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We present a neutron-scattering study of the quantum dynamics of molecular hydrogen trapped inside solid
Cso- The loading isotherm is shown to deviate significantly from a standard Langmuir response and follows
instead an exponential form, increasing from 40% filling at 130 atm to 90% at 700 atm. Diffraction data
confirm that the adsorbed molecules are randomly oriented and sit exclusively at the octahedral site. Inelastic
neutron scattering clearly shows the ortho to para conversion of the interstitial hydrogen, which occurs via a
transition from thel=1 to J=0 rotational levels. The level scheme shows relatively minor deviatiomshe
order of a few perceptfrom the free rotor model with the splitting in the excited level being the same, 0.7
meV, for both B and D,. In contrast the shift in the overall level, which is shown to depend critically upon
zero-point motion is almost three times greater forthhn D,. We also identify the translational modes of the
trapped molecules which occur at a much higher energy than would be classically predicted and have an
isotopic shift on the order of/2.2. Quantum-mechanical model calculations within sie¢f-consistent har-
monicapproximation indicate that zero-point motion of hholecules in the ground state play the central role
in understanding the experimental results, and in particular the high energy of the translational modes and the
magnitude of their isotopic shiffS0163-18209)03133-1

. INTRODUCTION interactions between the hydrogen and thg @olecules.
The inherent quantum nature of the resultant dynamics
Due to their large spherical shape;@olecules form an  makes this study of particular interest and the large incoher-
fcc lattice in which there are two tetrahedrd) and one ent scattering cross section of hydrogen, makes inelastic neu-
octahedral(O) interstitial site per molecule. These sites aretron scatteringINS) the ideal tool to study the behavior.
large enough to accommodate a variety of atomic and mo- Since H is composed of two indistinguishable fermions
lecular species, the presence of which can significantly influthe rules of quantum statistics constrain it to have an overall
ence the properties ofgg. Most notable are the alkali-doped antisymmetric wave function. If the spin part of the wave
Cso compounds which display superconductivity at reasonfunction is antisymmetric under exchange of nuclei then the
ably high temperature. More recent studies have looked afpatial part must be symmetric. And similarly if the spin part
the behavior of less reactive dopants showing that He, Nds symmetric then the spatial part must be antisymmetric.
H,, N,, H,O, CO, and @ all enter into the G lattice  This leads to two kinds of hydrogen: parg,Hvhich is the
interstitially 1 ~® however relatively little has been done on minority species at room temperature, has even values of
understanding the nature of the interactions with the trappednd antiparallel nuclear spins, and orthg, Hhe majority
species. species with odd values of and parallel nuclear spirls.
In this paper we report a neutron-scattering study of théfhese properties are summarized in TableAt low tem-
low-temperature dynamics of molecular hydrogen trapped ifperature in the condensed phases only Ik andJ=1
the interstitial sites of . The molecules form an almost levels are thermally populated. Because relaxation to the en-
perfect example of a three-dimensional quantum rotor in @rgetically favorable para state can only occur via a flipping

solid with energy levels given by of the nuclear spin, ortho persists for long periods of time
(on the order of days for pure ) even at the lowest of
E;=BJ(J+1), (1) temperatures. In the absence of any relaxation the ratio of

ortho to para molecules remains fixed at the room-
where B is the rotational constant andl is the rotational temperature value which is simply determined by the statis-
guantum number. Due to the simplicity of the model it is tical weight of the the two species. At low temperature 3/4 of
easy to probe the effects of relatively weak interactions witithe molecules are trapped in te=1 ortho state.
the host lattice which lead to a departure from free rotor In a similar way, B which is composed of two indistin-
behavior. This in turn leads to accurate information about thguishable bosons is also subject to constraints such that the
symmetry of the host and the nature of the intermoleculaoverall wave function must be symmetric under exchange of
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TABLE I. Symmetery properties of the hydrogen isotopks. In the analysis section we show that this unusual behavior
refers to the nuclear spin addto the molecular rotational quantum is due to the large zero-point motion of the kholecules in
number. the O site, leading to a significant departure from the classi-

cally predicted interactions. In our model calculations, the
Isotope I wol J Nuclear hydrogen-carbon interactions are expressed as a simple 12-6

(Symmetry  (Symmetry  weight Species potential within aself-consistent harmonipproach to show
Hydrogen 0AS)  0246... (S 1 that the spljtting in the rota'tional r_node resu'lts. from the in-
(fermion | y=1/2) 19 1357...(AS 3 teraction with the host lattice while the shift in energy is
predominantly due to the coupling between the rotational
Deuterium 0(S) 0,2,46... (S 1 Ortho  and zero-point motion of the hydrogen. Examination of data
3
5

Para
Ortho

(bosonly=1) 1(AS) 1,3,57...(AS) Para for both D, and H confirms the models predictions for
2(9 0,246... (9 Ortho translational modes, the magnitude of their isotopic shift, and
the lack of any recoil effect in the rotational transitions.

the two nuclei. For ) the symmetric spin states occur flor
the total molecular nuclear spin equal to either 0 or 2. As
shown in Table | this leads to 2/3 of the molecules having The sample consisting of 10 g of commercially obtained
even values ofl and 1/3 having odd. In the absence of anypure G, powder was first heated under vacuum at 450 K for
relaxation 1/3 of the molecules will be trapped in the 1 2 days to remove any traces of solvent. The powder was
state at low temperature. Since this is the minority speciesealed inside a high-pressure aluminum cell, the system was
(as opposed to HwhereJ=1 is more abundaitit is re- evacuated and hydrogen gas was introduced directly from a
ferred to as the para state. Finally, we note that for both Hstandard cylinder at a pressure of 130 atm. In those cases
and D, all other excitations of comparable energy which dowhere a higher loading pressure was desired the gas was
not involve a conversion between ortho and para states aiftroduced at temperatures as low as 50 K. The system could
rapidly “frozen out” at low temperature. Hence incoherent then be isolated and heated back to room temperature to
neutron scattering, which can flip the nuclear spin via theachieve pressures on the order of 750 atm. Our results indi-
magnetic moment of the neutron, is able to probe the rotacate that maintaining the pressure f» h with the sample
tional ortho and para conversions without contaminatiorkept at a temperature of 323 K was sufficient to achieve
from any other excitations. complete loading for the given pressure. Once loaded, the
In the orientationally disordered phase qf,@he potential sample was cooled below 150 K thereby “freezing” the in-
felt by H, molecules in the site has Q symmetry, leading terstitial H, inside the G lattice. At that point all the free
to an accidental degeneracy among thel levels. How- gas around the sample could be pumped away. After comple-
ever, in the Iow-temperatuﬂéa?structure, the symmetry of tion.of the neutron-scattering experiments the sample was
the potential is lowered 18 and the degeneracy is removed. 292in heated to 330 K. Over the course of 24 h the trapped
Thus the magnitude of the splitting in tie= 1 level depends hydrogen was allowed to outgas into a vessel of known vol-
directly upon the order parameter of thg,attice. ume and_ hence th_e guantity of hydrogen that was (_)rlglnally
In the next section we describe the sample preparatioHapped in the lattice was determined. The diffraction data

and data taking techniques. The experimental results are prid/€re obtained using the lef{ 32-detector high-resolution
sented in Sec. Ill. We first present the elastic neutronPowder diffractometer at BT-1.Scans were taken over a

scattering results in which a “difference Fourier transform” P€riod of 24 h with the sample at a temperature of 1OAK and
analysis of the G(D,), diffraction data clearly shows the (he diffractometer operating at a wavelength at 1.54 A. The
D, molecules situated randomly at tigsites without any mc_oherent inelastic neut_ron-scattermg data were obtained
long-range order. The inelastic neutron-scattering results at&Sing the  NIST -~ Fermi-Chopper — time-of-flightTOF)
shown for both B and H, doped samples. The ,Diata is spectromete?_.An incident beam m_onochro_mated by double
shown first since the various excitations are well separated iFra99 reflection from two pyrolytric graphit02) crystals

energy making the analysis more straightforward. The result awavelength of 4.8 A was _u_sed to prpduce a resolu_tion of
indicate that the interstitial hydrogen forms a somewha 14 m_eV at the elastic position. Al h|gh-energ_y gain the
unique system in which the potential is quite rigid for Center_resolutlon of the spectrometer increases roughly linearly with

of-mass translation while at the same time being very soft fofN€r9y leading to a resolution of 1.1 meV for an energy gain

rotational motion. The hydrogen molecules are shown to ro9f 15 mev.

tate quite freely with relatively small perturbations being in-

troduced by the interactions with the host lattice. However, Ill. EXPERIMENTAL RESULTS
the lack of any significant recoil effect even at temperatures
as high as 200 K allows us to the conclude that the molecules
are translationally confined within the interstitial site. Thisis The loading isotherm data were obtained at 323 K with
further confirmed by the existence of very high-energy transthe G, powder exposed to a constant pressure pfylis for
lational modes in which the entire hydrogen molecule vi-5 h. The quantity of H loaded into the sample was deter-
brates relative to the g lattice. Despite the large size of the mined by measuring the outgassing from the sample after
O site, these translational modes of are found to be compdirst removing all external gas at low temperature. The accu-
rable in energy to that of the rotational transition fram racy of this technique was confirmed by neutron-diffraction
=1toJ=0. analysis. The two methods showed the same site occupancy

Il. EXPERIMENTAL TECHNIQUE

A. Loading isotherms
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FIG. 1. Isothermal loading pressure cufdgets at 323 K for H, . .
in Cgo. The solid line is obtained from the empirical relation FIG. 2. Neutron powder-diffraction patteidots of Ceo(D)y
=1—exp(—P/P,) with Po=240 atm. The dashed line shows the taken at 10 K, a Rietveld p_roﬁle reflnem_e(lsblld curve (Ref. 1_3
best fit to the data based on Langmuir isothermP/(P+ Py). based on pure & model with D, occupying the octahedral sites,

and a difference plotbottom). The inset shows how the goodness

to within 2% absolute, for a standard loading pressure of 13@f the fit (weightedR facton changes with the occupancy of the
atm. Figure 1 shows the results expressed in terms of thgctahedral . The best fit with a weighted factor of 8.9% is
fraction of O sites that are filled for a series of loading pres-Ptained when 40% of the octahedral sites are filled.

sures ranging up to 750 atm. In agreement with Henry’'s
Law, at low pressures the loading isotherm approaches lin- .
earity with a Henry constant of 0.4 afrh The occupancy  The fcc structure of solid g has twoT and oneO inter-
increases smoothly with pressure before saturating at a valféitial site per molecule. The site has an effective radius of
approaching 100%. As shown in Fig. 1 the data follow very1.13 A while theO site is 2.06 A' Since hydrogen has a van

B. Diffraction data

closely to the simple empirical equation der Waals radius of 1.2 & we would not expect it to oc-
cupy T sites, at least at the moderate pressures used in this
n=1-exp — P/Py) (2)  study. In our case the location of the interstitial molecules is

determined by neutron powder diffraction. Due to the large
with P;=240 atm. In comparison Ne, which follows the incoherent cross section of,Hhe diffraction data were ob-
same functional form, has a value 8,=990 atnf. The tained on a sample ofdgdoped with B. The resulting pow-
physical origin of this functional form is not clear to us at the der pattern taken at 10 K along with the final Rietveld re-
moment. Most sorption systems are very well described byinement is shown in Fig. 2.

the standard.angmuir isotherm The initial refinement of the diffraction data, was per-
formed using the the model of Davét al1**2for pure solid
n=P/(P+Py), (3)  Ceo Without any consideration of the ;Dmoleculest® The

refined values of the carbon positions, molecular orienta-
which is linear in the pressure at low concentration, with ations, temperature factors, etc. were all found to be very
probability constant (H,) that depends exponentially on similar to those of pure &, indicating that the presence of
the binding energy to the sorption site. The Langmuir iso-D, does not affect the lattice structure significantly. The
therm is based on a noninteracting lattice-gas model with theverall agreement with the data was reasonably good leading
assumptions thatl) each adsorbed molecule has a sorptionto a weightedR factor (goodness of fitof 11%% However,
potential energyey, which is independent of both loading it was clear that a significant scattering density was absent
pressure and the amount of loadiri@) the host latticdi.e.,  from the refinement. In order to determine the location of
Cso) hasN sites(i.e., O siteg, each of which may have either this missing scattering density, we calculated dféerence
0 or 1 molecules; an¢B) the adsorbed atoms are distributed Fourier transformbetween the data and the purg,@fine-
randomly over the sites and do not interact with each otherment model. A continuous contour plot of thikfference
It might appear that these assumptions are valid for th¢ourier transformin the (100) plane is shown in Fig. 3. The
CeoH, system however, the results shown in Fig. 1 indicateintense spots located at tii@ sites show quite dramatically
that the Langmuir isotherm produces quite a poor fit to thehat the missing scattering density is located atGhsites.
experimental datddashed ling A possible reason for the A complete analysis of the data in which we refined the
failure of the Langmuir isotherm could be that the bindingoccupancy of B in both theO andT sites confirmed a zero-
energy o has a small pressure dependence. Similarly th&ite occupancy for th& site and a finite occupancy for ti@
interactions between the adsorbed Hkiolecules, although site}* The goodness of fitR facton as a function ofO
small are not negligible, and this could also lead to a depareccupancy is shown in the inset to Fig. 2. For the test sample
ture from a Langmuir behavior. Currently, we are consider-the best fit with a weighteR factor of 8.9% was obtained for
ing how to incorporate these ideas into a more completa D, occupancy of roughly 40%. The improvement in the
theoretical model. weightedR factor is quite significant and the 40% occupancy
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FIG. 4. Time-of-flight neutron energy gain data taken on a
Cso(D,) sample at 10 K. The data is fit to two Gaussian peaks

) ) ) centered at 7.4 and 6.7 meV using E4).
FIG. 3. A difference Fourier transform between the Rietveld

refinement model of puredg(without D,) and the neutron powder-
diffraction pattern of Gy(D,), shown in Fig. 2. Continuous contour
plot shows the residual scattering density in {60 plane. The
excess scattering densifglark spotsillustrate very clearly that the
D, molecules are randomly oriented in the octahedral sites. Th
dashed circles have been added to show the location of ghe C
molecules.

lution limited. As we explain in the analysis section, the
interactions with the g lattice cause thel=1 rotational
level to be split into ark state with a degeneracy of two and
nA state with a degeneracy of one. The intrinsic ratio of the
transition strength to the ground state is tl2ug. However,
the ratio of the observed intensity is modified by the thermal
population factor such that the spectrum is modeled as

number is in good agreement with the outgassing results dis-
cussed in the previous section.

The powder-diffraction pattern, did not show any super- 4
lattice peaks associated with ordering of D O sites and
hence we conclude th&l) the D, molecules occupy th®

sites in a random fashion without any long-range ordering[he doublet and singlet mode. respectively, ancand 4
and (2) the presence of pin solid G, causes only minor determine their FWHM. The fit shown in F’ig 4 is quite
perturbation to the structure of the host lattice as would be X i

expected from the large size of tii@ sites. The refinement good, and indicates a splitting of 0.7 me_\/_ With. the overall
also indicated that the root—mean-squém.as) thermal dis- center of mass of the para to ortho transition situated at 7.2

placement of B in O sites was on the order ofu?) mev, a shift ?]f 0.15hmeV relative tog.rEEZD ¢
~0.15 A?, which is unusually large for a temperature of 10 Figure 5 shows the TOF data at higher temperatures ref-

K. We believe that this large value ¢6i?) is mainly due to erenced to that of the puresgsample. The two peaks at 7

zero-point motion of the Pmolecules in the large cavities of meV are still present, however, with increasing temperature

the O sites. In the next section we show that this behavior isthe spectra are dominated by a broad feature centered at 9.2
confirmed .b the inelastic-scattering results meV. The fact that the strength of the 7 meV peaks show
y 9 ' almost no temperature dependence further confirms that they

arise from a para to ortho rotational transitioh 7 meV

| =lgg+lo(2e (FE~EAkeTe™ a(E-Ep)® 4 e*ﬁ(E*EA)Z)’

where | z¢ is the background correctiong is the overall
scaling factor for the two peakgg andE, are the energy of

C. Inelastic neutron-scattering results

1. D, in Cg o

The inelastic neutron scattering was performed qg C
powder in the same cell and prepared under the same condi-
tion as those used for the diffraction study, Baving twice
the mass of H but the same internuclear separation has a
rotational constant which is half that of,Fnd therefore its
J=1 to J=0 transition occurs at 7.35 meV.Deuterium’s
relatively low incoherent neutron cross section required us to
average the data for three days, while keeping the sample at
10 K for the whole time. Figure 4 shows the TOF neutron
energy gain spectrum ofggwith a 40% B, occupancy in the
O site. The results have been integrated over all detectors
covering aQ range from 2 to 4 A, The rotational transi- FIG. 5. Time-of-flight neutron energy gain data taken on a
tion is seen to have been split into two peaks centered at 7d,(D,), at a series of temperatures. Each curve has been refer-
and 6.7 meV with a full width at half maximutFWHM) of  enced to that of a pureggsample. Error bars have been omitted for
0.6 and 0.5 meV, respectively. Since the resolution of thelarity but are on the order of the noise that is present in the base
spectrometer is energy dependent both peaks are in fact redme.

Intensity

Neutron Energy Gain (meV)
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FIG. 6. Time-of-flight neutron energy gain data taken on a FIG. 7. Time-of-flight neutron gain data taken on g(€i,), at
Ceso(H2)x sample at 30 K. The data is fit to two Gaussian peaksa series of temperatures. Each curve has been referenced to that of
centered at 13.9 and 14.6 meV using E&). a pure Gy sample. Error bars have been omitted for clarity but are

on the order of the noise that is present in the base line.
excitation in a system which is in thermal equilibrium would
increase in strength by more than three orders of magnitud@r this transition to occur, th@=2 level at 44 meV has to
on changing temperature from 10 to 80 K. be thermally populated. At 80 K, less than 0.1% of the para

In contrast to the behavior of the rotational transitions wemolecules would be excited into the=2 level and hence
see that the 9.2 meV peak, which is negligible at 10 K doeghe transition strength should be negligible. Another puzzle
increases in strength between 30 and 80 K in accordancgonnected with Fig. 7 is the absence of any obvious features
with the well-known thermal Bose factor. This thermal be- corresponding to the 9—-10 meV translational peaks in the D
havior and the energy of the peak are both consistent with apectrum. For a translational mode the simple isotopic shift
translational mode in which the ,Dmolecule as a whole of \J2 predicts that there should be peaks in thesplectrum
vibrates against the (g lattice. This will be discussed in in the region of 13—-14 meV. It is possible that interactions
more detail in the analysis section. Finally, we note that thewith the lattice could have modified the isotopic shift such
9.2 meV peak has a definite asymmetry suggesting that it ithat the translational modes occur close enough in energy to
composed of at least two modes in the region of 9—10 meVthe rotational peaks for the two excitations to appear as one

broad feature in the high-temperature spectra shown in Fig.
2. H,in Cg 7. In contrast to the behavior for,ve would not expect the
H, translational modes to dominate at higher temperatures

. . - since the ratio of the incoherent to coherent scattering Cross
409 A
loaded with 40% |§| Ithough the spectrum consists of just tion is xtremely |arge inthus enhancing the Strength

t(g;a sohnoe\!/vzet?]gtctehr:eteég\?a acta%]‘lbi nr:]eo\(/j‘e?er:j ebxamgartgglﬁiifn%f its rotational transitions relative to the translational modes.
y In an attempt to isolate the translational modes of the H

limited peaks at 13.9 and 14.6 meV, respectively. The split- ) .
ting of 0.7 meV is in fact the same as that of Bnd it is doped sample, we used energy-loss measurements which can

observe these modes even at the lowest temperature. The
mgrely the fact that the spectrometer has a much lower re S easurements were performed on the QENS spectrometer at
Iutlon (1'1 meV at 15 me)/at higher energy that makes the rgonne National Laboratory which has a better energy reso-
transition appear as a single peak. The center of mass filtion of 0.3 meV at 14 meV. The results presented in Fig. 8
14.35 meV is almost double our results fop Bnd corre- . i "

: how at least three features centered at 13.4, 14.2, and 14.9
sponds to a shift of 2.4% from that of pure hydrogen at 14.7S . ' !
meV38 The relatively small shift in energy implies that the meV, respectively. It appears that these features result from

interstitial hydrogen is rotationally quite free. However thev.arlous translat]onal modes plus the tV\./O rotational transi-
. AR e ’ tions observed in the neutron energy-gain spectra. However,
fact that the peaks are still resolution limited at a temperature
of 30 K indicates that the hydrogen is translationally bound ———
to the lattice. If the hydrogen were not bound, the recaoil
effect from the neutron impact would lead to a broadening of
up to 16 meV for theQ range covered in our experiment.
Figure 7 shows the temperature dependence of the energy
gain spectrum. The main peak appears to shift slightly to
lower energy with increasing temperature while broadening
from a FWHM of 1.4 meV at 30 K to 4.2 meV at 200 K.
However, this could also be explained in terms of the shoul-
ders on both the high- and low-energy sides of the main peak
which become stronger with increasing temperature. In addi-
tion to the main peak, all the higher temperature spectra con-
tain a secondary peak centered at 28.0 meV. This is in the
correct energy range for the=2 to J=1 rotational transi- FIG. 8. QENS neutron energy loss data taken at 4.2 K. The
tion which occurs at 29.4 meV in free hydrogen. However,curve is the sum of scattering at angles of 40, 90, and 130 degrees.

Figure 6 shows the neutron energy gain spectrum gf C

Intensity
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Neutron Energy Loss (meV)
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FIG. 10. A schematic representation of the local environment of
a H, molecule trapped in the octahedral site of solig.CThe large

FIG. 9. QENS neutron energy loss data at 4.2 K shown over ailack spheres representnolecules. The large grey sphere indi-
extended energy range. Error bars have been omitted for clarity bigates the void in the octahedral site in which iolecule performs
are on the order of the noise that is present in the base line. zero-point vibration. As discussed in the text, all calculated physical
quantities are renormalized significantly due to this zero-point vi-
Pratlon.

Neutron Energy Loss (meV)

none of the peaks are completely resolved and it is still no

possible to assign specific featureg to specific modes. Hwe local crystal field is expected to be largely unaffected by
would have been useful to perform similar measurements Of) ¢ presence of molecules with minor orientations

a Goo(D2)o.4 however a predicted beam time requirement on The potential felt by a Kimolecule in the octahedral site

the order of 10 days made this |mprac'§|cal._ The extenqle%an be modeled in terms of a van der Waals interaction with
picture of the QENS loss data shown in Fig. 9, contain

broad features at 29 and 44 meV. The peak at 29 meV shov?/tge six surrounding gé mol_ecules. This is well described by
o . o .. an atom-atom potential given by
definite evidence for more than one component and it is quite
likely that one of these is the result of a transition from the
J=1 to J=2 rotational states. It would however, be impos- V(R,Q)= E E {Be_crij—A/rﬁ.}' (5)

sible for the 44 meV peak to arise from eithed&a?2 to a ieH; jeCqo

J=3 rotational transition=2 level is not populated at 4.2 o andQ=(6,¢) are the position vector of the center

only ocout via coherent scatering and would be (0o weak &1 1 orientaton of the molecule, respectively, &9,
account for the intensity of the observed péak now ap- andC are the appropriate parameters for.the C—H interaction.

ears that these higher enerav features are the result of m A_(the van der Waals- contribution to the interaction between
b g 9y and H can be estimated from the London formdfaA

tiphonon transitions involving the translational modes. This_ "3 - 5
is consistent with the data in that each higher-order process 1[_ acap(lcln/lct1y]~5.53 eV A » Wherea andl are
e atomic dipole polarizabilities and ionization potentials,

broader and less intense than the previous. respectively:® B andC in the repulsive term of the potential
(the exchange contributiprre usually estimated by fitting a

IV. ANALYSIS AND DISCUSSION large number of experimental data on similar systems. Pert-
. . sin and Kitaigordskif list various values for the parameters
A. The potential function A, B, andC derived using different models. In this work we

In this section, we present quantum-mechanical calculaUSe, without any modification the parameters obtained via
tions of the dynamics of Himolecules trapped in th@ sites  the WS77 model in which A=5.941 ev X, B
of solid Gy,. We assume that theggmolecules are located =678.2 eV, andC=3.67 A~. We also confirmed that the
on a fcc lattice in their equilibriunﬁ’a?orientations and that reSL!'tS re_portgd here do not change slgnlflcantly if (_)ther po-
the dynamics of the interstitial Hare determined by the tent|aI§ given in Ref. 18 are usé?jStart_mg from this simple
external potential produced by the surrounding, @ol- potential model we use a self-consistent harmof8CH

ecules. The local environment of & Irholecule in the octa- approach to develop a perturbative theory for the crystal-

hedral site is schematically shown in Fig. 10. We ignore theﬂeId splitting of the rotationall levels of a rigid H mol-

interactions between Hmolecules as well as the effect o H ﬁﬁﬂ:n tV\é eosl?i(; ShboeVKNtQZ; t'?heeIr;f)?c;?icc;[lgllsrr?é\tli?)r:lsci‘ tt% a a'g'
on the host lattice. Hence, our model neglects cooperative piing L e
olecules and the center-of-ma&M) vibrations, which

effects which should have essentially no influence on th L - .
rotational and vibrational excitations of individual, Hinol- proves to be essential in explaining the experimental data.

ecules. We also neglect the minor orientational defects ob- _
served in Gy in the following analysis. In the present work, B. Center-of-mass motion

our first goal is to determine those properties that can be First, we examine the variation in the potential with re-
explained without introducing any second-order effects dugpect to the CM position of a Hor D,) molecule. Due to

to the minor orientational disorder. We note that the differ'the |arge octahedral site, the weak van der Waals interac-
ence in the relative orientation of theInolecules between tions, and the light mass of Hve would expect the molecule
the major and minoiPa3 orientations is very smallpen- to have a large zero-point motion. The system, therefore,
tagonal faces become hexagonal and vice yeasd hence, needs to be treated using quantum-mechanical techniques in
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' | V(r,0)=(0|V(R,Q)|0), (7)
\ — Classical o, =9.64 meV /
< -0.06 —- SCH (H,) ©,-=13.62 meV / wherer now represents the center of thero-point motion
£ \\ — SCH (D,) @y = 9.02 meV distribution of the H, molecule and can be used as an appro-
g priate expansion parameter. In order to perform the required
g averaging, we introduce a simple model for the zero-point
w motion. We assume that it can be described by a Gaussian
distribution corresponding to the ground state of a simple
—0.12 - . ‘ harmonic oscillator:
-1.0 -0.5 0.0 0.5 1.0
| 5[111:! (A ) ‘ |O>:Nef(1/2)a25 UaGa,,BUB, 8
— Classical o, =10.95 meV ) o
. —006 A \\ = SCH(H,) mH22=14.92 meV whereN is the normalization constant and the matéxon-
% \— SCH(D,) ®;,=9.93 meV tains the anisotropic parameters, which define the spatial dis-
E 008 | \ tribution of the zero-point vibrations. The square rooGois
e ' related to the dynamical matrix of the system from which the
5 o010k normal modes are calculated. and.ln turn th(_e new ground-
‘ state wave function. As described in AppendixtBe SCH
approachthese calculations are repeated iteratively until we
—0.12 =5 o5 00 05 10 obtain self-consistent values f.

5[1_10'] (A) By modeling the zero-point motion with a Gaussian dis-
tribution we are able to perform the averaging procedure
FIG. 11. Potential energy as a function of the position of theanalytically. The obtained values are accurate to the desired
center of a para-fHmolecule 0=0) along the (111) directiottop  order of(u?)/d? where(u?) is the mean-square value for the
pane) and along thg1-10 direction (bottom panel The classical  zero-point motion and is the average distance between the
case with no averaging over zero-point vibration is shown by thecenter of the B molecule and the carbon atoms of thg,C
dotted line. The SCH approach with quantum averaging is shownnglecules. For our particular system, this ratio is about 0.02,
for both H, (dashegiand D; (solid). Note that the isotope effectis 44 \ye perform the expansion to second order. The analyti-

significantly renormalized from the expected value\&F. cal expression for the renormalized potentﬁ(,r Q). 1o

. . second order is derived in Appendix B and given b
which the rotational levels, phonon states, etc. are calculated PP g y

by averaging over the zero-point motion of the ground-state .
phonon wave function. Figure 11 shows the potential energy V(r,Q)=> > {B(rij)e‘crii—A(rij)/r?j}, 9)
for a H, molecule translating along tHel11] and [1-10] TeH2 j<Coo

direction!® At the same time it is necessary to consider thewhere B(r
orientation of the H molecule. The particular curves shown
are calculated for the case in which the molecule is in th
J=0 rotational statdspherically symmetric First we con-
sider a classical harmonic modelotted ling in which zero- B(r)=BX
point motion is neglected. The curvature of the potential

function yields frequencies,~9.64 meV (top panel and

weg~10.95 meV(bottom panel respectively. These values x[

ij) and A(r;;) are the renormalized parameters
egiven as

1
1+§a2ﬁ (0]u,ugl0)

are much smaller than those of the experimental peaks,
shown in Fig. 8, which are on the order of 14 meV. In addi-

1 Cr,r S, sC
+C:| = ﬁ_ aYB })1
r? r

tion, the calculated frequencies predict a very large mean- odr 35
square amplitude for the zero-point motion A(r)=Ax 1+2 (Olu u5|0>{ ofp 90ap )
ap “ ré r2
3 (10
(U¥y~—~0.2 A? (6)
2mw The net result of this zero-point averaging is to modify the

C-H interactions by up to 30% from that of the classical

and hence, the classical harmonic approximation is shown todel. The solid(dashed line in Fig. 11 shows the radial
be seriously inadequate and we must use a full quanturrpart of the renormalized potentia| a|0rﬁg_]_1] (top pane)
mechanical approach. and[1-10] (bottom) directions for the case of H{D,) in the

The first approximation is to average the anisotropic in-j=0 rotational state. Comparing the classical and quantum
teractionV(R, ) over the range of the zero-point motion of case, we see that the renormalized potentials are much stiffer
a H, molecule while keeping the orientatiof2, fixed. We  for both H, and D,. The renormalized phonon frequencies
denote the resulting potential By(r,Q) which represents are now around 14.9 and 10.0 meV fog Hnd D,, respec-
the static renormalization of(r,€2) as a result of the zero- tively. The self-consistent values of tfe,ugz), the phonon
point motion, where “static” refers to the averaging being frequencies and the zero-point energi@pE’s) for |[JM)
performed for constar€; states are are listed in Table Il. These values are now in good
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TABLE Il. Self-consistent values of th@,ug) and the corresponding local phonon modiesmeV) of
H, (left) and D, (right) molecules trapped in the octahedral site of solig @ith Pa3 ordering.w, and wg
represent the single and double degenerate phonons, respectively. The last columns of thi deftl (i ht
(D,) panels of the table give the zero-point energy (ZPE ;) from which the additional splitting and
downward shift of the center of gravifCG) of the |JM) levels are apparent.

H2 D2

|IM) <U¢21> (UaU5> (OFN wg %Eiwi <Ui> <uauﬁ> wp Wg %Eiwi

00 0.0664 0.0020 13.62 1492 21.72 0.0499 0.0016 9.02 9.93 1444
10 0.0668 0.0023 1343 1460 2131 0.0503 0.0019 889 9.67 14.11
1+1 0.0662 0.0019 13,51 14.73 2148 0.0498 0.0015 9.08 9.88 14.43

agreement with the experimental data presented in the prevprojection of the five-dimensional potentiaf(R, ), in
ous section. The isotope effect from our calculations is NOW- ¢ plane. This projection describes the potential felt by the
2 H, molecule in terms of its orientation. In the left panel we
(ﬂ) ~23 (11) show the potential contour plot for the high-temperature
o phase in which the £ molecules are orientationally disor-
S ) dered and, therefore, the potential hag §ymmetry. The
which is significantly larger than the classical value of 2.05n4)vtical form of the potential assuming spherically disor-
and in good agreement with the observed.value of 2.2. Th'ﬁered G, molecules is given in Appendix A. Consistent with
large isotope effect occurs because the lighter mass,of symmetry, there are eight minima alofiL1] axes. The
leads to a large zero-point motion and therefore a signifi-[lhoo] orienta:cions for H correspond to the maximalin the
cantly larger renormalization of the parameters in the inter-p otential. We note that the barrier between these minimum
action potential while for B, the renormalization effect is and max.imum orientations is on the order of 1 meV. which
reduced and for much larger molecules, such as,,Ghe . ) '
effect of the zero-point mgtion is negligible and ﬁence the'S much smaller than the energy d|ff<_arencg between the ro-
SCH approach is reduced to the classical case. tational J Ievgls,_ and therefore the .or|entat|onal dependence
of the potential is a small perturbation to free rotor behavior.
The right panel in Fig. 12 shows the potential in the low-

temperature phase when thg,@olecules are ordered as in
Next we study the splitting of the rotationallevels due  pa3 with a setting angle of 24*%*2The potential symmetry

to interaction potentiaV/(r,€Q) where we again have to con- is now reduced to that ofgSand only two(the threefold axis
sider the effect of the zero-point motion. Figure 12 shows thef the § symmetry of the eight[ 111] orientations are still

(l)D2

C. Rotational levels

FIG. 12. (Color) Contour plot of the orientational potential energy surface gfrhblecule(as viewed along the axis when the
surrounding Gy molecules are spherically disordergeft panel, local symmetry is £ and orientationally ordered as Pa3 (right panel,
site symmetry isS5). Colors from red to blue show the variation of the potential energy surface fé60 to—111 meV. When the £
molecules are disorderdlft) we have eight minima along th@11) directions and six maxima at tl{&00) directions, which are separated
by a potential barrier of about 1 meV. Wheg,@nolecules are ordere@ight), the threefold axis of th&; symmetry becomes the global
minimum while the others become local minima.
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TABLE Ill. The values of the expansion paramet¥fs, of the potentiaV(r,Q) given in Eq.(16) when
Cgo molecules are orientationally ordereléle@) and disorderedli’m?m). Thez axis is taken to be along the
threefold axis for both cased = y9/20mVy is the splitting of thg00) and|1+1) levels due to the crystal
field. A¢ is the total splitting due to both crystal field and ZPE which is obtained from Table II.

Pa3 Fm3m
V(r,Q) SCH (H,) SCH (D,) Clas. (H,,Dy) SCH (H,) SCH (D)) Clas. (H,,Dy)
Vgo (MeV) —109.3 —110.6 —114.6 —102.4 —105.3 —114.4
V.0 (MeV) ~1.20 ~1.10 ~0.82 0 0 0
V40 (MeV) —0.40 —-0.37 —-0.28 —0.59 —0.54 —0.38
Q. 0.845 0.843 0.835 1 1 1
ag 1.941 1.944 1.956 1 1 1
Acr (MeV) 0.45 0.42 0.31
A+ (meV) 0.62 0.74 0.31

minima. As shown below the effect @fa?ordering can be

zero-point averaging for both Hand D.. Herer"c(Q) and

well described by adding the spherical harmonic termY3S(Q) are defined as

YJ'(0,¢) to the total potential. The variation with,Hbrien-
tation however, is still perturbatively small and the tbta-

tions are so little hindered that the single molecular rotational
properties can still be described in terms of the molecular

>yvhereY,m* =(—1)my, ™.

rotational quantum numbetdM).

To calculate the actual energy of the levels we start b
expanding the intermolecular potential in terms of spherica

harmonics

|
VIn@)=2 3 VinYT(Q), (12

whereV,,, is radial value for each angular componérind
m at the equilibrium position of the CM of § The rotational

levels of the H molecules can then be obtained by diagonal-  _J

izing the Hamiltonian

E VIm

m=—|

(IMIH|I'M"Y=BI(I+1) 83 8.+ >
|

" \/(2J+ 1)(23' +1)(21+1)

4
J I J\/J 1 J

[
(13

X (—1)M
(=) ( -M m M
where the last two factors are the Wignegr §/mbols®°

Most of the terms in the above expansion vanish due to
the high symmetry of the potential. For spherically disor-

dered Gy, the local symmetry is Qand, therefore, the lead-
ing terms in a reference frame where thaxis is the three-
fold axis (which is more convenient than fourfold axis to

make the comparison with thea3 case are

v 0[ 0 \F) 3 3
V(r,Q)=Vggt+ Vs Ya(2)+ 7[Y4'°(ﬂ)+Y4’S(Q)] ,

(14

where the values 0¥/, (binding energy of H to the octa-
hedral sit¢ andV,q are listed in Table Il with and without

1 —i
—2[Y|m+ Y™, Y|m’S=—2[Y|m—Y|m*], (15

2 2

Ype=

In the left panel of Fig. 13 we show the splitting of the
|eve|s as a function o¥ ,o where the vertical solid and dotted
lines indicate the calculated values 6§, with and without
zero-point averaging. Due to the triangular closure relation
of the final term in Eq(13) the lowest] value that is split by

E (meV)
44.6
444
3 1442
1 440
43.8
43.6
434
15.0
14.8
] 14.6
144
14.2
14.0
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[\
“\
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1]
o

0.00
1 -0.02
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04 08 12 16 20
-V, (meV)
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00 02 04 06 08 10
-V, (meV)

FIG. 13. A schematic representation of the splitting of the
levels due to the crystal-field effect. The left panel applies to the
high-temperature phase with orientationally disordereg 1@ol-
ecules in which the potential has, @ymmetry and does not split
theJ=1 levels. The right panel shows the additional splitting that
occurs in the low-temperature phase as a result of the orientational
ordering of the @ molecules. The vertical solid and dotted lines
represent the calculated values of the paramétgggnd V4o with
and without zero-point-averaging, respectively. Here A, E, and T
indicate that the states are singly, doubly, and triply, degenerate
respectively.
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an octahedral potential isJ=2. Thus, in the high- made from aJ=0 to aJ=1 state these differences in the
temperature phase thde= 1 levels maintain their degeneracy. ZPE have to be included. In Table Il we show the normal
However, they are subject to splitting when we impose thenodes of the K molecule and the corresponding ZPE for
low-temperature orientational ordering of thg,@nolecules. different|JM) states. From this table one sees that the CG of

For a perfecPa3 ordering, the local symmetry is reduced to the J=1 levels are shifted downward by about 0.3 meV for
Ss and the leading terms in the expansion of the potential ar&lz and 0.12 meV for B, in good agreement with our experi-

now mental values of 0.45 and 0.15 meV, respectively.
- Finally, we note that normal modes of the Irholecule
V(r, )=Vt VoY Q) depend upon its angular state. Hence the phonon density of

states observed by neutron scattering should contain peaks,
10 at the various energies listed in Table Il. Our calculations
Ya(Q)+ \f?(“CYz'C(QH“SY?"S(Q)) predict phonon moges at energies from 14.4 to 15 meV,
which is in good agreement with the QENS data shown in
(16) Fig. 8. The relative intensities of these modes are determined
where thez axis is the threefold axis of th&;. Numerical by the appropriate ortho and para concentrations. Although
values of theVy, Voo, Vao, ac, andag for our particular — our calculations predict a set of phonons in roughly the cor-
potential are listed in Table Ill. The second term in the aboverect energy range, complete assignment of the QENS fea-
expansion of the crystal-fieldCF) potential is responsible tures shown in Fig. 8 was not possible. However, comparing

+Vyo

for the splitting of theJ=1 levels; phonon energies listed in Table Il and Fig. 8, it is tempting to
conclude that the features observed at energies of 13.5 and
9 15 meV are the phonons corresponding to vibrations of H
Acr=Ej1e1)~Ejg= - \ 20, V20- (17 parallel and perpendicular to thel11) axis, respectively.

The feature observed around 14.0 meV would be then a su-

From Table Ill we note that the SCH approach is essential tgerposition of the rotational and remaining phonon excita-
get the required splitting. CF splits the levels by roughly 0.45%jons. Perhaps one of the reasons for the failure of our cal-
meV for H, and 0.42 meV for . The zero-point energy culations to assign the features unambiguously is that we
(3=,w; shown in Table Il shows that the levels are further have neglected the fact that some of thg @olecules are
split due to dependence of the ZPE on [th#) states. When not in their equilibriumP a3 orientations. In fact, it is known
Acr is combined with this we obtain a splitting on the order that 1/6 are in a defect orientatidhwhich lowers the local
of 0.7 meV for both H and D,, in excellent agreement with  symmetry. Currently, we are trying to incorporate the effect
the experimental results. of these defect orientations into a more complete model in

In the right panel of Fig. 13 we show how the splitting of which we solve the five-dimensional Schrodinger equation
the J levels develop as/,, is tuned (while keepingV,,  for the bound states of the,Hnolecule rather that using the
=1 meV anda.=as=1.) Again the solid and dotted lines SCH approach outlined above. It is hoped that by doing this
indicate the calculated values with and without zero-pointwe will be able to fully explain the various features present
renormalization. Once renormalization is included, the calcuin the spectrum shown in Fig. 8.
lated splitting of theJ=1 levels agree quite well with the
experimental observation. However, despite this good agree- V. SUMMARY
ment, the calculations show the center of the gra{@() of
the J levels as unchanged which is in marked contrast to the We have presented a detailed experimental and theoretical
experimental observations which show a 0.35 and 0.15 me¥tudy of the quantum dynamics of,tnd D, trapped at the
downward shift in the CG of th@=1 levels, for B and D,, interstitial sites of solid g, with emphasis on the transitions
respectively. between the rotational levels and the density of phonon

The reason for this downward shift is not immediately states. Our conclusions can be summarized as follows:
obvious. Since the potential contains inversion symmetry, The sorption of hydrogen into solidsgforms a system in
there are no terms in the expansion with dddrhus the which one can study a simple quantum object trapped in a
matrix elemen{JM|H|J’M’) is zero unless botl andJ’ classical matrix. Measuring Huptake as a function of pres-
are odd or even. In addition, coupling within a sindlmani-  sure yielded a loading isotherm which is shown to deviate
fold can never lead to a shift in the CG. Therefore, the highsignificantly from a standard Langmuir response and follows
est term that could lead to a shift is the matrix elementdnstead an exponential form, increasing from 40% filling at
linking theJ=0 andJ=2 states. However, in this case these130 atm to 90% at 700 atm.
levels are widely separated resulting in extremely weak cou- The elastic neutron-scattering results expressed as a dif-
pling and therefore any shift in the CG should be very smallference Fourier transform analysis of thgy@.), diffrac-
In fact, the bottom panel of Fig. 13 indicates that due to thition data clearly show the Dmolecules situated randomly at
tiny coupling betweedd=0 andJ=2 states, thed=0 level the O sites without any long-range order. Inelastic neutron-
is shifted downward by less than 0.01 meV. To explain thescattering results indicate that the interstitial molecules form
observed shift we once more have to consider the effects af system in which the potential is quite rigid for center-of-
the zero-point motion of the Hmolecules. The ground state mass translation while at the same time being very soft for
and thus the phonon frequencies of therlolecule are dif-  rotational motion.
ferent for the differentJM) states. Hence, they have differ- ~ We clearly observed the ortho to para conversion of the
ent zero-point energy (ZRE:S,w;). When a transition is interstitial hydrogen, which occurs via a transition from the



PRB 60 QUANTUM DYNAMICS OF INTERSTITIAL H, IN SOLID Cg 6449

| AN

r \

FIG. 14. A schematic representation of the local reference frame FIG- 15. A schematic representation of the interaction between a
in which the interaction between a hydrogen atom andsgn@|-  carbon atom and a hydrogen atom which due to zero-point vibra-
ecule is integrated over thegCorientation. After integration, the toNs can be anywhere within the large grey sphere. The instanta-

final interaction is solely a function of the distance between the HN€OUS interaction is a function @f—ul. However, after averaging
atom and the center of theg©molecule. over the zero-point motion, the final renormalized interaction de-

pends solely upom, the vector joining the center of zero-point
motion distribution to the carbon atom. As discussed in the text, this

J=110J=0 rotational levels. The excited level is shown to renormalization modifies interaction parameters significantly.

be both split, 0.7 meV and shifted in energy, by 2%, from
that of free H. We also identify the translational modes of

the trapped Bl which are remarkably high in energy and (5,6 petween the hydrogen atom and tggc@nter, respec-

have an isotopic shift on the order q.2. _ tively. Here f(r) is the two-body pairwise potential, which
This behavior is shown to be due to large zero-point Mo+ gntains the two terms 9 ande €'

tions of the H molecules in theD sites, leading to a signifi- For f(r)=1/r2" (wheren can be three, six, efc.one ob-

cant departure from classical predictions. The coupling beggins the result

tween the rotational and the vibrational motion of the

molecule (zero-point motiol, arising from the dependence 15 1 1

of the anisotropic intermolecular forces on the H-C distance, V,,(r)= — = — ) .

gives rise to a downward shift and additional splittings of the FRIN=1) | (r=R)2""1  (r+R)2""1)

rotational levels as observed in the INS data. (A2)
The neutron energy-loss ddiee Fig. 8indicates a range

whereR andr are the radius of the & and the radial dis-

of features whose identification requires further study. Simi- Similarly, for f(r)=Be" ", one gets

lar experiments for B would be very useful in identifying 30Be C' 1

these detailed features and would also provide precise infor-v, (r)= ————|| < +r— R)eCR— _+r+R)e—CR _
mation about the local potential felt by the kFholecule. This rRC c c

in turn would provide information about the defect orienta-
tion of the Go molecules in the ordered phase. 3 Using these expressions, one can easily calculate the poten-
Other techniques such as proton NMR and specific heaial felt by the H, molecule in the octahedral field of the

should prove very interesting in studying this system. Due tGurrounding spherically disordereg43nolecules.
the splitting of theJ=1 levels there should be a Shottky

anomaly arOUndr”A/k, \.NhereA. is the Spllttlng of thed APPENDIX B: RENORMALIZATION
=1 levels. It would be IntereStlng to SFUdy the effects Of OF THE INTERMOLECULAR POTENTIAL
pressure on the system and in particular to determine DUE TO ZERO-POINT VIBRATION

whether the influence of an external pressure on thdd  oF H, AND SELF-CONSISTENT HARMONIC APPROACH
tice can cause theHmotion to change from that of a weakly

hindered rotation to that of a confined librational oscillator in  In this appendix, we first calculate the renormalization of
a well-defined potential well. the potential due to the zero-point vibration of the iol-
ecule and then we present the phonon calculations within the
self-consistent harmonic approach. We assume a rigid H
APPENDIX A: INTERMOLECULAR POTENTIAL molecule whose center of mass performs a zero-point vibra-
DUE TO ORIENTATIONALLY DISORDERED C ¢ tion described by a Gaussian distribution as stated in(&q.
Since the molecule is rigid, it is only necessary to obtain the
expression for the renormalization due to the effect of the
ffero—point motion on the interaction between a single hydro-
gen atom and a carbon site on thg, @olecule. The total
finteraction is then given simply by the sum of the interac-
1t_ions between the two hydrogen atoms and all the carbon
atoms of the six neighboringggmolecules. We assume that

In this appendix we perform an averaging over thg C
orientation for the pair-wise potential listed in EG). For
this purpose, it is sufficient to consider interaction between
hydrogen atom and a spherically disordergg @olecule as
shown in Fig. 14. The total interaction is the summation o
this interaction over two hydrogen atoms and the neares
p;grga%re(fgfamgliﬁglﬁ ?h Qsmsgz\;v?sl?hglﬁ]ﬁ el éclor\ﬁvr? eggggeﬂfgeghe instantaneous interaction between H and C sites is given
hydrogen atom to the center of thg @nolecule. Then, the y
interaction between the hydrogen atom and a spherically dis- ins(R) = f(|r—ul) (B1)
ordered Gu can be written in integral form as CH ’

where f(r) is the potential functionu is the displacement
vector of the hydrogen atom due to zero-point vibration, and
fﬂdesin( 0)f(\r?+R2+ 2rR cod 6)), r is the distance between the center of zero-point motion and
0 the carbon atom. The situation is schematically shown in Fig.
(A1) 15. For our particular system of,;Hrapped in the octahedral

V( )—
r
A7R?
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site, the ratio of @/r)? given by @/r)>=(0.24/3.3)  where the renormalized potential paramedér) is
=0.02, is small enough that it can be used as an expansion

parameter. 1 rofgCl1 C
The normalized interaction is the average of the instanta- B(r)=B| 1+ 2 EB T2 F+C _?5%8
neous interactions, given in EgB1), over the zero-point “
motions of the H atoms. Hence, the normalized potential is
given as ><<O|uauﬁ|0)). (B8)
VCH(r):J’ d®ul W (u)[2VEH(R)=(0|f(|r —u))|0), The last tern{0|u,u,|0) in the equations above is related

(B2) to the matrixG=(G,,p) given in Eq.(8) in terms of the
. . . - ._eigenvalues®,) and the vectorgU) of the local vibrational
V\{Eerg\lf ISI" thedG_aussangunctlrc]).nhde.scrgjmg the Zdero'pl;)mtmodes of the K molecule. Renormalization of the potential
Vi ra_u?n tIISte'th'mSCCIIl'( ), W 'ﬁ ISd etgbrn:jln; | Se- proceeds via an initial guess fB|u,ug0) which is used to
corb&_s enTy VIV' n | approach as .tescn ed below. calculate the potential given above. Then the renormalized
sing Taylor expansion, we can write dynamical matrix is calculated numerically using finite dis-
rar 5F() placement technique:

Mo, 1
f(|r—u|)=f(r)—§ - f (r)ua+§;ﬁ{ 2 D 5= (82V(r)/ 81,51 ), (B9)

Mol g\ £/(1) . and the corresponding eigenvectors and values are calculated
R Ul O((U/T)”), from the resulting dynamical matri®;
(B3) DU=wU. (B10)

where «, 8 are the Cartesian components(r) and f"(r)
are the first and second derivative f¢f), respectively, and
r. is theath component of. Averaging this expansion over
the zero-point vibration of the H atom vyields

r.rgf”(r) r rg\f'(r)
a' B a' B
r—2+(5ayﬂ_r_2) ;

The above eigenvalues and eigenvectors are then used
iteratively to update the expectation values of the displace-
ments,

fi
(Olu,ugl0)=5— }y) Ug,Up,lw,.  (BLY)

— 1
Veu(n=f(n+5 > {
a,p

This procedure is repeated with a new input(ofuau,3|0>
X(0]u,ug|0). (B4)  which is obtained by mixing the previous and current values
Here the linear term im vanishes due to the inversion sym- (t0 accelerate the convergefcé&he self-consistency is as-
metry of the Gaussian distribution assumed for the zeroSumed to be obtained when the current values of the

point motion. (Olu,ugl0)y do not change significantly from the previous
Now, for the first term off (r),A,,/r2", we have values. The details of thiself-consistent harmon@pproach
are given in Refs. 21-23.
(O] A, /12"0) = Agn(r)/r?", (B5) A final remark is that for isotropic zero-point vibration

(such as one in the octahedral crystal field of orientationally

where disordered g molecule$, the averag€0|u,u|0) is simply
2n(n+1) n given as
Aon(1)=Ao, 1+2ﬁ r—4rarﬁ—r—25aﬁ L
| (OlugUg|0)= 5(u) 8, 5. (B12)
><<0|Uauﬁ|0>) : (B6)  which simplifies the above renormalization equations consid-
erably. However, for our purpose whergyGnolecules are
For the second ternBe €', we have orientationally ordered with local ;Ssymmetry, we cannot
use this simplification and we have to consider the full an-
(0|Be C"|0)=B(r)e °", (B7) isotropic Gaussian function.
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