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Influence of microstructural features on the effective magnetostriction of composite materials
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Recently developed magnetostrictive composites of a giant magnetostrictive alloy and an inactive matrix
have opened up a promising territory for the application of materials with magnetic-mechanical coupling
interactions. In this article an effective-medium method is developed for the effective magnetostrictive behav-
ior of such composite materials based on a Green’s-function technique. Explicit relations for determining the
effective magnetostriction of the spherical particulate and fibrous composites with elastically isotropic mag-
netostrictive crystallites are derived. Two extreme bounds—the Reuss and Voigt-type bounds—are also given.
To illustrate the technique, numerical calculations for the effective saturation magnetostriction of
SmFe2 /epoxy or aluminum and Terfenol-D/epoxy or aluminum composites with various phase compositions,
particle shapes and orientation, and crystallite growth directions, are performed. The theoretical estimates are
found to be in agreement with available experimental results, and they also show the interesting magnetostric-
tive behavior of the composites.@S0163-1829~99!01933-5#
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I. INTRODUCTION

Magnetostrictive materials whereby magnetization p
duces deformation and, conversely, deformation affects m
netization, have received much attention in recent years
particular interest because of its comparatively large mag
tostriction is the rare-earth-iron alloys such as Terfenol
the magnetostriction of which under the influence of eve
small field can be as much as 1023.1 These materials can b
used in sensors and actuators in state-of-the-art techno
such as ultrasound devices, automobiles, and aircrafts. H
ever, these materials having giant magnetostriction are b
expensive and brittle. On the other hand, stronger
tougher magnetostrictive metals~e.g., Ni! have very small
magnetostriction~;30 ppm!.1,2 An effective way to combine
large magnetostriction with good mechanical properties
the fabrication of machinable magnetostrictive composi
Recently there have been an increasing interest in deve
ment of these magnetostrictive composites.3–8 By combining
a giant magnetostrictive material with a compliant inact
polymer3,4,7 or a metal,5,6,8 the composite magnetostrictiv
actuators can be mechanically flexible with intermedi
magnetostriction. Although there is an increasing emph
on the practical development of such a composite, fun
mental understanding of its effective magnetostrictive beh
ior is rather limited and little published data is available d
scribing its magnetostrictive response, which is essentia
any technical improvements of such magnetostrictive co
posites.

The magnetostrictive effect is a nonlinearly coupl
mechanical-magnetic phenomenon, and is a very com
cated problem, especially for inhomogeneous magnetos
tive materials due to complicated microstructure. By analo
to the elastic problem of polycrystals, the first Reuss a
Voigt-type approximations for the saturation magnetost
PRB 600163-1829/99/60~9!/6723~8!/$15.00
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tion of a simple isotropic polycrystal consisting of cubic m
crocrystals were derived.2,9–11The most commonly used for
mula for estimating the effective saturation magnetostrict
l̄s of such an isotropic polycrystal is a Reuss-type appro
mation by whichl̄s is obtained as a linear function of th
single-crystal magnetostriction constants (l100, l111),

1,2 i.e.,

l̄s5al1001~12a!l111 ~1!

with a52/5 for elastically isotropic microcrystals.1,2

For magnetostrictive composites recently develop
Herbst, Capehart, and Pinkerton6 have proposed a simpl
single-sphere model, i.e., an idealized single-particle pr
lem for elastically isotropic magnetostrictive composites,
which an elastically isotropic magnetostrictive particle is e
bedded in an isotropic nonmagnetostrictive matrix. Th
have derived an almostuniversalexpression for the effective
magnetostriction of such magnetostrictive composites, wh
is nearly insensitive to material elastic constants of the c
stituents. However, in the limit of only a single magnetostr
tive phase~i.e., single-phase magnetostrictive polycrysta!,
this expression yields an incorrect prediction, for the inter
tion among magnetostrictive particles are totally ignored
this single-sphere model.

In this paper, we present a detailed theoretical study of
effective magnetostrictive behavior of magnetostrictive co
posites. The principal motivation has been to investig
what role the complicated microstructure of an inhomog
neous magnetostrictive material plays in its magnetostric
behavior. The present work is a sequel to an earlier b
publication,12 in which a formula for the effective magneto
striction of an elastically isotropic magnetostrictive compo
ite has been given based on a Green’s-function techniqu13

Here we are concerned with more general cases, and
sider the sensitivity of the magnetostrictive effect for ma
6723 ©1999 The American Physical Society
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6724 PRB 60CE-WEN NAN AND G. J. WENG
netostrictive composites on the material constants and mi
structure, such as anisotropy, particle shape, and orienta
relative to the applied magnetic field.

The essence of the present problem is to calculate
strong magnetoelastic coupling interaction of an inhomo
neous medium. The low-signal, linearly coupled magne
elastic ~i.e., piezomagnetic! properties of inhomogeneou
media was successfully treated previously by Nan14 using a
Green’s-function technique~a multiple-scattering method in
the sense of Zeller-Dederichs and Gubernatis-Krumhan13!
developed for the linearly electroelastic coupling problem15

This technique is also valid for nonlinear problems w
large fluctuations, although its exact realm of validity is ve
hard to ascertain. In the present work, we shall extend
approach to address the nonlinearly coupled magne
mechanical behavior, e.g., magnetostriction of magnetos
tive composites.

Section II contains the theoretical framework derived
the multiple-scattering method and the general solution
the effective magnetostriction of the inhomogeneous mag
tostrictive materials. In Sec. III, without loss of generalit
we mainly consider magnetostrictive microcrystallites w
cubic symmetry embedded in a matrix, and give explicit e
pressions for the effective saturation magnetostriction of
technologically important composites: spherical particul
and fibrous composites with elastically isotropic crystallit
For illustrative and quantitative purposes, the numerical
sults for the effective saturation magnetostriction of comp
ites in the important systems of SmFe2/epoxy or Al and
Terfenol-D/epoxy or Al are presented for various microstru
tural features in Sec. IV. In our calculations, SmFe2 is con-
sidered as elastically isotropic, while Terfenol-D is cons
ered as cubic for illustration. The conclusions a
summarized in Sec. V.

II. GENERAL FRAMEWORK

The magnetic-mechanical coupling behavior of a mate
with magnetomechanical interactions can be described by
following constitutive equations:

s5C«2qTH2xTHH2bDT, ~2!

B5q«1mH1x«H1pDT, ~3!

where s, «, B, and H, are the stress tensor, strain tens
magnetic induction~or flux density!, and magnetic field, re
spectively;T is temperature;q (qT being the transpose ofq!
is the piezomagnetic coefficient in the low signal linear
gion; x is magnetostrictive coefficient (xT being the trans-
pose ofx!; C andm are, respectively, the stiffness and pe
meability tensors;p is the pyromagnetic coefficient,b
5Ca and a is the thermal-expansion coefficient. For sim
plicity, we have used the direct notation for tensors.

The constitutive equations above contain two magneto
chanical effects: piezomagnetic and magnetostrictive eff
The piezomagnetic effect is a linear magnetic-elastic inte
tion, i.e., generation of magnetization by mechanical me
in the absenceof a magnetic field or conversely a materi
becoming strained when subjected to a magnetic field. T
linear piezomagnetic effect is completely analogous to
linear piezoelectric effect, which has been treated
o-
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detail.14–16The magnetostrictive effect is a nonlinear magn
tomechanical interaction, i.e., magnetostriction which is
geometric distortion of a material that occurs in response
an applied magnetic field. There exists also an inverse m
netostrictive effect which causes magnetization to
strongly dependent on stress in thepresenceof a magnetic
field. This inverse magnetostrictive effect is different fro
the direct piezomagnetic effect. In a demagnetized mate
a stress will not produce any magnetization. In comparis
with the piezomagnetism, which is a seldom encounte
linearly coupling effect because of the stringent symme
properties required for its existence, the nonlinearly coupl
magnetostriction is an ever existing effect in all materials
be studied for practical applications. In the cubic magne
strictive crystals with the giant magnetostrictive effect co
sidered here, there does not exist piezomagnetic effect. A
ignoring the piezomagnetic effect, Eqs.~2! and ~3! can sim-
ply be rewritten as

s5C~«2«ms!2bDT, ~4!

B5mH1pDT, ~5!

where the permeabilitym strongly depends on« andH, and
«ms is the magnetostrictively induced strain.

The effective magnetostrictive behavior of an inhomog
neous material is defined in terms of averaged fields~denoted
by ^ &), namely

^s&5C* ~^«&2 «̄ms!2b* DT, ~6!

^B&5m* ^H&1p* DT. ~7!

Therefore, the problem of evaluating the effective respo
of the material essentially consists of the determination
the field variables within it under certain specified bounda
conditions, followed by the performance of the averages

The simplest methods for solving the problem are
Reuss and Voigt-type average approximations which can
rectly be given from these equations. For brevity, we co
sider the pure magnetostrictive case of^s&50 ~i.e., no ex-
ternal stress! and by neglecting the thermal effect. B
assuming that the stress is the same in all crystall
~phases!, i.e., s ( i )5^s&50, which means each crystallit
may expand freely, one obtains the Reuss-type approxi
tion of the effective magnetostrictive strain simply by takin
the average value of the strains induced in all the crystalli
namely,

«̄ms5^«&5^«ms&, ~8!

which further reduces to the commonly used Eq.~1! for the
isotropic polycrystal consisting of elastically isotropic micr
crystals~see Sec. III A!. Similarly, to the other extreme, by
assuming that the strain is the same in all crystalli
~phases!, i.e.,« ( i )5^«&(5 «̄), one obtains the Voigt-type ap
proximation of the effective magnetostrictive strain

«̄ms5^C&21^C«ms&5~C̄!21^C«ms&. ~9!

For a single-phase polycrystal, the average values are ta
over all possible orientations and Eq.~9! is exactly the ex-
pression given recently by Birsan.11 The Reuss and Voigt-
type approximations yield a sort of rough bound of the
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fective magnetostriction. Next we develop an effectiv
medium approach for the effective magnetostriction.

Because of spatial variation in the constitutive behavio
the material with position, the local constitutive coefficien
can be written as a variation about a mean value

C~x!5Co1C8~x!,m~x!5mo1m8~x!,

b~x!5bo1b8~x!,p~x!5po1p8~x!, ~10!

where the first terms~denoted by superscriptso! represent
the constitutive constants of a homogeneous reference
dium and the second terms are the spatial fluctuation w
respect to the first.

To proceed, let the material be now subjected on its
ternal surfaceS to a homogeneous magnetic-mechani
boundary condition, i.e.,

ui~S!5« i j
o xj5ui

o ,f~S!52Hi
oxi5fo, ~11!

where ui and f denote elastic displacement and magne
potential, respectively. In a state of static equilibrium,

s i j , j~x!50,Bj , j~x!50, ~12!

where the commas in the subscripts denote partial diffe
tiation with respect toxj .

Further by solving the equilibrium equations under t
boundary conditions~11! by means of the Green’s-functio
technique, the local strain and magnetic field within the m
terial can be obtained as

«5«o1GuC8«2GuC«ms2GubDT, ~13!

H5Ho1Gfm8H1GfpDT, ~14!

where «o and Ho are the strain and magnetic field in th
homogeneous reference medium at equilibrium, andGu and
Gf are the modified displacement and magnetic poten
Green’s functions for the homogeneous medium.15 Iterative
solutions of Eqs.~13! and ~14! yield

«5T66«o2T66GuC«ms2T66GubDT, ~15!

H5T33Ho1T33GfpDT, ~16!

with

T665~ I2GuC8!21,

T335~ I2Gfm8!21,

whereI is the unit tensor.
By averaging these equations and eliminating«o andHo

from them, we get the general solutions to the effective
havior of the material

C* 5^CT66&^T66&21, ~17!
-

n
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m* 5^mT33&^T33&21, ~18!

«̄ms5~C* !21^@~C2C* !T66Gu1I #C«ms&, ~19!

a* 5~C* !21^@~C2C* !T66Gu1I #Ca&, ~20!

p* 5^@~m2m* !T33Gf1I #p&. ~21!

Equations ~17!, ~18!, and ~20! are the commonly used
effective-medium expressions for the effective stiffness, p
meability, and thermal-expansion coefficient. The effect
magnetostrictive strain tensor exhibits the same apparen
pression as the effective thermal-expansion coefficient
sor. Now the macroscopic strain of the material is obtain
as

^«&5~C* !21$^s&1^@~C2C* !T66Gu1I #C~«ms1aDT!&%.
~22!

The total strain consists of three contributions: the effect
deformation due to external stress, i.e., (C* )21^s&, the ef-
fective magnetostrictively induced deformation, and therm
strain. These results are general and independent of the m
els assumed for the material and contain the effects of m
rials constants, microstructural features, applied fields,
temperature. Given the properties of magnetostrictive mic
crystallites, the macroscopic behavior~such as magnetostric
tion, hysteresis, stress, and thermal effect, andDE effect—
change in Young’s modulusE with magnetic bias1,2! of the
inhomogeneous magnetostrictive materials can be well qu
titatively assessed by using the above methodology. With
limiting the generalization of the approach, we next foc
upon only the effective magnetostriction.

III. EFFECTIVE MAGNETOSTRICTION OF COMPOSITES
CONTAINING CRYSTALLITES WITH CUBIC

SYMMETRY

Let us consider an inhomogeneous material contain
magnetostrictive microcrystallites with cubic symmetry th
most commonly reported giant magnetostrictive cryst
exhibit.1 In this case, the local magnetostrictive strains alo
the crystallographic axes of a microcrystallite can be o
tained as17

« i j
ms5H la1 3

2 l100~a3i
2 2 1

3 ! , for i 5 j ,
3
2 a3ia3 jl111, for iÞ j

, ~23!

where l100, l111, and la are the usual magnetostrictio
constants of the cubic microcrystallite, (a i j ) is the matrix
transforming the local crystallographic axesXj8 to the mate-

rials axesXi , in which an external magnetic fieldH̄3 is
applied along theX3 axis of the materials sample, namel
Xi5a i j Xj8 , and
~a i j !5S cosf cosc2sinf sinc cosu 2cosf sinc2sinf cosc cosu sinf sinu

sinf cosc1cosf sinc cosu 2sinf sinc1cosf cosc cosu 2cosf sinu

sinc sinu cosc sinu cosu
D , ~24!
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6726 PRB 60CE-WEN NAN AND G. J. WENG
whereu is the angle betweenX3 andX38 , andc andf are,
respectively, the usual Euler angles in theX18X28 plane and

X1X2 plane ~perpendicularH̄3). Substituting Eq.~23! into
Eq. ~19! determines the effective magnetostriction of the m
terials. For illustrative purposes, we consider such inhom
geneous materials with two crystallite geometries:~a! spheri-
cal magnetostrictive crystallites and~b! cylindrical
crystallites~fibers! with various growth directions.

A. Spherical magnetostrictive crystallites

Let us first consider a two-phase particulate compo
consisting of a volume fractionf of spherical magnetostric
tive crystallites and a nonmagnetostrictive~with negligible
magnetostrictive effect!, isotropic phase. The most simp
case is that all the spherical magnetostrictive crystallites
ideally elastically isotropic, i.e.,c112c1252c44 ~ci j being
the elastic constants of the spherical magnetostrictive c
tallites!. In this case, we can easily obtain the macrosco
cally magnetostrictive strains parallel and perpendicular
the applied magnetic fieldH̄3 , «̄ i

ms, and «̄'
ms, from the

effective-medium formulas above as

«̄ i
ms5 f la~E1112E12!12 f l100E44

13 f E44~l1112l100!S 12K (
i 51

3

a3i
4 L D , ~25!

«̄'
ms5 f la~E1112E12!2 f l100E4423 f E44~l1112l100!

3K (
i 51

3

a1i
2 a3i

2 L , ~26!

where the first term,f la(E1112E12), in both «̄ i
ms and«̄'

ms is
the volume magnetostriction effect, andEi j are the compo-
nents of the following tensor:

E5@ I2Gu~C* 2Co!#@ I2Gu~C2Co!#21~C* !21C.
~27!

Therefore, the effective engineering magnetostrictionl̄s of
the elastically isotropic composite is obtained as12

l̄s5
2

3
~ «̄ i

ms2 «̄'
ms! ~28!

5
12G1 /G*

12G1 /G2
Fl1111~l1112l100!

3K (
i 51

3

~a1i
2 a3i

2 2a3i
4 !L G , ~29!

whereG1 , G2 , andG* are the shear moduli of the nonma
netostrictive matrix, magnetostrictive crystallites, and
-
-

e

re

s-
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o

e

composite, respectively. Equation~29! clearly demonstrates
that the effective magnetostriction of such isotropic comp
ites depends on the volume fraction and all related mate
constants as well as the orientation of the crystallites in
composites.

Accordingly, Eqs.~8! and ~9! yield the Reuss and Voigt
type bounds in such an elastically isotropic case, namely

l̄s
Reuss5 f H l1111~l1112l100!K (

i 51

3

~a1i
2 a3i

2 2a3i
4 !L J ,

~30!

l̄s
Voigt5 f

G2

Ḡ
H l1111~l1112l100!K (

i 51

3

~a1i
2 a3i

2 2a3i
4 !L J ,

~31!

with Ḡ5(12 f )G11 f G2 . Obviously, the Voigt-type rela-
tion yields an upper bound asG1,G2 , and a lower bound as
G1.G2 .

As f 50 ~i.e., a single-phase nonmagnetostrictive mate
als!, G* 5G1 and sol̄s50. As f 51, i.e., for a single-phase
elastically isotropic polycrystal,G* 5G2 , so the effective-
medium formulas, and the Reuss and Voigt-type bounds
perpose together, and thus yield an exact result for such
idealized polycrystal, namely,

l̄p5l1001~l1112l100!F12K (
i 51

3

~a3i
4 2a1i

2 a3i
2 !L G .

~32!

It is easy to show thatl̄p5(2l10013l111)/5, i.e., Eq.~1! for
the random orientation andl̄p5l111 for the perfectly pre-
ferred orientation~i.e., the^111& directions of all magneto-
strictive crystallites being identically parallel to the applie
magnetic fieldH̄3!. These are two well-known simple bu
exact results for the elastically isotropic polycrystals of el
tically isotropic crystallites withc112c1252c44.1,2

B. Aligned magnetostrictive rods

We now consider a special but technologically importa
composite having the so-called 1-3 connectivity of phases~in
the terminology introduced by Newnham, Skinner, a
Cross18!, in which cylindrical magnetostrictive rods embe
ded in a nonmagnetostrictive matrix are aligned parallel
plied magnetic fieldH̄3 ~the sample axisX3). For elastically
isotropic magnetostrictive rods with the aspect ratio
(5 length/diameter)̃ `, similarly, we find its effective en-
gineering magnetostrictionl̄s from expression~19! as
l̄s5
f m2

c33* k* 2~c13* !2 $2F~2k* 1c13* !1~c33* 12c13* !~k* 1m1!/~k21m1!%l̄u , ~33!
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with

F512
~c13* 2k* !~k21m1!1k1~k* 2k2!1m2~k* 1m1!

~k21m1!~k11m1!
,

where 2k* 5c11* 1c12* ~i.e., the transverse bulk modulus! and
2m* 5c11* 2c12* ~i.e., the transverse shear modulus!, and the
same relations hold fork2 (k1) andm2 (m1). For compari-
son, here we still use Eq.~28! to define its effective satura
tion magnetostriction.

l̄u in Eq. ~33! is dependent on the direction along whic
the magnetostrictive fibers preferentially grow. For the fib
with their preferred growth direction alonĝ112&, for in-
stance,

l̄u5~l10013l111!/12. ~34!

For the perfectly preferred̂111& growth direction,

l̄u5l111/3. ~35!

Again, of interest to note is that asf 51, i.e., for a single-
phase polycrystal of such elastically isotropic magnetost
tive crystallites,l̄s53l̄u . This result is the same as th
given by Eq.~32! for such a special case.

IV. NUMERICAL RESULTS AND DISCUSSIONS

In order to have better understanding of the theoret
results above, we perform numerical computation for
magnetostrictive composites. For quantitative purpo
SmFe2/epoxy or Al, and Terfenol-D/epoxy or Al composite
are considered. The properties of the constituent phases
for calculations are given in Table I. Here SmFe2 is consid-
ered to be elastically isotropic for illustration. A comparis
between the calculations and reported experimental data
the magnetostriction of elastically isotropic SmFe2/Al and
SmFe2/Fe composites6 has demonstrated that our calcul
tions are in agreement with the experimental data.12 Next we
mainly evaluate the influences of material constants and
crostructural features on the effective saturation magn
striction of the composites.

A. Spherical particulate composites

Figure 1 shows the effective saturation magnetostrict
l̄s for randomly oriented spherical SmFe2 particles, rein-
forced Al or epoxy matrix composites. It clearly demo
strates that the elastic constants of the inactive matrix ha
pronounced effect on the effective magnetostriction. For

TABLE I. Properties of SmFe2 and Terfenol-D magnetostrictive
crystallites, and epoxy and metal matrix to be taken in the pre
numerical calculations.

SmFe2 Terfenol-D Epoxy Al

c11(GPa) 82 101 6.5 101
c12(GPa) 66 40 3.5 49
c44(GPa) 22 38 1.5 26
l111(ppm) 22100 1700
l100(ppm) 2700 100
s

-
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matrix composites, the effective magnetostriction almost l
early increases with the volume fractionf due to the closer
elastic moduli of the Al matrix and the magnetostrictive pa
ticles, while the effective magnetostriction for epoxy matr
composites are larger than that for the Al composites. T
indicates that the effective magnetostriction of the comp
ites can increase through the use of mechanically softer
trices, which is directly attributable to the improved displac
ment transfer capability of the more flexible matrices. Th
effect can easily be concluded from the Reuss and Vo
bounds, Eqs.~30! and~31!. The Reuss bound gives a benc
mark straight line versusf , independent of materials elasti
moduli. As the elastic moduli of the matrix are the same
those of the magnetostrictive particles, the Voigt bound c
incides with the Reuss benchmark line. But as the matrix
much softer than the magnetostrictive particles, the Vo
bound moves up toward much larger values, and approac
the values for the single-phase magnetostrictive mater
( f 51) asG1˜0; in reverse, the Voigt bound moves dow
toward much lower values as the matrix is much stiffer th
the magnetostrictive particles, and approaches zero
G1 /G2˜`. The stiff matrix suppresses the deformation
the magnetostrictive particles.

As seen from the effective-medium formulation~29! and
the Reuss and Voigt bounds, Eqs.~30! and~31!, the effective
magnetostriction of the particulate composites is strongly
pendent on the orientations of the magnetostrictive partic
~this is discussed further in the following section!. This is
also true even for the case of elastically isotropic particl
For comparison with the calculations in the case of co
pletely randomly oriented particles, in Fig. 1 we also pres
the results for the SmFe2/Al composite by simply consider-
ing a uniform orientation distribution of the elastically iso
tropic, spherical SmFe2 particles betweenu50 and 12°~and
the Euler anglesc and f randomly varying from 0 to 2p!.
The recent experimental data for the SmFe2/Al composite6 is
also shown for illustration.

nt

FIG. 1. The effective saturation magnetostriction of SmFe2 /Al
~above the Reuss bound line! and SmFe2 /epoxy ~below the Reuss
bound line! isotropic composites with completely random orient
tion of spherical SmFe2 particles. Voigt bounds for these two com
posites and a SC calculation for SmFe2 /epoxy composite are shown
for comparison. The solid dots are experimental data for SmFe2 /Al
composite~Ref. 6!. For illustration and comparison, the calculate
results are also shown for a uniform orientation distribution of t
X38 axis of SmFe2 crystallites with respect to the sample axisX3

within a cone angle of 12°.
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Similarly, for Terfenol-D/epoxy or Al composites wher
Terfenol-D particles are not elastically isotropic, i.e.,c11
2c12Þ2c44, the softer the matrix, the larger the effectiv
magnetostriction of the composite~Fig. 2!. The Voigt ap-
proximation yields upper bounds for these two Terfeno
particulate reinforced composites and the Reuss bound
lower one, sinceG1 /c44,1. But as f 51, the effective-
medium formulation and the Reuss and Voigt bounds g
different values in the case wherec112c12Þ2c44, unlike
those results shown in Fig. 1.

For illustration and comparison, Figs. 1 and 2 show p
dictions of two common first-order effective-medium a
proximations. One is a non-self-consistent effective-medi
~EM! approximation, namely that in which the effective m
dium in which the magnetostrictive particles are embed
corresponds to the matrix phase alone. Phenomenologic
this corresponds to the Maxwell-Garnett approximation
the transport problem,13 or the Mori-Tanaka approximation
for the elastic problem.19 In essence, it is a simple effective
medium approximation that is known to be reasonable
matrix-based composites with particulate microstructur
However, when the particles agglomerate, it is more reas
able to consider the constituent phases embedded in a
fective medium that corresponds to the overall compo
itself but with the moduli that must be determined se
consistently, which is the self-consistent~SC! effective-
medium approximation. Phenomenologically, this SC
proximation corresponds to the Bruggeman-Landauer s
consistent approximation for transport problem or t
Kröner-Hill-Budiansky self-consistent approximation for th
elastic problem.20 At low volume fractions the two forms o
the effective-medium solutions give only slightly differe
results but the difference becomes more marked with
creasing volume fraction. This is especially so for the c
where there is a large difference between the elastic mo
of the matrix and the magnetostrictive particles~e.g.,
SmFe2/epoxy and Terfenol-D/epoxy composites!. The SC
solution predicts a consistently higher magnetostriction t
the simple EM solution, since the former predicts a high
G* than the latter. As apparently seen from the predictio

FIG. 2. The effective saturation magnetostriction of Terfenol-
epoxy and Terfenol/Al isotropic composites with completely ra
dom orientation of spherical Terfenol-D particles. The EM and
calculations, and Voigt and Reuss bounds for these two compo
are shown for comparison. The EM and SC results for Terfeno
composite are nearly the same.
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for the composites of Terfenol-D~Fig. 2!, the simple EM
solution does not give the samel̄s value for the Terfenol-D/
epoxy and Terfenol/Al systems in the limit off 51. This
indicates that the EM solution forl̄s is invalid within the
high concentration range~e.g., f .0.5) in the case thatc11
2c12Þ2c44 andG1 /c44!1 ~or @1!.

B. Ellipsoidal particulate and 1-3 type composites

Figures 3–5 show the predictions for the Terfenol-
epoxy composite which contains 40 vol % the Terfenol
crystallites with different preferred growth directions.
demonstrates that the effective magnetostriction of the c
posite is dependent upon the particle orientation, part
shape, and growth direction. For the Terfenol-D, the hig
magnetostrictive direction is alonĝ111& axis. The effective
magnetostriction of the composite increases with the^111&
directions of all crystallites oriented as completely parallel
the sample axisX3 , along which the external magnetic fiel
H̄3 is applied, as possible.

Figure 3~a! shows the orientation effect of the^001&-type
ellipsoidal particle ~i.e., their ellipsoidal symmetric axis
growth along their local crystallographic axis,X38) where all
ellipsoidal particles are considered to identically orient alo
one direction of a cone angleu about the sample axisX3

/
-

es
l

FIG. 3. The effective saturation magnetostriction~EM predic-
tions! of 40 vol % Terfenol-D/epoxy composites for various aspe
ratios with ~a! an identical orientation and~b! a uniform oriention
distribution of the^001& type ellipsoidal Terfenol-D particles~see
text!.
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(H̄3). Obviously, only when thê111& directions of all crys-
tallites are identically aligned parallel to the sampleX3 axis,
i.e., u555°, the engineering saturation magnetostrictionl̄s
reaches a maximum, and it decreases with a deviationu
from 55°. When all ellipsoidal particles are aligned paral
to the applied magnetic fieldH̄3 ~i.e., u50 or p!, l̄s

˜;«33
ms
˜;l100. As shown in Fig. 3~b!, the orientation dis-

tribution of the particles also affectsl̄s . In the case of a
uniform orientation distribution betweenu50 anducut ~ran-
dom orientation in theX1X2 plane, i.e., the Euler anglesc
andf randomly varying from 0 to 2p!, l̄s reaches a maxi-
mum at aboutucut565°. The uniform distribution shifts the
angle of the maximuml̄s from the standard 55° to 65° du
to interactions between various oriented particles. Simila
l̄s in this uniform distribution case increases withucut as
ucut,65o, and decreases asucut.65°; but ucut.90°, l̄s
somewhat fluctuates about the effective magnetostriction
the completely random case.

In the two cases of both identical orientation and unifo
orientation distribution of thê001&-type ellipsoidal particle,
the maximuml̄s decreases with the aspect ratio deviati
from 1. In the cases of the ellipsoidal symmetric axis of
particles identically perpendicular to the sample axisX3 @Fig.
3~a!# or random orientation@Fig. 3~b!#, l̄s increases with the

FIG. 4. The effective saturation magnetostriction~EM predic-
tions! of 1-3 type Terfenol-D/epoxy composites for various asp
ratios with Terfenol-D crystallites grown along the^112& direction.

FIG. 5. The effective saturation magnetostriction~EM predic-
tions! of 1-3 type Terfenol-D/epoxy composites for three differe
growth directions of Terfenol-D rods with an aspect ratio of 10.
l

,

or

l

decrease in the aspect ratio, that is, oblate-shaped part
produce a larger magnetostriction than spherical, th
prolate-shaped particles. Only in the case when the symm
ric axes of particles almost align and are parallel toX3 , the
l̄s will increase slightly with the aspect ratio, but still exhib
its low values (̃ l100) for the crystallites with â 001&
growth direction.

Figure 4 shows the predictions for such a 1-3 ty
Terfenol-D/epoxy composite with a preferred growth dire
tion along the^112& direction of Terfenol-D crystallites,
which are commonly produced by the modified Bridgm
and the free-standing float-zone techniques.21 The effective
magnetostriction of the 1-3 type composite increases w
the aspect ratio in the whole volume fraction range. Arou
f 50.4, the effective magnetostriction of the 1-3 type co
posite with the aligned rods of a large aspect ratio, can
two times larger than that of the spherical particulate co
posite. Similarly, when thê112& Terfenol-D rods do not
form 1-3 connection rather than orient within a cone angle
20° about the sample axisX3(H̄3), l̄s also increases to
slightly little higher values, but any other orientations w
result in lowerl̄s values in comparison with thel̄s values of
1-3 type composites. Figure 5 shows the effect of the gro
direction of the magnetostrictive crystallites in the 1-3 ty
Terfenol-D/epoxy composite. It is evident that the rods w
their symmetric axis growing alonĝ111& induce a larger
effective magnetostriction than the rods with the^112&
growth direction, and that the rods with the^001& growth
direction do not induce significant magnetostriction of t
1-3 type composite as discussed above. Of the magnetos
tive composites, the 1-3 type composites with the rods gro
ing along the^111& direction exhibit the largest saturatio
magnetostriction. These predictions about the effects of p
ticle shape, orientation, and growth direction on the effect
saturation magnetostriction of the composites are interes
consequences of the theory, and remain to be verified exp
mentally.

V. CONCLUSIONS

In this paper we have developed an effective-medium
proach for the effective magnetostriction of inhomogeneo
magnetostrictive materials by utilizing a Green’s-functi
technique. In the meantime, Reuss and Voigt-type appr
mations are also given, which yield bounds for the effect
saturation magnetostriction. For the spherical particulate
1-3 type fibrous composites with elastically isotropic magn
tostrictive crystallites, explicit approximate expressions
the effective saturation magnetostriction have been giv
Numerical calculations for the effective saturation magne
striction in SmFe2/epoxy or Al and Terfenol-D/epoxy or A
composites have demonstrated that the effective satura
magnetostriction of the composites can be strongly in
enced by the material constants, the volume fraction, ph
connectivity, particle shape and orientation, and growth
rection of the magnetostrictive crystallites. These numer
results have shown the interesting behavior of the comp
ites; they can provide a general guideline for the evaluat

t
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of more composite systems and thereby be used to dev
criteria for choosing the best combination of different co
stituent materials for the magnetostrictive actuators and
sors. The present theoretical framework can also be
tended, in a straightforward manner, to modeling ot
macroscopic properties, such as strain versusH-field behav-
ior, hysteresis, stress and thermal effect, andDE effect, of
the inhomogeneous magnetostrictive materials.
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