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X-ray diffuse scattering from icosahedral Al-Pd-Mn quasicrystals
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The diffuse scattering of the thermodynamically stable icosahedral phasei-AlPdMn has been studied by
means of x-ray-diffraction technique. The overall diffuse intensity shows two main characteristics:~1! the
global diffuse scattering intensity map is well taken into account by a Huang effect in the formalism developed
by Jarićand Nelson@Phys. Rev. B37, 4458~1988!# for icosahedral symmetry which reproduces at once both
the ‘‘background’’ diffuse intensity and the profile shape around the Bragg peaks;~2! the intensity level of the
diffuse scattering is crucially dependent on the chemical composition of the sample; it varies drastically from
almost free diffuse scattering samples close to an ‘‘ideal’’ composition, up to an overall increase by a factor of
20 of the diffuse scattering for samples with an off-stoichiometry less than 0.5% in manganese and palladium
content. The relative shapes of the diffuse scattering contours around the Bragg peaks are qualitatively fairly
well reproduced using the sole phason-phason term of hydrodynamical modes in the formalism of Jaric´ and
Nelson @Phys. Rev. B37, 4458 ~1988!#, suggesting that phasons in theseF-type icosahedral quasicrystals
induce minor relaxations in the atomic positions surrounding the flip locations.@S0163-1829~99!06729-6#
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I. INTRODUCTION

After the discovery of quasicrystals1 a large number of
studies have been performed with the aim of determining
atomic structure of these intriguing materials. Stable ico
hedral phases likei-AlPdMn andi-AlCuFe have shown to be
of exceptional high structural quality — the average pe
widths measured on single grain samples are roughly o
twice larger than those observed in the best silicon crys
— as compared to usual intermetallic structures. Howeve
close examination of the diffraction peaks by high-resolut
diffraction show typical peak shapes related to a Huang s
tering effect that has been theoretically discussed short a
the discovery of quasicrystal by Bak2 and Jaric´ and Nelson.3

Over the last years, an intensive theoretical research ha
veloped in the field of diffuse scattering in icosahedral q
sicrystalline phases in an increasing number of studies.4–10

In contrast with this substantial amount of theoretic
works, the number of experimental studies has remai
relatively low11–16because of the high level of measureme
accuracy it requires for being soundly extracted from
many possible experimental artifacts that can hide the p
nomenon. Presently available results shows some discre
cies in both the results and interpretations obtained by
various authors according to which technique and wh
PRB 600163-1829/99/60~9!/6398~7!/$15.00
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samples they used. On one hand, the diffuse intensity in
vicinity of the Bragg peaks has been studied11–13 on large
Al-Pd-Mn single crystals. They showed the presence
strong diffuse scattering intensity with specific shapes t
could be well reproduced in the formalism of Jaric´ and
Nelson.3 Other studies have even evidenced a weakly mo
lated diffuse background signal that has been attributed to
apparently significant chemical and geometrical par
disorder.16 Both features have been considered as intrinsic
icosahedral structures. On the other hand, high-resolu
x-ray-diffraction studies14,15do not show evidence of diffuse
intensity. However, they show numerous well-resolved l
intensity Bragg peaks—whose number increases with
resolution since the Fourier transform of a quasiperiodic
ject is a dense set of peaks—are present in the same ar
the reciprocal space, and that could be the origin of the
fuse signal of the neutron studies. The existence at ro
temperature of an icosahedral phase free of defects sh
indicate an extremely high structural stability. This point ju
tify the importance of the diffuse scattering studies.

The present paper reports a set of experiments perfor
at the European Synchrotron Radiation Facility~ESRF-
Grenoble, France! motivated by our concern of clarifying
this apparent contradiction between neutrons and x-r
diffraction studies in performing a data collection through
6398 ©1999 The American Physical Society
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PRB 60 6399X-RAY DIFFUSE SCATTERING FROM ICOSAHEDRAL . . .
high-resolution scan including at once both the shapes of
Bragg peaks and the overall diffuse scattering in an uni
intensity map for two different samples of close chemi
composition. Using the ESRF allowed us to take advant
of the possibility of combining a high-resolution configur
tion with a brilliance that is still comfortable for recordin
diffuse scattering maps of a very fine mesh within quite
extended part of a plane in reciprocal space.

II. EXPERIMENTAL DETAILS

Two single grains of the icosahedral phase of the tern
Al-Pd-Mn alloy with tiny differences in their composition
were grown from the melt by the Czochralski method us
a fivefold axis seed quasicrystal. The final samples wer
mm thick disks with a diameter close to 1 cm. They were
perpendicularly to the growth direction from the moth
single grain that had been previously annealed at 1073
The disks were mechanically polished and subsequently
nealed at 873 K in high vacuum in order to relax the inter
stresses produced during the polishing. The samples w
rapidly cooled down in order to avoid the formation of se
ondary phases. The final compositions of the two sample
obtained by inductively coupled plasma~ICP! emission spec-
trometry are Al70.7Pd21.4Mn8.2 ~sample 1! and Al70Pd21Mn8
~sample 2!, respectively,~compositions are given in at. %!.

Careful preliminary synchrotron x-ray experiments we
made in order to scan for possible residual phases leadin
to the conclusion that both disks were single phased. A c
examination of the linewidths of 18 peaks that are charac
istic of the icosahedral phase revealed that the quasicry
line quality of the samples was excellent.

In order to record the x-ray diffuse scattering in a hig
resolution configuration and with a large dynamical detect
range, we took advantage of the high brilliance offered
the ID01 beamline of the ESRF. The anomalous scatte
beam line ID01,17 is equipped with a six-circle goniomete
setup, which has been used in our experiments. The b
line optics use a double-crystal monochromator@Si~311!#
with fixed exit. The first crystal is nitrogen cooled. The d
tection was done by means of a NaI scintillator detector co
bined with a Si~111! crystal analyzer. The use of this an
lyzer crystal increases the angular resolution and the sig
to-background ratio by suppressing fluorescence.
instabilities of the incident beam are automatically correc
for by a monitor detector which records diffuse scatter
from a Kapton foil. The data are recorded as angular scan
a vertical scattering plane.

The incident energy was adjusted to 6.450 keV on
basis of extended x-ray absorption fine structure~EXAFS!
reference spectra from a Mn foil. The accuracy of the ene
determination is 1 eV and the wavelength resolutionnl/l
of the triple-axis configuration used is 0.931023. In order to
tune to this energy we operated the beam within the th
harmonic of a wiggler with a gap of 36 mm~undulator re-
gime!. The beam size used at the sample position was
mm ~vertical!33 mm ~horizontal!.

From the crystallographic point of view, icosahedral qu
sicrystalline structures are best described as irrationally
ented three-dimensional~3D! cuts of 6D periodic objects
The 3D cut space represents the actual physical space b
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usually called the parallel space; the perpendicular 3D sp
complement in 6D of the physical space is called the perp
dicular space. Thus the quasicrystal lattice vectorsV are 6D
vectors that decompose into two 3D componentsV
5(Vi ,V'), whereVi is a vector of the physical space, an
V' its image in the perpendicular space. In the notations
Cahnet al.18, the 6D lattice vectors are defined by six int
gersV5(h/h8,k/k8,l / l 8) such that, irrespective of a globa
scale factor, Vi5(h1h8t,k1k8t,l 1 l 8t) and V'5(h8
2ht,k82kt,l 82 l t), where t5(11A5)/2 is the golden
mean. The icosahedral reflections can be classified into fa
lies of equal length wave vectors, noted (N,M ), where the
two integersN and M, given by N5h21k21 l 21h821k82

1 l 82 and M5h821k821 l 8212(hh81kk81 l l 8) are such
that qi

25N1Mt andq'
2 5Nt2M .

We chose the convention of indexing the~18,29! Bragg
peak along the fivefold axis perpendicular to the surface
~1/2,2/3,0/0!. The part of the reciprocal space measured
longs to the@0/0, 0/0, 0/2# zone axis. The window selecte
for the scans is shadowed in Fig. 1 and it corresponds
part of reciprocal space around the~8,12! Bragg peak~0/0,
2/2, 0/0!. The scan step used (Dq5531023 Å21) was cho-
sen as two times the full width at half maximum~FWHM! of
the experimental resolution function in order to recover co
plete information on the selected part of reciprocal sp
with a minimum of overlap. Because we are interested h
in low intensity signals, the experimental data~see, for in-
stance, Fig. 2! are presented in this paper on a logarithm
scale.

III. EXPERIMENTAL RESULTS

The experimental intensity map recorded with sample 1
shown in the left part of Fig. 2. The frame of the map co
tains the three peaks noted~8,12! ~notedA in the lower left
hand corner!, ~11,16! ~notedB at intermediate heights at th
right-hand edge of the map!, and~14,21! ~notedC, higher up
and towards the center of the map!. These three peaks ar
used as spatial reference poles. Other additional lo
intensity peaks~not explicitly indexed on the figure for no
overloading the drawing! can also be observed which all co
respond to well-defined icosahedral peaks. Two import
features can be noticed:

~1! There are zones in reciprocal space, between Br
peaks, where the diffuse background intensity is extrem
low, down to the standard background noise.

~2! The Bragg peaks exhibit specific line shapes wh
differ from one peak to another.

To appreciate the experimental pertinence of these
tures, the same portion of the reciprocal space region fo
perfect silicon single crystal has been recorded.19 It was ob-
served that the lowest background signals obtained on
silicon sample fits those recorded for the quasicrystal:
example, at a distance of 0.25 Å21 from the Bragg peak
~8,12! in the quasicrystal the intensity drops down the det
tion limit ~6 count/s! as it does in the silicon sample. Th
only difference between the two maps is a higher density
Bragg peaks in the icosahedral case which shrinks the
gions free of diffuse scattering.

The peak shapes of silicon are different from those of
quasicrystal: in the former case, the Bragg peak intensit
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FIG. 1. Diffraction map in a mirror plane
@unit vectors ux5(1/0,0/0,0/0) and uy

5(0/0,1/0,0/0)# of an icosahedralF-type quasi-
crystal. The region of the reciprocal space inve
tigated in this study is delimited by the dashe
box. The~8,12!, ~11,16!, and ~14,21! poles used
as reference in the article are noted, respective
A, B, andC. The reflections in this plane are cha
acterized there byx andy components and have
zeroz component.
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spread out along thev direction ~because of mosaicity!
whereas, in thei-AlPdMn quasicrystal, it extends mainl
along the threefold directions. In order to determine the
extension of this diffuse region, additional scans around
~0/0, 2/2, 0/0! Bragg peak have been performed. The po
cross section along directions parallel to the high symme
axes, and away from the Bragg peaks are shown in Fig
The open circles in Fig. 3 correspond to the diffuse intens
of sample 1 and the full circles to the one of sample 2.
e
r
y
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y
n

both cases, maxima of intensity are observed as elong
diffuse intensity tails issued from the nearby Bragg refle
tions along a threefold direction. The overall shape in rec
rocal space of this diffuse intensity region was determined
means of additional scans in a mirror plane perpendicula
the one under study. Observing the same FWHM~full width
a half maximum! for the diffuse scattering signal in two
transverse directions, we conclude that the diffuse inten
is elongated along threefold directions.
or
a

-
-
l

FIG. 2. ~Color! Measured in-
tensity map for sample 1~on the
left! and sample 2~on the right! of
both i-AlPdMn single grains. The
intensity scale used is the same f
both samples and is presented on
logarithmic scale for better show
ing the peak shapes in the low dif
fuse intensity regions. Reciproca
length scales alongx and y are
given in Å21.
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PRB 60 6401X-RAY DIFFUSE SCATTERING FROM ICOSAHEDRAL . . .
Sample 2 differs from sample 1 by less than 0.5% in M
and Pd content. It has been prepared and studied in the
same way with the unique difference in the experimen
setup that the step size of the mesh scan has been doub
order to reduce the measuring time and to scan a slig
larger portion of reciprocal space in theQy direction. To
preserve the same ratio between the step and the resolu
the incident energy was adjusted to 11.0 keV by referenc
the EXAFS spectrum of the Mn foil. The resolution in th
setup with a InSb(1,1,1) analyzer crystal is 2.831023 Å21.
The data obtained in the two different configurations co
be put on a common basis of normalization by using
integrated intensities from a silicon single crystal. The res
ing corrected diagram is presented on the right-hand sid
Fig. 2. Although the Bragg peak intensities20 are the same for
both samples, the overall level of diffuse scattering in sam
2 is considerably higher, by an overall factor of 20, in sam
2 than in sample 1. Nevertheless, the anisotropic shape
the Bragg peaks are qualitatively the same. In particular,
‘‘streaks’’ along the threefold direction are even more clea
visible in sample 2.

IV. DISCUSSION

Our experiments show that the diffuse intensity depe
crucially on composition. This can be attributed to o
stoichiometry defects introduced in the sample 2. In t
scheme, sample 1 would be closest to an ‘‘ideal’’ we
defined composition for which the diffuse intensity drops
some regions of the reciprocal space to the level of the
perimental background noise. To that aspect, the quasicr
behaves as a remarkably well-ordered structure as comp

FIG. 3. Cross section in thex,y plane of the diffuse scattering
intensity as a function of the polar angle on a ring away from
Bragg peaks around the~8,12! reflection. Open circles correspon
to sample 1 and full circles to sample 2. The full lines correspon
the numerical fits as explained in the discussion section.
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to usual ordered fcc-based metallic alloys. Both the v
sharp stoichiometry domain and the absence of Laue diff
scattering are consistent with quasicrystals being typical
amples of complex intermetallic definite compounds.

The peak shapes appear to be robust features with res
to compositional fluctuations. This raises the question of
structural origin of these shapes as atomic displacem
rather than chemical substitution. As will be shown belo
they can all be fairly reproduced within the theoretic
framework in 6D space proposed by Jaric´ et al.3,4,6 using the
Huang effect in icosahedral structures. Assuming ‘‘elastic
type basic interactions, they were able to calculate the diff
scattering intensity that would result from a statistical dis
bution of interacting phonons and phasons in a perfect ico
hedral phase at thermal equilibrium. For the icosahed
symmetry, the 636 hydrodynamical matrixĈ decomposes
into 3D submatrices depending on five independent ela
moduli. The diffuse scattering amplitudeI (QW i1qW i), at offset
qW i from a 6D Bragg peakQW 5(QW i ,QW '), is given by

I ~QW i1qW i!5~ tQW i ,tQW '!Ĉ21~qW i!S QW i

QW '

D . ~1!

The hydrodynamical matrixĈ(qW i) is written as

Ĉ~qW i!5S Ĉi ,i Ĉi ,'

Ĉ',i Ĉ','
D , ~2!

whereĈ,i ,i , Ĉi ,' andĈ',' are the 333 matrices containing
the phonon-phonon, phonon-phason, and phason-phaso
teractions, respectively, as explicitly given in the Append

The phonon-phonon hydrodynamical matrix depends
the elastic constantsm and l. The phonon-phason matri
depends on the coupling constantK3 and the phason-phaso
matrix on the parametersK1 and K2 similar to elastic con-
stants in perpendicular space. Widom5 has made a very in-
teresting and exhaustive study of the above hydrodyna
matrix by calculating its eigenvalues and eigenvectors:
gions can be defined in the (K1 ,K2 ,K3) space that would
eventually lead to specific instabilities along fivefold~so-
called vertex instability!, threefold ~face instability!, and
twofold ~edge instability! directions. The calculated diffus
scattering maps in reciprocal space typical of these th
cases for typical values of the coupling constants is prese
in Fig. 4. For the vertex instability, the diffuse scatterin
around the Bragg peaks is elongated along the fivefold di
tion, along the twofold directions for the edge instability a
along the threefold directions for the case of the face ins
bility. Instead of confining the calculation of the diffuse sca
tering given by Eq.~1! around each reflection independentl
we summed up, at each point of the reciprocal space,
contribution issued for all reflections of the plane. A com
parison of this calculation with our experimental results~see
Fig. 2 and the cross section shown in Fig. 3! shows that the
diffuse scattering observed in our samples corresponds
to coupling constants belonging to the threefold~face! insta-
bility region.

To evaluate the relative contribution of the three types
modes~phonon-phonon, phason-phonon, and phason-pha

e

o
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FIG. 4. ~Color! Calculated diffuse scattering intensity~logarithmic scale! for the three kinds of instabilities described by Widom~Ref. 5!,
vertex (K151, K250.7), face (K151, K2520.7), and edge (K151, K250, K3Þ0) in the reciprocal region corresponding to th
experimental scans.
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couplings! the intensity for two normalized~20,32! and
~40,60! Bragg peaks with significantly differentQ' values
has been compared in sample 2 where the diffuse intensi
more pronounced. As shown in Fig. 5, the relative intens
at the feet of the Bragg peaks increases with theQ' length
whereas the dependence on theQi parameter is much
weaker. Hence, the observed diffuse scattering in sample
mainly dominated by the phason-phason mode: most of
disorder revealed by diffuse scattering in this sample can
attributed to phason defects. In a good approximation,
diffuse scattering intensity in the vicinityqW i of the Bragg
peak (QW i ,QW ') is well reproduced by

I ~qW i!'
tQW 'Ĉ','

21 ~qW i!QW ' . ~3!

A least-squares fit of the experimental data has been
formed for both samples using Eq.~3! to obtain the simu-
lated diffuse intensity map shown in Fig. 6. Because of
large dynamical range of the signal~the ratio of the peak
intensity to the background noise is approximately 108), we
used a logarithmic21 merit functionx2:

x25
1

Npts2Npar
(
i 51

Npts

$ log10@ I c~ i !#2 log10@ I m~ i !#%2,

where I m and I c are, respectively, the measured and cal
lated intensities at thei th of theNpts scan points andNpar is
the number of fitting parameters. The peak contributions
considered to be proportional to the maximum peak inte
ties of each peak. The free parameters in the pure pha
mode are a global scale parameter and the ratioK2 /K1. The
accuracy of the parameters have been estimated in chan
one parameter with the other parameters relaxed untilx2 has
increased by 1/(Npts2Npar) from its minimum value.22
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The fitted K2 /K1 ratio has been found to beK2 /K1
520.5060.02 for sample 1 withx250.19 and K2 /K1
520.6060.02 for sample 2 withx250.09. These values
are consistent with those reported by Boudardet al.11 who

FIG. 5. Decay of the diffuse scattering intensity along the tw
fold direction around the Bragg peaks~20,32! ~full circles! and
~40,60! ~open circles! with significantly different Q' values in
sample 2. The maximum of intensity, out of range in the figure,
been arbitrarily normalized to 35 000 counts. The full line cur
corresponds to a standard 1/q2 decay.
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FIG. 6. ~Color! Diffuse scatter-
ing intensity resulting from the fit
of the measured data. The fit pa
rameters and the conditions ar
described in the text. The intensit
scale is the same for both exper
mental~Fig. 2 and cross section in
Fig. 3! and calculated data.
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found K2 /K1520.52 in single peak analyses for a samp
with a slightly different composition. This suggests the thre
fold ~face! phason mode to be a common feature between
these samples, which is robust with respect to composi
fluctuations.

On the contrary, the scaling factor varies drastically fro
sample 1 to sample 2 by a factor of 20. Such a huge varia
cannot be due to differences in the annealing temperat
between the two samples which were heat-treated in
same way. It was observed that the overall fit is better23 for
sample 2 than for sample 1. Indeed, even with a logarith
merit function, the least-squares fit technique is still mos
driven by the large signals, i.e., close to Bragg peaks, at
expense of the small signals of the diffuse wings. As
Bragg peak intensities are identical for both samples,
tendency to bias the fit values must be stronger in samp
than in sample 2. A small improvement of the fit, decreas
x2 to 0.17—which is still way above the value of 0.09 o
tained for sample 2—is obtained by introducing the rema
ing instability parameters in the minimization.

In fact, sample 1, being closer to the ‘‘ideal’’ compositio
~as revealed by its very low background diffuse intensit!,
may contain fewer phasons defects than sample 2. There
phonon-phonon and phason-phonon coupling effects—
could have been hidden in the case of sample 2 that is
stoichiometry—could become detectable in sample 1. T
fitted values for the elastic moduli are thenK150.97
60.02, K2520.5260.01, andK3523.6260.04. Them
and l values have a large inaccuracy because they are
pendent on the inverse of an ill-conditioned or nearby sin
lar matrix ~see, for instance, Ref. 9!. The following fitted
values are simply orders of magnitude:m'30610 GPa and
l'250620 GPa. The negative value ofl indicates that,
despite the poor accuracy of the present calculation, the P
son coefficientn5l/2(l1m) is expected to be larger in
these materials than in the usual periodic metallic allo
Although it is not possible to draw any sound conclusio
-
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because of the inaccuracy of these values, the opposite s
obtained for the elastic constants can be taken as an ind
tion of a large Poisson coefficient in these materials.

V. CONCLUSIONS

We have shown that diffuse scattering intensity
i-AlPdMn quasicrystals is well reproduced in all its parts
an ‘‘icosahedral’’ Huang effect, which is described in Ref.
in the framework of a Landau-Ginsburg approach. A comp
sition exists where the Laue-type diffuse intensity reduce
the natural background noise, hence confirming the idea
quasicrystals have a narrow, well-defined composition ra
where they exhibit an exceptionally high degree of chemi
order. These experiments have shown, however, that the
fuse intensity is strongly dependent on the composition
increases by a factor of 20 when the sample compositio
slightly modified with respect to the ‘‘ideal’’ icosahedra
composition by less than 0.5% change in Mn and Pd cont
This high sensitivity to composition fluctuation could expla
the discrepancies found in the literature between the var
groups who use different techniques on different samples
particular, it might be plausible that the large samples nee
for neutron diffraction present small composition gradie
around the ideal composition that would be responsible
together with the inherent low-resolution of the apparatus
for the diffuse signal reported by Caudronet al.16

Apart from this overall scaling factor, the anisotrop
peak shapes do not change significantly with compositi
they have well-defined characteristics depending on
peaks themselves. They are well reproduced as a Huan
fect adapted for the icosahedral case long ago by Jaric´ and
Nelson.3 Our results follow from the icosahedral symmet
and do not suggest the necessity of the proximity of a ph
transformation. In particular, the intriguing diffuse scatteri
described as ‘‘streaks’’ along the threefold directions a
properly reproduced by the above calculations and are th
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fore essentially built-in features of the icosahedral symme
They are, to some extent, the signature of the true icos
dral nature of these solids.
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APPENDIX

The elastic constants used here can be related with thmi
constants introduced by Jaric´ et al.3 by the relationships:
K15m3/3, K25m4/2A5, K35m5/2A15, l5A2m2 /A15
and l5(A5m12m2)/2A30.3,5 Let qW i5(q1 ,q2 ,q3) be the
running offset vector from a Bragg reflection in reciproc
space. The hydrodynamical 333 matrices are defined by
e
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Ĉi ,i~qW i!

5
1

kBT S d1 ~m1l!q1q2 ~m1l!q1q3

~m1l!q2q1 d2 ~m1l!q3q2

~m1l!q3q1 ~m1l!q3q2 d3

D ,

~A1!

with d i5muqu21(m1l)qi
2 ,

Ĉi ,'~qW i!5
K3

kBT S g1 2t21q1q2 22tq1q3

22tq1q2 g2 2t21q3q2

2t21q3q1 22tq3q2 g3

D ,

~A2!

with g i5qi
22tqi 11

2 1t21qi 12
2 ,

Ĉ','~qW i!5
K2
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