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Noncollinear cluster magnetism in the framework of the Hubbard model
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Noncollinear magnetic states in clusters havingN<43 atoms are studied by using the single-band Hubbard
Hamiltonian within the fully unrestricted Hartree-Fock~UHF! approximation. The spin and charge degrees of

freedom^SW l& and ^nl& at every cluster atom are treated as independent variables. A variety of qualitatively
different self-consistent solutions is obtained as a function of cluster size, structure, number of valence elec-
tronsn, and Coulomb interaction strengthU/t. This includes inhomogeneous density distributions, paramag-
netic solutions, magnetic solutions with collinear moments, and noncollinear spin arrangements that show
complex antiferromagneticlike or ferromagneticlike orders. The environment dependence of the magnetic
properties is analyzed giving emphasis to the effects of antiferromagnetic frustrations in compact structures
close to half-band filling. Electron correlation effects are quantified by comparing UHF and exact results for
the local magnetic moments, total spin, spin-correlation functions, and structural stability of 13-atom clusters.
Goals and limitations of the present noncollinear approach are discussed.@S0163-1829~99!06131-7#
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I. INTRODUCTION

Clusters may show specific phenomena that do not h
an equivalent in the thermodynamic limit and that are the
fore of interest in both basic and applied science. Moreo
the evolution of their physical properties with increasi
cluster size provides new perspectives for understanding
microscopic origin of condensed-matter properties.1 In this
context, the study of magnetism in metals is a particula
interesting and challenging problem, since the propertie
magnetic metals often change dramatically as the elect
of an isolated atom become part of a cluster of several at
and delocalize. It is therefore of fundamental importance
understand how itinerant magnetism, as found for exampl
3d transition-metal~TM! solids, develops starting from lo
calized atomic magnetic moments. The strong dependenc
the magnetic behavior as a function of size, structure,
composition opens up, in addition, the possibility of usi
clusters to tailor new magnetic materials for specific tech
logical purposes. Consequently, the relation between lo
atomic environment, cluster structure, and magnetism
has implications of practical interest.

Most theoretical studies of itinerant cluster magneti
have been performed using Hartree-Fock~HF! and local
spin-density~LSD! methods.2,3 Exact many-body calcula
tions are presently limited to simple models, such as
Hubbard model, and to systems containing a small num
of sites.4–6 Within mean-field approximations~HF or LSD!
the self-consistent spin polarizations are usually restricte
be collinear, i.e., the direction of all local magnetic mome
is assumed to be the same. However, the well-known se
tivity of itinerant magnetism to the local environment of th
atoms2,3 suggests that other instabilities towards spiral-l
spin-density waves7 ~SDW’s! or even more complex mag
netic structures should also be possible in general. For
ample, the tendency to antiferromagnetic~AF! order close to
PRB 600163-1829/99/60~8!/6121~10!/$15.00
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half-band filling and the presence of triangular loops in co
pact structures generates magnetic frustrations that may
ily yield complex arrangements of the local magnetic m
ments. Moreover, the reduction of local coordinati
numbers at the surface of clusters removes constraints
tween the local moments and could favor the developmen
low-symmetry spin polarizations. In solids, noncolline
magnetic structures have been identified experimentally
theoretically already for a long time.7–11 In contrast, very
little is known at present in the case of finite systems.12–14

Fully unrestrictedab initio calculations of noncollinear spin
arrangements have been performed only recently for v
small FeN clusters.14 The investigation of magnetic phenom
ena of this kind requires a symmetry unrestricted approac
which noa priori assumptions are made concerning the re
tive orientation of the local magnetic moments, thereby
larging the number of degrees of freedom of the problem

The possibility of developing noncollinear magnet
structures in small clusters should also have direct impli
tions for the comparison between theory and experime
Stern-Gerlach deflection measurements indicate that the
erage magnetic momentsm̄N in CrN and VN clusters are very
small, eventually vanishing@m̄N<0.7mB for CrN and VN
~Ref. 15!#. State of the art collinear-spin calculations3 yield
large local magnetic momentsm l showing AF order. In spite
of the partial cancellations between differentm l implied by
antiferromagnetism, them̄N obtained by these methods a
generally larger than the experimental values.15 It would be
therefore of interest to investigate to what extent the form
tion of noncollinear magnetic arrangements yields a m
complete cancellation among the local spin polarizatio
thus reducingm̄N .

The main purpose of this paper is to investigate the ch
acteristics of noncollinear magnetic states in finite comp
6121 ©1999 The American Physical Society
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6122 PRB 60OJEDA, DORANTES-DÁVILA, AND PASTOR
clusters. We consider the single-band Hubbard model
determine the ground-state magnetic properties in the f
unrestricted Hartree-Fock approximation. The theoretical
proach, outlined in Sec. II, is applied to clusters havingN
<43 atoms. The results presented in Sec. III analyze non
linear magnetic behaviors for a few representative comp
structures. Several examples are given that illustrate the l
variety of three-dimensional magnetic arrangements obta
in the self-consistent calculations as a function of the C
lomb repulsion strengthU/t, band fillingn/N, and structure.
In Sec. IV we compare the UHF results with exact diagon
ization calculations forN513 atoms ~Lanczos method!.6

The role of quantum fluctuations beyond the mean field
the consequences of the often artificial breaking of spin s
metry implied by the formation of the noncollinear local m
ments are discussed. Taking into account that approxi
tions such as UHF are unavoidable for larger clusters and
more realistic model Hamiltonians, it is of considerable
terest to test the validity of these methods in order to
prove the interpretation of the approximate results and
obtain a more accurate description of magnetic phenom
in clusters.

II. THEORETICAL METHOD

The single-band Hubbard Hamiltonian16 is given by

H52t (
^ l ,m&,s

ĉls
† ĉms1U(

l
n̂l↑n̂l↓ , ~2.1!

whereĉls
† ( ĉls) is the creation~annihilation! operator of an

electron at sitel with spin s, and n̂ls5 ĉls
† ĉls is the corre-

sponding number operator (n̂l5(sn̂ls). The first sum runs
over all pairs of nearest neighbors~NN! and the second ove
all sites. The model is characterized by the dimension
parameterU/t, which measures the relative importance b
tween kinetic and Coulomb energies, by the cluster struct
which defines the kinetic energy operator, and by the num
of valence electronsn. The variations ofU/t can be associ-
ated with a uniform relaxation of the interatomic distanc
~e.g.,t}Ri j

25 for TM’s! or with changes in the spatial exten
sion of the atomiclike wave function, as in different eleme
within the same group. Differentn ’s correspond to differen
band fillingsn/N that may be associated qualitatively wi
the variations ofn/N across a TMd series. In spite of its
simplicity, this Hamiltonian has played, together with relat
models, a major role in guiding our understanding of t
many-body properties of metals and of low-dimensio
magnetism. It is the purpose of this work to use it to inve
tigate the properties of noncollinear itinerant magnetism
small compact clusters.

In the unrestricted Hartree-Fock approximationH is re-
placed by the single-particle Hamiltonian7,11,12

HUHF52t (
^ lm&s

cls
† cms1U(

ls
~r ls,ls cl s̄

†
cl s̄

2r ls,l s̄ cl s̄
†

cls!, ~2.2!

from which a single-determinant approximationuUHF& to
the ground state is obtained. In Eq.~2.2!, r ls,ls8 are the
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matrix elementsr ls,ls85^cls
† cls8& of the density matrix,

where ^•••&5^UHFu•••uUHF& implies self-consistency
The distribution of the electron density is given by

^nl&5r l↑,l↑1r l↓,l↓ , ~2.3!

and the spin polarization̂SW l&5(Sl
x ,Sl

y ,Sl
z) by

^Sl
x&5~r l↑,l↓1r l↓,l↑!/2,

^Sl
y&52 i ~r l↑,l↓2r l↓,l↑!/2, ~2.4!

^Sl
z&5~r l↑,l↑2r l↓,l↓!/2.

Notice that the local magnetic moments^SW l& are collinear if
r ls,l s̄50 ; l .

The UHF energy can be rewritten as

EUHF52t (
^ l ,m&,s

r ls,ms1
U

4 (
l

^nl&
22U(

l
u^SW l&u2.

~2.5!

One observes that the Hartree-Fock Coulomb ene
EC

HF—the sum of the second and third terms in Eq.~2.5!—
favors a uniform density distribution and the formation
local momentŝ SW l&. Due to the local character of Hubbard
Coulomb interaction, the relative orientation of different^SW l&
does not affectEC

HF . It is therefore the optimization of the
kinetic energy that eventually leads to the formation of co
plex magnetic structures withu^SW l&•^SW m&uÞ1 or to nonuni-
form density distributionŝnl&.

The UHF equations often allow multiple self-consiste
solutions which correspond to different magnetic behavio
It is therefore important to ensure that the final results c
respond to the true UHF ground state. The situation is p
ticularly delicate in our calculations since we allow a com
plete, independent rearrangement of the charge and
degrees of freedom at every atomic site and since in lo
symmetry clusters the spin structure is very difficult to inf
a priori. In practice, several random spin arrangements~typi-
cally, 5–10! are used as starting points of the self-consist
procedure for each considered value ofU/t. Moreover, the
different solutions are followed as a function ofU with small
incrementsDU ~depending on the situationuDUu/t50.01–
0.1). Finally, the corresponding UHF energies are compa
in case of multiple solutions for a givenU/t, and the numeri-
cal stability of the results is verified.

As a consequence of the tendency to avoid double orb
occupancies, the UHF solutions often correspond to state
broken symmetry: spin-density waves~SDW’s!, charge-
density waves~CDW’s!, or both. The spin-rotational invari
ance of Eq.~2.2! implies that the energy is unchanged afte
rotation of the whole spin arrangement$^SW l&, l 51, . . . ,N%.
Therefore, if^SW l&Þ0 one has a set of linearly independe
congruent solutionsuUHFk& (k>2) which have the same
average energyEUHF and which differ from each other only
by the orientation of the spin polarizations relative to t
cluster structure. The illustrations of spin arrangeme
shown in Sec. III correspond to one of these SDW’s, wh
is chosen only for the sake of clarity. The set of UHF so
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PRB 60 6123NONCOLLINEAR CLUSTER MAGNETISM IN THE . . .
tions may be used to restore the symmetry appropriate to
exact ground stateuC0& thereby improving the approximat
wave function.17,18

In order to quantify the role of electron correlations and
assess goal and limitations of the UHF approximation in
plications to finite clusters, we shall also compare some
our results with those obtained by applying exact diagon
ization methods.4–6

III. NONCOLLINEAR MAGNETIC ORDER
IN COMPACT CLUSTERS

A. Antiferromagnetic clusters

In Fig. 1 UHF results are given for the local magne
moments m l5u^SW l&u and the total magnetic momentmT

5u( l^SW l&u of fcc-like clusters havingN513, 19, and 43 at-
oms at half-band filling (n5N). These clusters are forme
by adding to a central atom (l 51) the successive shells of it
first NN’s (N513), second NN’s (N519), and third NN’s
(N543). Several common properties are observed as a f
tion of U/t. Starting from the uncorrelated limit (U50), the
total momentmT remains approximately constant forU/t
<3 –4. In the weakly interacting regime, the local mome
m l do not depend strongly onU/t and are generally small
Notice that forN543, mT is not minimal at smallU (mT
53/2) due to degeneracies in the single-particle spectr

FIG. 1. Magnetic moments as a function of the Coulomb rep
sion strengthU/t for fcc-like clusters having~a! N513, ~b! N
519, and~c! N543 atoms at half-band filling~UHF approxima-

tion!. Local momentsm l5u^SW l&u are shown for the central atoml
51 ~dashed!, its first NN’s (l 52 –13, dotted!, second NN’s (l
514–19, dashed-dotted!, and third NN’s (l 520–43, short dashed!.
In ~b! and ~c! m l refers to the shell average. The total momentmT

5u( l^SW l&u is given by the solid curves.
he

-
f

l-

c-

s
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For largerU/t, mT decreases rapidly, eventually with som
discontinuities and a few oscillations reaching values cl
to mT50 for U/t.5 –6 (U/t.9 for N543). At this inter-
mediate range ofU/t, the m l increase more rapidly, ap
proaching saturation at theU/t for which mT is minimum
(m l.0.40–0.45). The opposite trends shown bym l andmT

are a clear indication of the expected onset of strong AF-
order at half-band filling. We shall see in the following th
this corresponds in fact to noncollinear spin arrangement
U/t is increased beyondU/t55 –6 ~beyondU/t59 for N
543) the local moments do not vary significantly. The to
momentmT either does not change very much (N519) or
increases monotonically withU/t (N513 and 43! remain-
ing always smaller than 1/2.

The almost complete cancellation of rather large lo
moments is qualitatively in agreement with experiments
TM’s having a half-filled or nearly half-filledd band, such as
Cr and V. Stern-Gerlach measurements15 indicate that CrN
and VN clusters show very small, eventually vanishing, a
erage magnetic moments per atom (m̄N<0.7mB). In contrast,
the local moments are expected to be significantly enhan
with respect to the bulk, particularly in the case of Cr, as i
known to be the case at the surfaces of the solid.19 It is worth
noting that if the spins are restricted to be collinear, o
generally obtains larger values ofm̄N , since the sublattice
magnetizations often do not cancel out in a finite cluster w
an open surface.3 It would be very interesting to extend th
present study by performing realisticd-band model calcula-
tions allowing noncollinear spin arrangements in TM clu
ters, particularly close to half-band filling.

The changes inm l and mT as a function ofU/t are the
result of qualitative changes in the magnetic order. As
example we show in Fig. 2 the self-consistent spin arran
ments obtained in fcc clusters withN513 atoms for repre-
sentative values ofU/t (n5N).20 For small U/t (U/t
,3.7) one finds a collinear AF order with smallm l @Fig.
2~a!#. Here we observe a charge- and spin-density wave
the cluster surface that is related to degeneracies in
single-particle spectrum atU50. The atoms belonging to th
central~001! plane@shown in gray in Fig. 2~a!# have much
larger moments than the atoms at the upper and lower~001!
planes. For example, forU/t50.5, m l50.13mB at the central
plane, while the other surface moments arem l50.005mB
~see Fig. 1!. The central atom has a small spin polarizati
(m150.002mB for U/t50.5). Notice that the magnetic orde
within the upper and lower~001! planes is ferromagneticlike
~with small m l) and that the surface moments belonging
successive~001! planes couple antiferromagnetically. Thu
the magnetic moments at the surface of the central plane
not frustrated since all its NN’s are antiparallel to them. Th
explains qualitatively the largerm l found at this plane. In
contrast, unavoidable frustrations are found for the smal
magnetic moments at the central site and at the atoms o
upper and lower~001! planes@see Fig. 2~a!#.

The crossover from the small-U/t to the large-U/t regime
takes place as a succession of noncollinear spin arrangem
which attempt to minimize the magnetic frustrations amo
the increasing local moments. A representative exampl
shown in Fig. 2~b!. While in this case the spin arrangement
noncollinear, all the spin moments still lie in the same pla

l-
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6124 PRB 60OJEDA, DORANTES-DÁVILA, AND PASTOR
The very small values ofmT shown in Fig. 1 for intermediate
U/t indicate that there is an almost complete cancellat
among thê SW l&. However, this type of spin arrangement
unstable if the strength of Coulomb interactions is furth
increased. AtU/t.5.1 the cluster adopts a fully three
dimensional spin structure which remains essentially
changed even in the strongly correlated limit@Fig. 2~c!#. The
spin arrangement can be viewed as a slight distortion of

FIG. 2. Illustration of the UHF magnetic order in fcc-like clu
ters havingN513 atoms,n5N513 electrons, and representativ
values ofU/t ~Hubbard model! ~Ref. 20!. ~a! U/t,3.7: the surface
atoms in gray have larger local magnetic mome

u^SW l&u50.16–0.18 and less electron density^nl&.0.88–0.90 than

the other surface atoms for whichu^SW l&u.0.02–0.03 and^nl&
51.05–1.12. The spin arrangement is collinear.~b! 4.8<U/t,5.1:
the plane of the figure is perpendicular to the~111! direction. The

arrows show the local spin polarizations^SW l& which are all within
the ~111! plane.~c! U/t>5.1: the plane of the figure is perpendic

lar to the~111! direction. The arrows show the projection of^SW l& on

to the ~111! plane. At the central atom̂SW 1&i(111). The off-plane

components of̂SW l& at the surface atoms are antiparallel to the c
tral spin and have all the same value (u^Sl

z&u.0.023–0.056 forl
52 –13!.
n

r

-

e

spin ordering that minimizes the energy of a classical
Heisenberg model on the surface shell, i.e., ignoring the
teractions with the central site. In fact, if the central ato
were removed or if it carried no local moment—as it is t
case forn512—the surface moments^SW l& would point along
the medians of one of the triangles at the surface and t
would lie all within the same plane. The magnetic intera
tions with the central spin̂SW 1& in the 13-atom cluster induce
a small tilt ^Sl

z& of the surface spin polarizations that is o

posite to^SW 1& (^SW 1&i ẑ for n5N513). The^Sl
z& component

is the same for all surface sites and depends moderatel
U/t (u^Sl

z&u50.023–0.056 forU/t>5.1).
Similar magnetic structures are also found in larger sy

metric fcc clusters. In Fig. 3 the self-consistent spin config
ration forN543 andU/t510 is illustrated (n5N). The mo-
ment^SW 1& of the central site points along the~111! direction
(' to the plane of Fig. 3!.20 The other̂ SW m& lie almost in the
plane of the figure with only small components^Sm

z & along
the ~111! direction. As forN513, ^Sm

z & is induced by the

interactions witĥ SW 1&. In fact, if ^SW 1& vanished, all the spins
would be in the plane of the figure.^Sm

z & is the same for all
atoms in a given NN shell, and changes sign as we m
from the center to the surface of the cluster. For example,
U/t510, cosu1m520.22 for m belonging to the first shell,
cosu1m50.25 form in the second shell, and cosu1m50.01 for
m in the third shell (cosulm5^SW l&•^SWm&/u^SW l&uu^SWm&u). Notice that
the spin ordering of the innermost 13 atoms is very similar
the one found in fcc clusters withN513 @Fig. 2~c!#. While
these trends hold for symmetric fcc clusters, it is worth

s

-

FIG. 3. Illustration of the local magnetic moments^SW l& in a
43-atom fcc-like cluster at half-band filling andU/t510 ~Ref. 20!.
As in Fig. 2~c!, the plane of the figure is perpendicular to the~111!
direction. The atoms are represented by circles using different s
and gray tones for different~111! layers. The latter are denoted b
A, B, C, and A8 starting from above. The arrows show the proje

tion of ^SW l& onto the~111! plane. At the central atom̂SW 1&i(111).
The spin structure is three-dimensional with off-plane compone

of ^SW l& that alternate sign on different shells around the cen
atom. For the 13 innermost atoms the magnetic order is simila
the one shown in Fig. 2~c!.
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marking that strong modifications of the magnetic order g
erally occur if the symmetry of the cluster is lowered. F
instance, forN514—an atom added to the closed-shell 1
atom cluster—one obtains a ferromagneticlike coupling
tween the central atom and some of its first neighborsn
5N andU/t510).21

A more detailed account of the spin correlations in t
UHF ground state of fcc clusters at half-band filling is pr
vided by the expectation values^SW l•SW m&. In Fig. 4 the aver-
age of ^SW l•SW m& between NN atoms at different shells
shown. In most cases we observe that^SW l•SW m&,0 ~AF cor-
relations! and thatu^SW l•SW m&u increases with increasingU/t.
A particularly important increase of AF correlations is o
served for intermediateU/t when the local momentsm l are
formed (U/t.4.5–5.5 forN513 and 19, see also Fig. 1!.
This is consistent with the already discussed decrease omT
and the onset of AF order. There are, however, two exc
tions to this trend. The correlationsg01 between the centra
site and the surface shell forN513 increase somewhat fo
U/t.5 (g01,0), implying that these AF correlations firs
tend to be less important when them l increase. This indicate
that, as a result of frustrations, the more important incre
of AF correlationsg11 among the surface NN’s is done at th
expense of the correlations between the central atom and
surface. A similar behavior is found in exact calculations,
it will be shown in Sec. IV. Another interesting case co

FIG. 4. Spin correlationŝSW l•SW m& in fcc-like clusters havingN
513–43 atoms as a function ofU/t. Results are given for the
average spin correlationsg01 between the central site and its fir
NN’s ~solid!, g11 between NN sites on the first shell~dashed!, g12

between NN sites on the first and second shell~dashed-dotted!, g13

between NN sites on the first and third shell~dotted!, andg23 be-
tween NN sites on the second and third shell@lower thin curve in
~c!#.
-
r
-
-

p-

e

the
s

cerns the correlationsg12 between the first and secon
atomic shells forN519 and 43. Here we observe thatg12
changes sign upon going fromN519 to N543 (U/t.5).
Moreover, once the local moments are formed,g01 decreases
for N519 @g01(19),0# and increases forN543 as U/t
increases@g01(43).0#. This behavior can be qualitativel
understood by comparing the surfaces of these clusters.
N519 the outermost spins~shell 2! are free to couple anti-
ferromagnetically with their NN’s~shell 1!. However, the
presence of an additional atomic shell forN543, which has
NN’s belonging to both the first and second shells, force
parallel alignment of the spins in shells 1 and 2 in order
allow AF coupling with the third shell. In fact, as shown
Fig. 4~c!, g13 andg23 are the strongest AF correlations in th
43-atom cluster. The same conclusions are drawn by c
paring the relative orientations of the spin polarizations~Fig.
3!. One observes that the anglesu23 between NN spin polar-
izations at shells 2 and 3 are the largest in average (u23
.p).

B. Band filling and structural effects

In order to investigate the effect of changing the numb
of valence electrons close to half-band filling we have p
formed calculations for fcc-like 13-atom clusters havingn
5N21512 electrons. One observes that asU/t increases
magnetism sets in, showing first a collinear-spin state w
small local moments (U/t<4.9). This corresponds to a spin
density wave along the~001! direction with significant frus-
trations at triangular faces. As the local moments increa
for largerU/t, the spin arrangement develops an increas
degree of noncollinearity. ForU/t.4.9 the moments at the
triangular faces point along the medians just as in the c
sical antiferromagnetic ground state of an isolated triang
yielding a strictly vanishing total momentmT .13 Notice that
in spite of the three-dimensional geometry of the cluster,
spin structure is two-dimensional~all magnetic moments lie
on the same plane!. Qualitatively, these trends are similar
the n513 case~Fig. 2!. The main difference concerns th
behavior at the central site which remains unpolarized a
result of frustrations. As in then5N case~Fig. 1!, the small
value of the total momentmT is the result of noncollinear
arrangements of rather large local moments.

The topology and symmetry of the cluster structure
known to play a major role in determining the magnetic c
relations within the cluster. It is therefore interesting to co
sider different geometries and to compare their magnetic
havior. In Fig. 5 the UHF magnetic order in a 13-ato
icosahedral cluster havingn512 electrons is illustrated fo
representative values ofU/t. As a result of degeneracies i
the single-particle spectrum (U50) a noncollinear, coplana
arrangement of the local magnetic moments is found at
surface already for very smallU/t @see Fig. 5~a! for 0.8
,U/t,5.5]. At the central atom~not shown in the figure!
the magnetic momentm150, as in the fcc 13-atom cluster
with n512. Notice that significant magnetic frustrations a
present for smallU/t. In some triangles the spin polariza
tions point along the medians just as in the classical Heis
berg model, while in others two spins are parallel~i.e., fully
frustrated! @see Fig. 5~a!#. For larger values ofU/t (U/t
.5.5) a less frustrated solution is favored by the antifer
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6126 PRB 60OJEDA, DORANTES-DÁVILA, AND PASTOR
magnetic correlations as shown in Fig. 5~b!. This corre-
sponds to a truly three-dimensional arrangement of the
face moments which follows the topology of the clus
geometry (m150). The spin structure is such that if the su
face spin polarizationŝSW l& are brought to a common origi
they form an icosahedron. The magnetic moments^SW l& on
pentagonal rings present a small component that is per
dicular to the plane containing the atoms and that is antip
allel to the magnetic moment of the atom capping the ri
The projections of̂SW l& on to the plane of the ring are ordere
in the same way as in an isolated pentagon. Once more,
small ~in this case strictly vanishing! mT is obtained as a
result of noncollinear arrangements of rather large local m
ments^SW l&.

C. Ferromagnetic clusters with noncollinear moments

Strong ferromagnetic systems are described quite
rectly in the framework of collinear approaches. In we
~unsaturated! ferromagnets the electronic correlations oft
result in more complex behaviors. Magnetic instabilities
wards noncollinear spin arrangements can be therefore
pected in small clusters, particularly in cases of low symm
try or close to a transition from nonmagnetic

FIG. 5. Illustration of the magnetic order at the surface of
icosahedral 13-atom cluster withn5N21512 electrons~UHF ap-
proximation! ~Ref. 20!. ~a! 0.8,U/t<5.5: all local magnetic mo-

ments^SW l&, represented by the arrows, are parallel to the plane

the figure.~b! U/t.5.5: the arrows show the projections of^SW l& on

the plane of the figure. At sitel 52, ^SW l& is perpendicular to the

plane of the figure~along thez axis!. The^SW l& at sitesl 53 –7 have

antiparallel projection to ^SW 2& @cosu2l5(^SW l&•^SW2&)/(u^SW l&uu^SW2&u
.20.45)#. If brought to a common origin, the spin polarization

^SW l& form a perfect icosahedron. Notice that the positions of
atoms in the lower pentagonal rings have been expanded alon
polar radius in order to ease the visualization.
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ferromagnetic states. In fact, recent first-principles calcu
tions on FeN (N<5) have revealed new noncollinear sp
states than in some cases are more stable than the us
considered collinear ones.14 In order to investigate this prob
lem we have performed calculations for the band fillingn
5N11 that is known to develop a FM ground state in t
limit of large U/t.22 In Fig. 6 results are given form l andmT
in an fcc 13-atom cluster withn514 electrons. In this case
we observe an essentially monotonic increase ofmT that re-
flects the progressive development of a fully polarized fer
magnetic state. Close to the threshold for the onset of fe
magnetism (4.5<U/t<6.5) the changes of the AF-like spi
arrangement produce small oscillations ofmT ~see the inset
of Fig. 6!. The approximately steplike behavior resembles
first sight the results obtained in collinear mean-fie
calculations.23 However, in the present case the physical p
ture behind the formation of a FM state is quite differe
The increase ofmT close to the steps involves a succession
noncollinear spin arrangements with increasing degree
parallel moment alignment. Moreover, notice that the lo
moments increase much more rapidly thanmT approaching
saturation (m l.0.40–0.45! for values ofU/t at whichmT is
still small. Thus, the increase ofmT with U/t is the result of
a progressive parallel alignment of already existing local m
mentsm l . In contrast, in collinear Hartree-Fock calculatio
the increase ofmT is associated with the formation of th
local moments themselves, sincemT is approximately pro-
portional tom l .

23 Comparison with exact calculations show

f

e
the

FIG. 6. Magnetic moments in a fcc-like 13-atom cluster w
n514 electrons as a function ofU/t ~UHF approximation!: ~a! total

momentmT5u( l^SW l&u and~b! local momentsm l5u^SW l&u at the cen-
tral site ~dashed line! and at the surface~dotted line!.



r t
t
t

M
ac
r-
g

e
s

i
t

ity
he
rie

M

fo

n
th
s

te
—
te
a

ap
tu
6,

a

e
ob
er

rge
the
to

han

he

s

per-
ons
act
ace
the

nts
the
ncel

for
xi-
ted
et-

are
la-
HF
t on
ns

cc-

st

PRB 60 6127NONCOLLINEAR CLUSTER MAGNETISM IN THE . . .
that the present noncollinear picture is qualitatively close
the actual ground-state magnetic properties, at least for
single-band Hubbard model. Indeed, we have computed
local momentsm l

25^Sl
2& and the total spinSof the same fcc

13-atom cluster (n514) as a function ofU/t by using Lanc-
zos exact diagonalization methods.5,6 Starting from the un-
correlated limit@m1

2(U50)50.28 andm l
2(U50)50.36 for

l 52 –13# m l
2 increases rapidly withU/t reaching values

close to saturation already forU/t.10 @m1
2(U510)50.56

and m l
2(U510)50.64 while m1

2(U5`)50.56 andm l
2(U

5`)50.70 for l 52 –13#. In contrast the ground-state spinS
remains equal to zero up toU/t.40. This implies that for
n5N11514 the local moments are formed well before F
order sets in, as given by the noncollinear UHF appro
~Fig. 6!. Notice, however, that the situation could be diffe
ent for other band fillings where ground-state ferroma
netism is found at much smallerU/t or whereS is a nonmo-
notonous function ofU/t @e.g., forn515– 18~Ref. 6!#. UHF
yields larger local magnetic moments at the cluster surfac
agreement with the exact results but it underestimates
verely both the Coulomb repulsionU/t above whichmT
.1/2 as well as theU/t for reaching saturation.

The present nonsaturated ferromagnetic behavior w
noncollinear spin polarizations is qualitatively analogous
the results recently obtained for small FeN clusters (N<5) in
the framework of an unrestricted local spin-dens
approximation.14 We have performed calculations using t
Hubbard model and UHF for some of the cluster geomet
considered in Ref. 14 for FeN . In the linear trimer (N53 and
n54) and in the trigonal bipyramid (N55 andn56) the
magnetic order changes with increasingU/t from collinear
AF, over noncollinear weak FM, to collinear saturated F
in a similar way as in the previously discussedN513 cluster
(n514). For intermediate values ofU/t we obtain the non-
collinear spin arrangements reported in Figs. 1~a! and 1~c! of
Ref. 14. The collinear solutions of Ref. 14 are obtained
small U/t @AF as in Fig. 1~b!# or largeU/t @FM as in Fig.
1~d!#. This is remarkable, taking into account the significa
differences between the first-principles approach and
present one. It suggests that the noncollinear magnetic in
bilities should have a more universal origin, probably rela
to the cluster topology. Finally, it should be recalled that
despite the improvements provided by the fully unrestric
description—the breaking of spin symmetry and the form
tion of a permanent SDW are artifacts of the mean-field
proximation, as demonstrated by exact diagonalization s
ies for the Hubbard model~see the Sec. IV and Refs. 5 and
for example!.

IV. COMPARISON BETWEEN UHF AND EXACT
RESULTS

A. Spin correlations

In Fig. 7 UHF and exact results are given for the loc
momentsm l

25^Sl
2& and spin correlationŝSW l•SW m& in a fcc-

like 13-atom cluster. The UHF values form l
2 are quantita-

tively not far from the exact ones. Not only the uncorrelat
limit ( U50) is reproduced, but good agreement is also
tained in the largeU/t regime. Main trends such as the larg
m l

2 at the cluster surface for smallU/t and the reduction of
o
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the difference between surface and inner moments for la
U/t are correctly given. However, UHF underestimates
increase ofm l

2 for U/t,3.7 and anticipates the tendency
localization with increasingU/t. This results in a much more
rapid crossover from weak to strong interacting regimes t
in the exact solution.

The quantitative differences are more important in t

case of spin correlation functionŝSW l•SW m&, particularly for
largeU/t @Fig. 7~b!#. Here we find that UHF underestimate
the strength of AF spin correlationsg11 at the surface. This
can be interpreted as a consequence of the formation of
manent local moments that blocks quantum spin fluctuati
along the transversal directions. Still, in both UHF and ex
calculations, the increase of AF correlations at the surf
~increase ofug11u) is done at the expense of a decrease of
spin correlations with the central atom~decrease ofug01u).
AF correlations among the larger surface magnetic mome
become more dominant, while the AF couplings between
central atom and the different surface atoms tend to ca
out. The discrepancies between UHF and exact results
N513 show the limits of mean-field and give us an appro
mate idea of the corrections to be expected in correla
calculations on larger clusters. As expected, UHF yields b
ter results for properties like the local moments, that
related to the spin density distribution, than for the corre
tion functions. Nevertheless, since the trends given by U
are qualitatively correct, one can be reasonably confiden
the validity of the conclusions derived in previous sectio
for larger clusters~Figs. 1 and 4!.

FIG. 7. Comparison between UHF and exact results for a f
like 13-atom cluster at half-band filling.~a! Local magnetic mo-
ments ^Sl

2& at the central site (l 51, dashed curves! and at the
cluster surface (l 52 –13, solid curves!. ~b! Averageg i j of the spin

correlation functionŝ SW l•SW m& between the central site and its fir
NN’s at the surface (g01, solid curves! and between NN’s at the
surface shell (g11, dashed curves!. The curves with~without!
crosses correspond to exact~UHF! results.
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B. Structural stability

The determination of the structure of magnetic cluster
a problem of considerable importance since structure
magnetic behavior are interrelated.2–6 Moreover, since mos
calculations of cluster structures are based upon mean-
approximations, it is very interesting to evaluate the r
played by the electronic correlations. We have therefore
termined the relative stability of a few representative clus
structures as a function of band fillingn/N and Coulomb
repulsion strengthU/t in the framework of the UHF approxi
mation to the Hubbard model and we have compared
results with available exact calculations.6 Four different sym-
metries are considered: icosahedral clusters, which maxim
the average coordination number, face-centered-cubic~fcc!
and hexagonal-close-packed~hcp! clusters, as examples o
compact structures which are found in the solid state,
body-centered-cubic~bcc! clusters, as an example of a rath
open bipartite structure. These cluster geometries are re
sentative of the various types of structures found to be
most stable in rigorous geometry optimizations forN<8.5

The results forN513 are summarized in the form of
magnetic and structural diagram shown in Fig. 8. A qual
tive description of the type of magnetic order obtained in
self-consistent calculations is indicated by the different sh
ings. One may distinguish three differentcollinear spin ar-
rangements: nonmagnetic solutions~NM!, nonsaturated or
weak ferromagnetic solutions~WFM! and saturated ferro
magnetic solutions~SFM!. The NM case includes paramag
netic states in which the total momentmT is minimal (mT
50 or 1/2!. Concerning thenoncollinearspin arrangements
we distinguish two cases: noncollinear nonmagnetic st
~NC! in which nonvanishing~eventually large! local mo-
mentsm l sum up to an approximately minimal total mome
mT,1, and noncollinear ferromagnetic states~NCFM! that
show a net magnetizationmT>1. The NC states include a
sort of frustrated antiferromagneticlike spin structures,
example, those illustrated in Figs. 2 and 5. In order to qu
tify the effect of electron correlations the results should
compared with the corresponding magnetic and struct
diagram as recently obtained by using exact diagonaliza
methods~see Fig. 12 of Ref. 6!.

For smallU/t (U/t,10) the UHF results for the mos
stable of the considered structures are in very good ag
ment with the exact calculations~compare Fig. 8 of this pa
per and Fig. 12 of Ref. 6!. The icosahedral cluster yields th
lowest energy in the low carrier-concentration regimen
<6) as could have been expected, taking into account
the largest coordination number is favored for smalln.5 In
this case, the kinetic energy dominates~uncorrelated limit!
and therefore the structure with the largest bandwidth is
bilized. Asn is increased several structural transitions occ
For smallU/t, both exact and UHF calculations present t
same structural changes: from icosahedral to fcc structur
n511, from fcc to hcp atn517, and from hcp to bcc atn
520. At larger U/t (U/t.12) the interplay between th
kinetic and Coulomb energies introduces important corre
tions that cannot be accounted for within UHF and that p
a central role in the determination of the magnetic and str
tural properties. A main source of discrepancy is the
strong tendency of UHF to yield SFM ground states, parti
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larly above half-band filling, which often disagrees with th
exact results.6 Consequently, the optimal structure is miss
rather frequently in the limit of largeU/t. For example, for
n519 andU/t.18, UHF predicts the fcc structure with
SFM ground state, while in the exact calculation the ico
hedral cluster withS51/2 is the optimum. Similar draw-
backs are seen for other band fillings such asn57, 10, 21,
and 22~large U/t). Still, in the event that the true groun
state does show strong ferromagnetism, UHF succeeds s
the ground state is the superposition of single-particle sta
Examples of this kind aren512, 14, and 20 for largeU/t.
These are rather exceptions since the presence of a
ground state in the exact solution is in general much l
frequent than predicted by UHF. Around half-band fillin
UHF reproduces qualitatively well the transition from fcc
hcp to icosahedral structure with increasingU/t as well as
nontrivial reentrant effects (n513–18!. However, UHF un-
derestimates the value ofU/t at which the structural change
occur ~see Fig. 8 and Fig. 12 of Ref. 6!.

FIG. 8. Magnetic and structural diagram of clusters havingN
513 atoms as obtained by using the Hubbard model in the u
stricted Hartree-Fock~UHF! approximation. Four different types o
structures are considered: icosahedral~ICOS!, face-centered-cubic
~FCC!, hexagonal-close-packed~HCP!, and body-centered-cubic
~BCC!. The lowest-energy structure is given as a function of
Coulomb repulsion strengthU, hopping integralt, and number of
electronsn. The bold lines indicate the structural transitions. F
n,6 the lowest-energy structure is icosahedral and forn.23 it is
bcc. The corresponding UHF magnetic orders are indicated by
ferent shading patterns: nonmagnetic~no shading, NM!, collinear
weak ferromagnetic~diagonal lines, WFM!, saturated ferromagnetic
~crossed lines, SFM!, noncollinear with total momentmT,1 ~hori-
zontal lines, NC!, and noncollinear with total momentmT>1 ~ver-
tical lines, NCFM!.
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V. SUMMARY AND OUTLOOK

The magnetic properties of compact clusters have b
investigated using the single-band Hubbard model and
fully unrestricted HF approximation that allows the form
tion of noncollinear arrangements of the local magnetic m
ments ^SW l&. AF clusters in the relevant interaction regim
(U/t.5) show large^SW l& forming complex spin arrange
ments that attempt to minimize the effects of frustrations
the compact~nonbipartite! structure. The resulting cluste
magnetizationmT5u( l^SW l&u is in general very small or van
ishing. This is a significant improvement with respect to c
linear studies and agrees qualitatively with exact results.
details of the magnetic order are found to be very sensitiv
the topology of the cluster geometry.

A new physical picture has been obtained for the dev
opment of ferromagnetism in small clusters with increas
U/t. In contrast to previous collinear calculations—whe
the local moments and ferromagnetism deve
simultaneously23—the FM state is built up by the progressiv
alignment of already existing local momentsm l5u^SW l&u. The
validity of this interpretation is supported by exact results
N513 and n514 which shows that local moments a
present at values ofU/t far smaller than those required fo
the formation of a FM ground-state (S>1). A similar behav-
ior is expected for more realistic multiband models and
other low-dimensional systems.

Concerning the structural stability, we have shown t
UHF fails to reproduce the exact phase diagram in de
particularly in some of the most interesting AF or weak F
regimes. Structural transitions are sometimes missing an
other cases changes of structures appear artificially. Ne
theless, it is also fair to say that UHF yields a good acco
of the relative stability between the considered structu
even well beyond the weakly interacting regime~up to U/t
.16), and that it also explains the larger stability of ferr
magnetism above half-band filling. In the limit of very stron
interactions the validity of UHF breaks down and correlati
effects beyond the single-determinant wave function are
dispensable in order to obtain the ground-state structure
magnetic behavior reliably.
-
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The role of electron correlations on the magnetic behav
has been quantified by comparison with exact diagonal
tions forN513 atoms. Despite some quantitative discrep
cies, theU/t and environment dependences of the local m
netic moments and spin correlation functions given by U
are in good qualitative agreement with the exact results. T
suggests that UHF with noncollinear spin arrangements
valid starting point for working on larger clusters and mo
complex multiband models. It would be very interesting
extend the present approach to realisticd-band models in
order to allow a direct comparison with experiments and fi
principles calculations on TM clusters. Noncollinear effec
are expected to be particularly important for TM’s showing
tendency to antiferromagnetism such as CrN ,25 VN , MnN ,26

or (FexCr12x)N ,24 as well as for weak FM systems such
RhN .2 Deviations from collinearity should also play a role
finite-temperature spin excitations in the more conventio
FM materials (FeN , CoN , and NiN).

Improvements on the UHF wave function could be intr
duced by restoring the broken spin symmetry as propose
Refs. 17 and 18. However, the success of such an approa
likely to depend on the geometry of the cluster. For examp
in low symmetry structures UHF tends to exaggerate the
mation of spin- and charge-density redistributions. This m
be far from the actual exact solution and can be difficult
correcta posteriori. In such cases a Jastrow-like variation
ansatz on restricted Hartree-Fock states would seem m
appropriate. Finally, it should be recalled that the Hubb
model for small clusters with one orbital per site is probab
the most extremely low-dimensional system one may c
sider. Therefore, fluctuations and correlations effects are
pected to be here more drastic than in larger clusters o
realistic multiband models, more appropriate for the desc
tion of TM’s.
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