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Thermodynamics and pair structures of liquid alkali and alkaline-earth metals
from the perturbative hypernetted-chain equation
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We have theoretically studied liquid alkali and alkaline-earth metals by combining the second-order pseudo-
potential ~PP! theory of ion-electron interaction and a statistical mechanical method for calculating ionic
thermal motion. The latter is done by utilizing the perturbative hypernetted-chain equation recently proposed
by the author. The PP is modelled through anab initio method presented by Shaw, i.e., through the use of the
optimized nonlocal model potential~OMP!. Calculations are carried out with two different methods for ex-
tracting parameters in the OMP. They are due to Animalu and Heine~AH!, and Ballentine and Gupta~BG!.
Results show that both of thermodynamic properties and pair structures are in good agreements with experi-
mental data for alkali metals with the AH set of parameters. For alkaline-earth metals other than Ba, calcula-
tions with the BG set give the radial distributions and structure factors in good agreement with experimental
data.@S0163-1829~99!14533-8#
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I. INTRODUCTION

Study of liquid metals are based on the combination o
quantum-mechanical theory of valence electrons and
statistical-mechanical method for ionic thermal motion. F
alkali and alkaline-earth metals, the former problem is w
solved by using the second-order pseudopotential theory
ion-electron interaction.1 There are many different kinds o
pseudopotentials in the literature. Adoption of a local mo
potential greatly simplifies the problem when the parame
in the potential are fitted to experimental data. We list o
three of them: Ashcroft’s empty-core pseudopoten
~ECM!,2 Harrison’s model potential,1 and the most recen
one due to Hasegawa.3 These potentials were successfu
applied to the study of the pair structures of liquid alk
metals with a judicious choice of the potential parameters4,5

However, it is well known that a consistent description
interaction of a valence electron with an ionic core require
nonlocal and energy-dependent pseudopotential. For this
recall that the ECM does not yield reliable pair structures
alkaline-earth metals.

The present work is concerned with optimized nonlo
model potential~OMP! proposed by Shaw6–8 applied to the
study of liquid metals. The OMP can be considered to be
ab initio pseudopotential in a sense that its parameters
obtained from atomic or ionic information, not from any in
formation about a condensed phase. It was used by se
authors to study simple metals and polyvalent metals.9–11

However, attention was paid to either one of thermodyna
properties or pair structures. Reliable thermodynamics w
obtained when the OMP was combined with Gibb
Bogoliubov inequality or the perturbation theory of Week
Chandler-Anderson based on a reference system intera
with a simple model potential, not allowing quantitative d
scription of pair structures.12 Accurate description of the lat
ter should be based on a more sophiscated theory such a
integral equation theory. For this purpose, Waxet al. re-
PRB 600163-1829/99/60~9!/6362~10!/$15.00
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cently showed that the soft mean-sphere approxima
~SMSA! 1 OMP can be successfully applied to predict r
dial distribution functionsg(r ) of alkali metals.13 However,
they found that Li was an exception in that the SMSAg(r ) is
very different from either the experimental data or t
computer-simulated data. This discrepancy was due to
inaccuracy of the SMSA for systems with a pair interacti
whose hard-sphere packing fraction exceeds a certain va
For K and Rb, they also showed that the main peak ofg(r )
is shifted toward smaller distances compared with exp
mental data. This is not only the case with theg(r ) calcu-
lated from the SMSA but also the case with that from t
molecular dynamics simulation. Apparently, this reflects d
fect inherent in the OMP, noting that the shift can deterior
predicted values of thermodynamic quantities too. In the n
section, this problem will be reconsidered carefully, and
will be shown that a better estimation of input data for t
OMP gives much more satisfactory results. This is not
only purpose of this work. Rather, we are more interested
the application of the perturbative hypernetted-ch
~PHNC! equation to metallic systems.

Recently, the PHNC was successfully applied to mo
systems interacting with various kinds of mod
potentials.14–16 Calculations showed that the accuracy of t
theory is always comparable to the reference hypernet
chain equation and Rosenfeld’ density functional theory. T
present work is concerned with its first application to met
lic systems in combination with Shaw’s OMP. Related
this, we consider other successful integral equation theo
which can be applied to the metallic systems. These incl
the variational modified hypernetted-chain~VMHNC! inte-
gral equation17,18 and the hybrid mean-spherical approxim
tion ~HMSA!.19 Researchers showed that the VMHNC c
be widely used to predict static structure factors and therm
dynamic properties of liquid metals. Various kinds
pseudopotentials were used together, including a nonlo
pseudopotential due to Liet al.20 and local pseudopotential
6362 ©1999 The American Physical Society
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TABLE I. Parameters in the OMP used in this work at densities corresponding to Table II. Two diff
sets of data are shown forA0(Ef) andA1(Ef). The first line corresponds to the use of Animalu and Hein
method~AH! for the calculation of the core shift. The second line is due to Ballentine and Gupta’s m
~BG!. See the text.

Li Na K Rb Cs Be Mg Ca Ba

A0(Ef) 0.331 0.309 0.241 0.228 0.207 1.014 0.782 0.576 0.4
0.345 0.320 0.254 0.241 0.221 1.049 0.809 0.612 0.5

dA0 /dE 20.183 20.229 20.312 20.349 20.389 20.212 20.289 20.393 20.475
A1(Ef) 0.365 0.257 0.228 0.201 0.921 0.612 0.46

0.367 0.261 0.232 0.207 0.924 0.620 0.47
dA1 /dE 20.097 20.166 20.187 20.214 20.059 -0.141 20.209
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with parameters either from experiment4,21 or from the ab
initio calculation called neutral pseudoatom meth
~NPA!.22,23 Meanwhile, successful application of the HMS
appeared in the literature only in its combination with loc
model potentials.24,25 This is related to the fact that there
difficulty in applying the HMSA to a metallic system, be
cause of electronic inconsistency associated with the pe
bative solution to the electronic energy.26 In short, only the
VMHNC has been shown to be generally applicable to
metallic systems. In this respect, it would be desirable
assess the reliability of the PHNC. In the next sections,
will be done for liquid alkali and alkaline-earth metals b
comparing both of thermodynamic properties and pair str
tures with experimental data.

II. FORMULATIONS

In the OMP, the bare interactionw0(r ) of a valence elec-
tron with an ionic core is considered to be described
Heine-Abarenkov potential6–8

w0~r !52
Z1e2

r
2(

l 50

l 0

Q@Rl~E!2r #FAl~E!2
Z1e2

r GPl ,

~2.1!

wherel 0 is the highest angular momentum quantum num
for the core electrons,Rl(E) and Al(E) are the radius and
well depth of the core which depend on the energy eing
value of the system,Pl is the projection operator which ex
tracts out thel th angular momentum component from th
eigenfunction,Q(r ) is the heavyside step function,Z1 is the
valence charge of the ionic core. Shaw showed that the
timization of the model wave function is achieved by relati
Al(E) andRl(E) by Al(E)5Z1e2/Rl(E).

Al(E) for a valence electron in the metal is calculat
from the extrapolation of those for ionic term energies,
suming a linear dependence ofAl(E) on the energy. Table
shows these parameters at the Fermi energy calculated
two different methods. Namely, core-shift of the electron e
ergy due to the conduction electrons and all the ions o
than that to which the electron belongs was calculated fr
the prescriptions given by Animalu and Heine~AH!,27,28and
Ballentine and Gupta~BG!.28,29In the AH, the core shiftDeF
at the Fermi level is approximated by an weighed aver
which places the most importance aroundr;Rl by
l

r-
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m
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m

e

DeF52mxc2
Z1e2

2Ra
F32

3

4 S Rl

Ra
D 2G , ~2.2!

wheremxc is the chemical potential due to the exchange a
correlation effects for an electron gas of the number den
Z1 /V, andRa is the ionic radius. The BG uses a differe
weighing scheme which emphasizes smallr more than large
r by

DeF52mxc2
Z1e2

2Ra
F32

1

6 S Rl

Ra
D 2G if l 50,

52mxc2
Z1e2

2Ra
F32

1

3 S Rl

Ra
D 2G if l .0. ~2.3!

Here Rl(EF) and eF are obtained from the self-consiste
iteration. For this, the values ofZ1Rl at experimental term
energies are taken from Table 2 of Ref. 28. We find that
BG parameters shown in Table I are almost identical to th
used by Waxet al.13

In the context of the second-order perturbation theory,
effective interactionV(r ) between a pair of ions is the sum
of direct and indirect contributions. Namely,

V~r !5
~Z1* e!2

r
1

V

p2E0

`

dqF~q!
sin~qr !

qr
q2, ~2.4!

whereZ1* is the effective valence which takes into accou
the difference between the true wave function and the mo
pseudo-wave-function. Refer to Shaw’s original paper
mathematical expression for this quantity.F(q) is given by

F~q!52
2V

~2p!3Ek,kF

dk
uw~k,q!u2

k22uk1qu2

2
2pe2V

q2
$G~q!nd

2~q!1@12G~q!#nscr
2 ~q!%,

~2.5!

where w(k,q) is the atomic form factor betweenk and k
1q states,nd(q) and nscr(q) are the Fourier transforms o
the electron density due to the depletion hole and the fi
order screening by other valence electrons, respectiv
@Note that this equation is equivalent to Eq.~3.11! in Ref. 8.#
We have assumed a uniform distribution of the deplet
charge over an appropriate core volume. For the exchan
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TABLE II. Binding energyEbind ~in units of 1023 a.u.) and the excess entropySe/k of liquid metals
calculated from the present method in comparison with experimental data~Refs. 33,34!. AH and BG denote
that the corresponding quantities are calculated with the AH and the BG sets of the OMP parameters.
text.

Ebind Se/k
T ~K! r (g/cc) V (a.u.3) Exp AH BG Exp AH BG

Na 378 0.928 277.61 2232.00 2235.02 2238.13 23.45 23.30 23.08
K 343 0.826 530.42 2195.60 2200.07 2204.54 23.45 23.31 22.93
Rb 313 1.476 648.88 2187.00 2192.29 2196.28 23.63 23.31 22.87
Cs 303 1.838 810.29 2175.70 2180.76 2185.15 23.56 23.47 22.94
Be 1521 1.690 59.76 2109.64 2110.75 24.31 24.05
Mg 953 1.545 176.28 2892 2903 2915 23.41 23.50 23.24
Ca 1123 1.37 327.83 2732 2746 2764 23.16 23.82 23.36
Ba 1003 3.32 463.52 2620a 2658 2682 22.09(?)a 24.94 24.17

aExperimental data at 987 K quoted from Ref. 34.
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correlation functionG(q), Ichimaru and Utsumi’s~IU! ex-
pression is used throughout this work.30

Next, the PHNC equation for liquid can be described
below. First, the pair potential is divided into two parts. T
reference potentialV0(r ) is chosen according to the prescri
tion

V~r !5V0~r !1V1~r !, ~2.6!

V0~r !5V~r !2F~r ! if r<l,

50 if r .l,

V1~r !5F~r ! if r<l,

5V~r ! if r .l.

~2.7!

(2.8)

whereF(r )5V(l)2V8(l)(l2r ). In the case of model sys
tems, two methods were suggested for determiningl. In a
sophiscated version, it was chosen by requiring consiste
of a thermodynamic function from two different routes.
this work, we adopt a simpler version, which can be e
pressed by

l5min~af cc ,r * !. ~2.9!

Here,af cc521/6/r1/3 is the nearest-neighbor distance for t
face-centered-cubic lattice at a given densityr; r * is the
distance at which the potentialV(r ) attains its global mini-
mum. In fact, we have smoothened this function so thatl is
differentiable with respect tor at r05A2/r * 3. This is done
by interpolatingl as a function ofr within a narrow range
aroundr0, using a polynomial of degree 3. Its coefficien
are obtained from the conditions that the function be conti
ous and have a continuous derivative with respect tor. In
some cases, a metallic potential may possess more than
potential minimum at intermolecular seperations less t
r * . In the next section, it will be shown that this is the ca
of Be due to the strong Friedel oscillation. We are grea
interested in checking out if the PHNC needs any spec
treatment in this case.

OnceV0(r ) is chosen, we approximate the bridge fun
tion B(r ) of the metallic system by that for the referen
system. Namely,
s

cy

-

-
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-

B~r !'B0~r !, ~2.10!

and B0(r ) is obtained from the Balloneet al. closure
relation:31

B0~r !5@11sg0~r !#1/s212g0~r !, ~2.11!

whereg0(r )5g0(r )212c0(r ), and s515/8. @c0(r ) is the
direct correlation function.# This equation defines an ap
proximate method to solve the Ornstein-Zernicke~OZ! rela-
tion for the reference system. A whole set of equations
fined above give an approximate way of solving the OZ
the metallic system:

g~r ![h~r !2c~r !5E dr 8c~r 8!h~ ur 2r 8u!, ~2.12!

where h(r )5g(r )21 is the total correlation function. We
have solved these equations numerically by using an effic
algorithm due to Gillan.32

Once the solution is found to the PHNC, the binding e
ergy of the liquid metal is conveniently calculated from
expression in the Fourier space:

Ebind~V,T!5Eind~V!1
V

2p2E0

`

S~q!F~q!q2dq

1
Z1*

2e2

p E dq@S~q!21#2EIS~Z1* !,

~2.13!

where the structure-independent energyEind(V) is given by

Eind~V!5Evol~V!1EIS~Z1* !, ~2.14!

with
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Evol~V!5Z1~Ekin1Exc!1
9

10

rd
2e2

RM

2
3

2

Z1e2rd

aWS
1

1

N (
k,kF

^kuwRuk&

1 (
k,kF

(
l , l 0

dAl

dE
^kuPl uk&@^kFuwRukF&2^kuwRuk&#.

~2.15!

Here, S(q)511rh(q) is the static structure factor of th
liquid metal. The second term in Eq.~2.13! is band-structure
energy, and the remaining two terms comprise a struct
dependent contributionEstr

es to the electrostatic energy o
positive chargesZ1* e embedded in a uniform compensatin
background, whereEIS(Z1* )@520.9(Z1*

2e2/aWS)# is the
ion-sphere energy, i.e., the electrostatic energy of a pos
chargeZ1* e in a uniform neutralizing sphere of the radiu
equal to the Wigner-Seitz radiusaWS. Evol(V) is the term
depending only upon the density of the system. Four term
its expression represent~1! the energy of the electron liquid
~2! interaction between depletion holes (rd andRM represent
the depletion charge and the radius of the sphere in which
charge is distributed!, ~3! the interaction of an electron un
formly distributed over the Wigner-Seitz cell with the depl
tion hole, and~4! the non-Coulombic contribution of the bar
model potentialwR given by the second term in Eq.~2.1!.

The Helmoltz free energyA(V,T) is calculated from the
relation

A~V,T!5Ebind~V,T!1Egas2T@Se1Sgas#, ~2.16!

where Egas and Sgas are the energy and the entropy of th
ideal gas. The excess entropySe is equivalent to that for a
system interacting with a pair potential given in Eq.~2.4!,
not including the volume-dependent term. In order to cal
late this quantity, we need the excess internal energyUe and
the excess Helmholtz free energyAe for that system. The
former quantity is calculated from the relation

bUe5
br

2 E drV~r !g~r !, ~2.17!

whereb51/kT. In order to calculateAe, we first calculate
the free energy (A0

e) for a system interacting withV0(r )
given in Eq.~2.7!. This is done by integrating the compres
ibility factor Z5P/rkT of the system as a function of den
sity:

bA0
e5E

0

r@Z~r8!21#

r8
dr8. ~2.18!

Following the spirit of the PHNC, values ofZ(r8) at various
densitiesr8(,r) are again calculated from the solution
the OZ relation using Balloneet al.’s closure relation. Fi-
nally, Ae is obtained from the formulation in Ref. 17. To b
more specific, the calculation is based on Eqs.~10!–~15! of
Ref. 17 usingA0

e from Eq. ~2.18!.
e-

e

in

he

-

III. RESULTS

Table II shows the binding energyEbind and reduced ex-
cess entropySe/k of alkali and alkaline-earth metals calcu
lated from the OMP1PHNC in comparison with experimen
tal data. Thermodynamic states considered in the ta
correspond to those near freezing transition. As mentione
the previous section, our calculation is based on two diff
ent treatments for the core shift, and we find that our res
are sensitive to its choice. For alkali metals, predictions
the PHNC for both ofEbind andSe/k are in good agreemen
with experimental data, when the AH set of parameters
used in the OMP. The BG set gives much less reliable res
for all the quantities investigated. This behavior becom
less pronounced for the alkaline-earth metals, the BG
exhibiting the reliability comparable to that for the AH
Table III gives comparisons of the compressibility factor c
culated from the numerical differentiation of the Helmho
free energy. The table shows thatZind

nl (5Zind2Zind
loc), the non-

local contribution ofEind(V) to the compressibility factorZ,
is comparable to its local correspondentZind

loc , in its magni-
tude. For this, we defineEind

loc(V) by

Eind
loc~V!5Z1~Ekin1Exc1^kuwRuk&!1EIS~Z1e!,

~3.1!

where Ekin and Exc represent the kinetic energy and th
exchange-correlation energy, repectively.^kuwRuk&, which is
the average ofwR, is defined by a relation similar to that i
Eq. ~2.11! of Ref. 35. Note that the ion-sphere energy is f
the valence chargeZ1e, not for Z1* e. Equation~2.14! shows

TABLE III. Compressibility factorZ of liquid metals calculated
from the numerical differentiation of the Helmholtz free ener
with respect to density. Thermodynamic states considered in
calculation are given in Table I. The first and the second lines
each metal correspond to the AH and the BG sets of the O
parameters.Zind

loc andZind
nl correspond to contributions from the loca

and nonlocal terms in the structure-independent energy give
Eqs. ~2.14! and ~3.1!; Zstr is the structure-dependent contributio
from the terms other thanEind(V) in Eq. ~2.13!; Zs is the entropic
contribution.

Zind
loc Zind

nl Zstr Zs Z

Na 29.26 0.97 22.23 4.40 26.11
213.74 0.04 0.04 4.61 29.05

K 27.74 23.49 22.58 5.01 28.80
214.80 23.97 1.02 5.29 212.47

Rb 27.29 26.94 21.88 5.35 210.76
215.73 26.62 2.29 4.44 215.62

Cs 23.81 210.14 21.29 4.97 210.26
214.57 28.86 1.60 5.15 216.68

Be 23.00 16.30 216.87 4.84 1.28
27.23 13.51 211.97 4.45 21.24

Mg 216.50 2.83 3.77 6.31 23.58
221.62 0.88 7.10 4.72 28.92

Ca 24.22 22.88 21.53 5.36 23.27
212.17 25.02 2.62 4.54 210.03

Ba 13.67 211.95 218.20 5.16 211.32
23.67 213.47 24.31 4.72 216.73
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6366 PRB 60HONG SEOK KANG
that Zind
nl is directly related to the core structure, in that

includes contributions from the depletion hole and the n
Coulombic interactionwR in the bare model potential. In
many cases,Zind

nl is negative and its absolute value is larg
when the total compressibility is also negative and ha
large absolute value. Presumably, this implies that the ne
tive values of the pressure are partly associated with a c
description of the core structure through the approximat
of the uniform distribution of the depletion hole in an appr
priate volume. Table IV gives a comparison of the lo
wavelength limit of the static structure factorS(k˜0) cal-
culated from the present method with experimental data.
worth mentioning that the AH generally givesS(k˜0) in
better agreements with experimental data for alkali met
Theoretical predictions are especially poor for Ba, and it c
be ascribed to the partial filling ofd states as will be de
scribed later in this section.

Next, we consider the pair structures of alkali metals c
culated from the OMP1PHNC. Figures 1 and 2 showS(k)

FIG. 1. S(k) of liquid K at T5343 K andr50.826g/cc. Two
sets of experimental data are shown: open circles denote Was
data at 343 K~Ref. 37!, and the open squares are due to Huijb
and van der Lugt at 338 K~Ref. 38!. Also shown are theoretica
results from the OMP1PHNC. The solid line represents the use
the AH set of the OMP parameters, and the dashed line corresp
to the BG set.

TABLE IV. The long wavevector limitS(k˜0) of the static
structure factor for liquid metals calculated from the OMP1PHNC
in comparison with experimental data~Ref. 36! at thermodynamic
states considered in Table I. The present calculation is based on
different sets of the OMP parameters, which are denoted by AH
BG. See the text.

Na K RB Cs Be Mg Ca Ba

Exp 0.023 0.023 0.022 0.024 0.025 0.031 0.0
AH 0.031 0.031 0.031 0.025 0.015 0.028 0.021 0.0
BG 0.040 0.050 0.052 0.045 0.016 0.030 0.026 0.0
-

,
a
a-
de
n

is

s.
n

l-

and g(r ) for liquid potassium at the thermodynamic sta
considerd in Table II in comparison with experimental da
Similar plots are given for liquid rubidium in Figs. 3 and
In Fig. 1, two sets of experimental data are shown. This is
show uncertainties in the experimental data. One is due
Waseda at 70 °C,37 and the other is due to Huijben and va
der Lugt at 65 °C.38 Experimental data in Figs. 2–4 corre
spond to Waseda’s results. In all these figures two set
theoretical data are shown, which are again based on the

a’s

ds

FIG. 2. g(r ) for liquid K at T5343 K andr50.826g/cc. Open
circles denote Waseda’s experimental data~Ref. 37!. Solid and
dashed lines correspond to theoretical results from the O
1PHNC calculated with the AH and the BG sets of the OMP p
rameters, respectively.

FIG. 3. S(k) of liquid Rb atT5313 K andr51.476g/cc. No-
tations are the same as in Fig. 2.

wo
d
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~solid lines! and the BG parameters~dashed lines! for the
OMP. In Fig. 1, we find that there is a large difference in t
first peak ofS(k) between the two sets of experimental da
even if we take into account the fact that temperatures
different by 5 °C. As pointed out by Gonzalezet al.23 com-
parison with other experimental data shows that the first p
in Waseda’s data are systematically lower by an averag
10%. This will also introduce uncertainties in hisg(r ), since
it is obtained from the Fourier transform ofS(k). Therefore,
we can conclude thatS(k) and g(r ) calculated from the

FIG. 5. Pair potentialV(r ) of four liquid alkaline-earth metals a
thermodynamic conditions shown in Table II. Solid and dash
lines represent the OMP1PHNC results with the AH and the BG
sets of the OMP parameters, respectively. Vertical lines corresp
to the breakpointl of the pair potential in the PHNC.

FIG. 4. g(r ) of liquid Rb atT5313 K andr51.476g/cc. No-
tations are the same as in Fig. 2.
,
re

k
of

OMP1PHNC are in good agreements with experimen
data for alkali metals, when the AH parameters are use
the OMP. We also note that the BGg(r )’s calculated from
the PHNC are almost identical to the Waxet al. result ob-
tained from the molecular dynamics calculation based on
OMP with the same BG parameters. In particular, heights
the first two maxima in the PHNCg(r ) are approximately
the same as in the simulated data. This can be easily
from the comparsion of Figs. 2 and 4 with Fig. 3 of Ref. 1
This gives an indirect support for the reliability of th
PHNC. Furthermore, this implies that the observed dev
tions of theoretical data from the experimental results are

d

nd

FIG. 6. S(k) of liquid Be at T51521 K andr50.11293A23.
Notations are the same as in Fig. 2.

FIG. 7. g(r ) of liquid Be at T51521 K andr50.11293A23.
Notations are the same as in Fig. 2.
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due to the approximation introduced in the PHNC, but due
the possible inaccuracy of the pair interactions derived fr
the OMP. As noted by Waxet al., oscillations in the BG
g(r ) are shifted toward smaller interionic distances co
pared to the experimental data for K and Rb, and this is
reason why we are particularly interested in these two me
other than Na and Cs. With the AH set, we find that this k
of shift is diminished, and the calculated results are in be
agreements with experimental data. As was noted in Tabl
this is also manifested in the better quality of thermodynam
values calculated with the AH set. Although we have n
shown here, the PHNC calculations for the pair structure

FIG. 8. S(k) of liquid Mg at T5953 K andr50.03829A23.
Notations are the same as in Fig. 2.

FIG. 9. g(r ) of liquid Mg at T5953 K andr50.03829A23.
Notations are the same as in Fig. 2.
o

-
e
ls

r
II,
c
t
of

Na and Cs give results similar to those observed by Waet
al. With the BG sets, the PHNC results, similar to the sim
lated data from the molecular dynamics calculations, ag
well with experimental data.

Figure 5 shows the OMPV(r ) for alkaline-earth metals
calculated from Eq.~2.4!. Our results can be compared wit
Fig. 2 of Ref. 23 obtained from the NPA. For Be, we no
that there is a large difference in the two results ofV(r ). In
the OMP, the position of the global minumum (r * ) of V(r )
is located at the position of the second minimum atr
;7.51 a.u. On the other hand, it is observed at the fi
minimum aroundr;4.0 a.u. in the NPA. For other alkaline
earth metals, Friedel oscillations are much weaker, and

FIG. 10. S(k) of liquid Ca atT51123 K andr50.02058A23.
Notations are the same as in Fig. 2.

FIG. 11. g(r ) of liquid Ca atT51123 K andr50.02058A23.
Notations are the same as in Fig. 2.
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find that there is only one minimum of appreciable mag
tude. Furthermore, the positions ofr * are approximately the
same in the two methods except for Ba. For example, i
located atr;6 a.u. for Mg. However, the well depth o
potential minimum is much shallower in the OMP. For C
V(r * );20.64 and20.47 kT for the OMP with the AH
and the BG parameters, respectively. For the NPA, the
responding value is aprroximately21.81 kT. Reference to
Fig. 3 of Ref. 23 shows that the depth observed for the O
is even shallower than those from Harrison’s optimiz
pseudopotential obtained by Jank and Hafner.39 In our figure,
vertical dashed lines show the repulsive rangel of each
metal calculated from Eq.~2.9!. They are equal tor * for Mg
and Ca.0 This is the same for all the alkali metals descri
above. One the other hand, Be and Ba havel values on the
repulsive side of the first minimum.

Figures 6–13 showS(k) and g(r ) for liquid beryllium,
magnesium, calcium, and barium at thermodynamic st
considered in Table II. With the BG set of the OMP para
eters, not with the AH, the PHNC calculations give go
results at the successive maxima inS(k) and g(r ) for Mg

FIG. 12. S(k) of liquid Ba atT51003 K andr50.01456A23.
Notations are the same as in Fig. 2.
-

is

,

r-

P

d

es
-

and Ca. For Be, there is no experimental data availa
Comparisons of our results with the NPA results given
Figs. 4 and 5 of Ref. 23 show that the PHNC exhibits qua
similar to the NPA. In fact, the NPA implies NPA
1VMHNC, which means that the pair structures were calc
lated from the VMHNC, using the pair interactions derive
from the NPA. For Be, it is surprising that our result agre
well with the NPA data, noting that there is a large differen
in two V(r ), as was described in the previous paragra
Furthermore, this shows that the PHNC does not require
specific treatment when there is more than one poten
minimum atr ,r * . We need a further investigation to clarif
if this is generally the case. Agreements with experimen
data are poor for thermodynamics and the pair structure
Ba calculated from the present method. This observatio
closely related to the finding that, unlike other alkaline-ea
metals, nearly a half of the valence electrons for Ba exhib
the d-character at the normal density.39–41 Related to this
problem, Moriarty pointed out that the proper value of t
valence chargeZ1 of Ba is 1.25,40 not 2 ~as we have as-
sumed!. Therefore, Ba lies outside the scope of the pseu

FIG. 13. g(r ) of liquid Ba atT51003 K andr50.01456A23.
Notations are the same as in Fig. 2.
ork

ond, for
TABLE V. Comparison of thermodynamic properties of liquid lithium calculated from the present w
~OMP! with experimental data~Ref. 42! and neutral pseudoatom method~NPA! ~Ref. 22!. Two sets of data
are shown for the OMP. The first line corresponds to the AH set of the OMP parameters, and the sec
the BG set.

Ebind/kT P/rkT Se/k
T ~K! r(A23) Exp OMP NPA Exp OMP NPA Exp OMP NPA

470 0.044512 2176.91 2171.14 2184.35 0.0 3.49 2.80 23.37 23.93 23.37
2171.31 22.23 23.77

595 0.043 2138.75 2135.05 2144.60 0.0 1.48 1.30 22.90 23.39 22.88
2137.33 22.48 23.23

725 0.042 2113.87 2110.21 2117.97 0.0 1.15 22.25 22.52 23.00 22.50
2112.03 21.90 22.86
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potential theory for thes,p-bonded metals. In short, with th
BG set of the OMP parameters, the pair structures from
OMP1PHNC are reliable for Be, Mg, and Ca.

We finally consider liquid lithium. Since this metal doe
not have ap electron in the core, thep component of valence
electrons cannot be pseudized. This implies a str
electron-ion potential, and it can invalidate the idea of
weak pseudopotential. Table V comparesEbind,Z5P/rkT,
andSe/k for liquid lithium calculated from the OMP1PHNC
with experimental data and recent calculations based on
NPA1VMHNC due to Gonzalezet al.23 Compared with the
NPA results, the table shows that the quality of our values
Ebind are better with either of the AH or the BG paramete

FIG. 14. g(r ) of liquid Li at T5470 K and r
50.044512A23. Open circles represent experimental data due
Olbrich et al. ~Ref. 43!. Other notations are the same as in Fig.
r

on

ds

n

en
e

g
e

he

f
.

Unlike other alkali metals, the BG set gives slightly bett
results than the AH forEbind. On the other hand, our result
on Se are less reliable than the NPA1VMHNC. In Fig. 14
the PHNCg(r ) is also compared with experimental data
one of three states considered in Table V. Our theoret
curve is in excellent agreement with experimental data
both of the AH and the BG sets of the OMP paramete
Only a minor difference is observed between the two sets
theoretical results, in that the AH predicts that the first pe
is slightly higher. Similar behaviors were observed at oth
two states considered in Table V. This is also true for
state considered by Waxet al. in their Fig. 5.13

IV. DISCUSSION

We have shown that the combination of the OMP and
PHNC can be successfully applied to the study of liqu
alkali and the first three alkaline-earth metals. Although
careful choice was necessary for the method in which
OMP parameters are calculated, the quality of our results
comparable to those from one of the most reliableab initio
methods for calculating the pair structures and the therm
dynamic properties of simple metals, i.e., from the combi
tion of the NPA and the VMHNC. The present calculatio
are based on a simple method for choosing the respul
range of the pair potential, as given in Eq.~2.9!. This would
not be the only method for choosingl. As in the VMHNC,
it can be chosen to minimize the Helmholtz free energy
problem which needs further investigation. At present,
are more interested in applying the present method for
study of pair structures in the expanded and compressed
uid metals, and its results will be reported later.
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