5C2y or sz . ~21!

If we separate the complex Fourier vectorial amplitudes i
their real and imaginary parts, i.e.,

un
m5e1,n

m 2 ie2,n
m , ~22!

wheree1,n
m and e2,n

m are equal to the cosine and sine amp
tudes of Eq.~3!, namely,un,cos

m,i andun,sin
m,i , respectively, and

considering Eq.~2!, Eqs.~20! and ~21! give then

un
m5eAg ,n

m 2 ieB1u ,n
m ~23!

for even-order harmonics, and

un
m5eB3g ,n

m 2 ieB2u ,n
m ~24!

for odd-order harmonics, respectively, whereeB3g ,n
m , eB2u ,n

m ,

eAg ,n
m , andeB1u ,n

m have the symmetry ofB3g , B2u , Ag , and

B1u , respectively, which are irreducible representations
mmm, the point group factor of the space-groupPnma.

We shall make hereafter several approximations. First,
assume that for a given harmonic parity, the froz
symmetry-modes are roughly the same whatever the orde
the harmonic is, then

e1,n
m 5lneB3g

m and e2,n
m 5ln8eB2u

m , ~25!

if n odd, and

e1,n
m 5gneAg

m and e2,n
m 5gn8eB1u

m , ~26!

if n even. Thus, Eq.~6! with t as a variable becomes

um~ t !5eB3g

m (
n odd

ln cos~2pnt!1eB2u

m (
n odd

ln8 sin~2pnt!

1eAg

m (
n even

gn cos~2pnt!1eB1u

m (
n even

gn8 sin~2pnt!,

~27!

but as (n oddln cos(2pnt)}(n odd(lnei2pnt1c.c.)
5r1(t)eiu1(t)1c.c., and the three other similar expressio
for the three other sums of Eq.~27!, then

um~ t !5eB3g

m r1~ t !cosu1~ t !1eB2u

m r18~ t !sinu18~ t !,

1eAg

m r2~ t !cosu2~ t !1eB1u

m r28~ t !sinu28~ t !. ~28!

It is now necessary to make a strong assumption, the w
known ‘‘constant amplitude approximation,’’ which implie
thatr1 , r18 , r2, andr28 are independent oft and that only the
phase of the order parameter is spatially inhomogeneous,
dependent oft. Furthermore, we shall assume thatu1(t)
5u18(t)5u(t), u2(t)5u28(t)52u(t), and r15r185r25r28

c-
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51 by taking into account the over-simple relatio
((n oddlnei2pnt)2}(n evengnei2pnt5Cter2ei2u(t), which
gives the relation betweenln andgn . Finally, we obtain the
following expression for the AMF of an atomm:

um~ t !5eB3g

m cosu~ t !1eB2u

m sinu~ t !1eAg

m cos 2u~ t !

1eB1u

m sin 2u~ t !. ~29!

The last assumption will be to consider an atomm belonging
to the mirror planesy , i.e, C1, C3, C4, Ca, D2, N, O1, o
O2. In that case, Eq.~9! indicates that only odd-order ha
monics will contribute to the modulation alongbW , the direc-
tion of the main atomic displacements, that will be the on
direction considered hereafter. Hence, Eq.~29! can be sim-
plified to the following relation:

um,y~ t !5eB3g

m,y cosu~ t !1eB2u

m,y sinu~ t !, ~30!

where the modulation has been splitted into frozen symm
modes.

Summing up, the AMF alongbW of one atom which lies on
the mirror planesy is directly equal to a cosine term, whic
has the symmetry of theB3g irreducible representation~an-
tisymmetric for C2z , C2y , sz , and sy!, plus a sine term,
which has the symmetry of theB2u irreducible representation
~antisymmetric forC2z , C2x , i, andsy!. We propose now to
determine the phaseu(t) @or u(v)# of the modulation as a
solution of the following sine-Gordon equation adapted
the case of a nonmodulated ‘‘lock-in’’ structure, by on
considering general arguments,52 as emphasized in the intro
duction of this subsection

S du~v !

dv D 2

5S 2K~k!

p D 2

@12k2 cos2 u~v !#, ~31!

wherev is the cell label,k is a continuous variable which
drives the more or less steplike shape ofu(v) and which
varies between 0@sinusoidal regime:u(v) is linear, only one
harmonic in the modulation# and 1 @perfect soliton regime:
pure two-step shape ofu(v), modulation equal to an infinite
sum of nth odd-order harmonics, with their respective a
plitudes equal to 1/n and equal phases#, see top of Fig. 7,
K(k) is the complete elliptic integral of the first kind,u(v
11)5u(v)12p. Actually, k is related to the soliton densit
ns , defined as the ratio ‘‘width of the discommensuratio
over width of the commensurate domains,’’ by20

ns5
p

2K~k!
, ~32!

thus,ns51 in the sinusoidal regime andns50 in the perfect
soliton regime where the width of the commensurate
mains becomes infinite.

The solutionu(t) of the sine-Gordon equation~31!, cal-
culated numerically, is drawn on the top of Fig. 7 for thr
values ofk, or of ns , namely,k50 ~sinusoidal regime!, k
50.99999~intermediate soliton regime!, and k51 ~perfect
soliton regime!. At the location of the discommensuration
@at t50 and att50.5 ~mod 1!#, the phaseu(t) of the modu-
lation is shifted by a value equal top. The corresponding
‘‘theoretical’’ modulation, determined through Eq.~30! un-
ry

-

s

-

der the simpliflying assumption thateB3g

m,y5eB2u

m,y — actually

not fully relevant as can be seen on the bottom of Fig. 6
and splitted into its sine and cosine components, is displa
on the bottom of Fig. 7. It turns out that the global shape
this ‘‘theoretical’’ modulation, assuming implicitly a soliton
regime with respect to a nonmodulated structure, is v
close to many ‘‘experimental’’ AMF’s~Fig. 3!, in particular
the AMF’s of atoms belonging to the rigid part of the betai
molecule or to the water molecule. Thus, we have dem
strated that a soliton regime with respect to the lowe
temperature nonmodulated ferroelectric structure occurs
BCCD at low temperature, i.e., strictly speaking below t
lock-in transition atd5 1

4 , but most probably below the pla
teau atd5 2

7 ~Ref. 9! — in the far lower part of the structure
INC1. Correlatively, the splitted cosine and sine terms of
modulation display very specific shapes, that we shall
plain below. Indeed, one can observe~bottom of Fig. 7! that
the cosine term~symmetryB3g) is almost negligible in both
commensurate domains, while the sine term~symmetryB2u)
is predominant there; moreover, the cosine term is confi
at the location of the discommensurations. This result
qualitatively in very good agreement with the ‘‘experime
tal’’ sine and cosine terms of the AMF’s~see Fig. 3!, ne-
glecting an offset alongv that is related to the definition ofv
~4! and to the value ofF ~10!. Such an analysis appears al
relevant for many other atoms which do not belong to
mirror planesy , as can be seen for instance alongbW on Fig.
3 for atom D1. This point is explained by the very wea
contribution of even-order harmonics to the global distortio
as stressed above. A symmetry-mode analysis performe
the nonmodulated ferroelectric structure6 has demonstrated
that only theAg and B2u frozen modes contribute to th
distortion of this structure with respect to thePnma basic
structure; alongbW , only the latter contribution is present. S
in BCCD, the structural modulation evolves on cooling t
wards a soliton regime with respect to the lowe
temperature nonmodulated ferroelectric structure in orde
anticipate this structure, which appears from this viewpo
as a ‘‘ground-state’’ energetically more favorable, by confi
ing progressively its contribution ofB3g symmetry, which is
forbidden belowT0, at the location of the discommensur
tions.

V. CONCLUDING REMARKS

We have determined by means of single-crystal neut
diffraction the fourfold and fivefold modulated structures
BCCD, at 100 and 68 K, respectively. Both modulations a
highly anharmonic, with an almost one-third contribution
the amplitude of the third-order harmonic with respect to
amplitude of the first-order one. Moreover, phases of th
two harmonics are roughly equal. As a consequence,
shapes of many AMF’s are very close to a two-step squa
function. This structural anharmonicity is interpreted on t
basis of four-dimensional symmetry arguments as a sol
regime with respect to the lowest-temperature nonmodula
ferroelectric structure. Indeed, we show that the solution
the sine-Gordon equation adapted to the case of a nonm
lated ‘‘lock-in’’ structure, i.e., with two steps, can describe
least qualitatively the phase of the modulation f
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many atoms in BCCD. After the case of thiourea,21 the
present work constitutes a complete structural characte
tion of a soliton regime in an INC system. In addition, t
apparent discrepancy between our results and the previo
published x-ray structural analysis of the fourfold structure30

where only one harmonic was taken into account, is
plained by an irradiation effect at constant temperature:38,47

in BCCD, an unusual time-variation of the intensity of d
fraction peaks occurs under x-ray irradiation, this pheno
enon being dramatic for third-order satellite reflections@up to
281(3)%after 86 h#.

Let us discuss several physical consequences of
present work now. First, we have explained the appeara
between the plateaus atd5 2

7 and d5 1
4 and the growth on

cooling of odd-order satellite peaks9 by the development of a
soliton regime with respect to the lowest-temperature n
modulated ferroelectric structure. The multisolitons regi
in BCCD, initially evidenced by EPR,32,33 indirectly con-
firmed by dielectric14,34 or elastic neutron scatterin
measurements,31 is therefore fully characterized and e
plained. It must be stressed that authors of Refs. 31, 32
34 have assumed a multisolitons regime precursor of
commensurate structures27 or 1

4 , in contradiction with our
structural results.

Simple symmetry arguments allow us to explain the
currence of a soliton regime when the temperature decre
down to the transition towards the nonmodulated ferroe
tric structure~at T0): the frozenB3g symmetry-mode of the
distortion, which is forbidden belowT0,6 is confined at the
location of the discommensurations, and thus progressi
reduced for the benefit of theB2u symmetry-mode, allowed
below T0. After the case of thiourea,23 we confirm the gen-
eralization of the sine-Gordon equation to all the INC co
pounds, Landau type-I or type-II, whatever their particu
thermodynamic potential is, and correlatively we contrad
commonly admitted theoretical results.19 Furthermore, we
confirm at a microscopic level the relevance of the use
polar Ising pseudospins as a low-temperature struct
model, as has been implicitly assumed by authors apply
d
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r
t

f
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g

Ising-type or related theoretical models in BCCD.18 Such a
viewpoint is also very useful to explain many dielectric pro
erties of this compound and to interpret new phase tran
tions under high electric field applied alongbW without change
of the modulation periodicity.14

Finally, let us discuss the conclusions deduced from
DIS model concerning the ‘‘Ts anomaly.’’48 At atmospheric
pressure, this controversial dielectric anomaly2 occurs just
below the transition towards the fourfold structure.14 Hence,
the present structural model of the fourfold structure, refin
from data collected atT5100 K, corresponds to a structur
belowTs . Neubertet al.48 have predictedvia the DIS model
an ‘‘internal’’ first order transition that would occur in par
ticular in the four-fold structure of BCCD through the flip o
four pseudospins belonging to the cosine part of the mo
lation. This structural change in the pseudo-spins arran
ment induces an increase of the solitonic anharmonicity
the cosine part of the modulation belowTs . Our results cor-
roborate this point~see Sec. IV A and bottom of Fig. 6!, but
the definitive assignment of this theoretical ‘‘internal’’ tran
sition with the ‘‘Ts anomaly’’ would actually require to
prove that aboveTs the cosine part of the modulation is
much more harmonic, but also that the sine part is unchan
in comparison with the situation belowTs .
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tériaux Moléculaires ~UPRESA au CNRS 8024!, UFR de Phy-
sique, Baˆtiment P5, Universite´ des Sciences et Technologies
Lille, 59655 Villeneuve d’Ascq, France.

1H.J. Rother, J. Albers, and A. Klo¨pperpieper, Ferroelectrics78, 3
~1984!.

2G. Schaack and M. le Maire, Ferroelectrics208-209, 1 ~1998!.
3H.Z. Cummins, Phys. Rep.185, 211 ~1990!.
4S. Aubry, Physica D7, 240 ~1983!.
5W. Brill, W. Schildkamp, and J. Spilker, Z. Kristallogr.172, 281

~1985!.
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and F. J. Zu´ñiga, Acta Crystallogr, Sect. C: Cryst. Struct. Com
mun. ~to be published!.
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