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Multiple scattering of radiation in clusters of dielectrics
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A fast, accurate, and general technique for solving Maxwell’s equations in the presence of a finite cluster of
arbitrarily disposed dielectric objects is presented. The electromagnetic field is first decomposed into multi-
poles with respect to centers close to each of the objects of the cluster and multiple scattering is carried out
until convergence is achieved. Radiation scattering cross sections are obtained using this method for clusters
formed by homogeneous spheres and coated spheres made of different m@kr&ilsand SiQ), including
magnetic ones. Near- and far-field distributions are offered as [BIL63-182609)00531-7

I. INTRODUCTION spatial localization and radiation of energy appropriate to
sample valence-band featur8s.

The electromagnetic response of small structures to exter- The simulation of EELS relies on the availability of meth-
nal sources constitutes a field of intense research due to tféls to calculate the field induced by an external electron
promising technological applications of photonic devites. '”tefaf“tﬂg tyénztymcorgplei( t_na?_%gfrzgcturels._ Bleyolnc:_ some
These are in essence materials tailored on the micromet&PM eatvIst and relativist analytical solutions

L . e or simple geometries, numerical methods have been suc-
scale to exhibit unusual properties of transmisSiamd

. - L ; cessfully used in this respettin particular, the relativistic
reflectior? of radiation that can be exploited in the design of boundary element meth@ticonsists of representing the in-

filters qnd mirrors for Iight. .Special emphasis has' beenerfaces of a given heterostructure by means of charges and
placed in the study of periodic structures in connection tccurrents that are solved self-consistently in the presence of
photonic bands, which are formed in a similar way as elecan external field® However, the magnitude of the numerical
tronic bands in solid4-111213The photonic properties of problem becomes unaffordable for targets composed of a
these materials have been tested in macroscopic structur_t?&’ge number of elements. In an attempt to CirC}vaent this
using radiation in the GHz regime, where absolute band gap§sue, granular structures have been studied using effective-
have already been obtain®¥ On the theory side, different Medium theories, taking advantage of averaging over ran-
, iondom distributions of object¥)~%*

methods have been developed to solve Maxwell’'s equation The f lism introduced in thi I ¢
in the presence of periodic arrays, including extensions of, ' ¢ formalism introduced in this paper allows one to re-

. : 4513 duce the solution of Maxwell's equations in the presence of
those used in low-energy electron diffractibh!

I Z and Bloch & . d the t ‘ a cluster of arbitrarily distributed dielectric objects to the
fnZ?r?ng\?)\éro?cﬁl'l‘?c wave expansions, and the transter- knowledge of the individual scattering properties of each of

. the objects. For that purpose, the electromagnetic field is first

Actual photonic microstructures have been r%cently €M4ecomposed into multipoles around each constituent of the
ployed to confine light in a finite region of spate°result- cluster, and multiple elastic scattering of the multipole ex-
ing in well-defined narrow modes that could be eventuallypansiOnS (MESME) is carried out until convergence is
used in laser design. This opens the field of photonic chemgchieved. The time required to numerically solve this prob-
istry, where arbitrarily distributed micrometer elements argem is proportiona| to the square of the number of Objects in
combined to confine, scatter, or emit light. Therefore, theothe cluster. This permits one to compute radiation scattering
retical methods suited to solve the electromagnetic problergross sections for a cluster formed by a large number of
near clusters of dielectric objects are needed to explore thebjects within any desired degree of accurity.
possibilities offered by these structures as they become in- The present formalism shares many features with other
creasingly complex. The present work constitutes an attempheories employed to study electron diffraction in sofitig'?
to advance in this direction. This is a consequence of the fact that electrons moving in the

The solution of Maxwell's equations finds application in a interstitial region between the atoms of a solid, where the
number of spectroscopy techniques, including spontaneoysotential is nearly flat, are governed by the same Helmholtz
emissiont’ light emission from scanning tunneling wave equation that rules the propagation of free photons, the
microscopes? scanning near-field optical microscopy only difference lying in the matching conditions satisfied by
(SNOM),’®%® and  electron-energy-loss  spectroscopyeither the electron wave functions or the electromagnetic
(EELS).2Y For instance, SNOM permits one to obtain spa-fields?
tial resolution on a nanometer scale by using an external The theory of MESME is presented in Sec. Il, where a
probe to bring the light of a laser of much larger wavelengthgeneral, computationally efficient technique is derived that
to the area of the specimen under examinatioposing the  allows us to solve Maxwell’s equations in clusters of arbi-
problem of understanding the measured far-field induced byrarily disposed dielectrics. Section Il describes further com-
local interaction of laser light with structures whose size isputational details. The application to the simulation of radia-
much smaller than the wavelength. This technique combineson scattering is given in Sec. IV. Some numerical examples
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are discussed in Sec. V for clusters of different sizes. Finally, scattering at object o direct scattering
the main conclusions are summarized in Sec. VI. Gaussiatof the self-consistent field of external field
atomic units(a.u., that ise=m=#%=1) will be used from induced by object B at object o
now on, unless otherwise specified. e
o
P @)
Il. MULTIPLE ELASTIC SCATTERING APPROACH v/ind
TO THE ELECTROMAGNETIC PROBLEM p ﬂta

Ss — ext

toHyp t//[i}nd

The electromagnetic field induced by interaction of an
external source with a cluster of dielectric objects will be
solved in terms of MESME around the objects of the cluster.

Some of the underlying ideas involved in this formalism
have been borrowed from cluster models for the simulation QE?
of electron diffraction in solid$?~*?and adapted to deal with ., &
the electromagnetic field rather than the electron wave func- 52‘« self-consistent field
tion, exploiting the well-known analogy between electrons in &i l]. Top Gop induced by object o
solids and light in nanostructuré$? A similar extension & —— —
from electrons to photons was carried out by Ohtaka and '_ }xg fVa Vot BEaHaBV’B ]
co-workeré>3allowing methods developed for the simula- =
tion of low-energy electron diffraction to be employed in the ®
study of photonic band structures for periodic arrays of -
. ) . R
spheres, and, more recently, for two-dimensional lattices of ﬂ of
cylinders**#4|nstead, finite clusters of arbitrarily distributed
objects are considered here, and the photonic properties of
variety of systems are investigated. A full curved-wéweil-
tipole) treatment of the electromagnetic field is used, in com- ®
bination with improved iterative multiple-scattering tech-
nigues. The electron wave functions employed in the FIG. 1. Diagrammatic representation of the elements involved in
electron-diffraction analogy are replaced here by scalar functhe solution of Maxwell's equations in the presence of a cluster of
tions that represent the electromagnetic ffél@he analysis dielectric objects using multiple elastic scattering of multipole ex-
carried out in this section combines the following eleménts. pansion§MESME; see Eq(18), reproduced in this figure as well

(a) The external electromagnetic field.g., the field set The electromagnetic field is expressed in terms of scalar functions
up by incoming radiation or by an external fast eleciran  ¥.. Made up of multipoles relative to dielectric objeats 3, etc.
decomposed into multipoles around each object of the clusthe external field acting on objeet (upper right corner of this
ter. This decomposition is reviewed in Sec. Il A using a no-figure), ¥, is a superposition of spherical plane waves with no net
tation appropriate for its application to MESME. energy flux around the objeﬁdjouble-arrovy line; see E_c(6)]. I_ts

(b) The scattering on each individual dielectric object isScattering aw, represented by the scattering matrjx gives rise
represented by complex scattering matrices, which permfP @ Superposition of scattered outgoing walis/;, " see Eqs(7)
one to obtain the contribution of each object to the scatteregnd (8)] which adds to the induced part of the total field produced
. . . y self-consistent scattering on object ¢, . The remaining con-
field, as discussed in Sec. I B. tribution 1o 4™ i ided by th it a f th I istent

(c) The field resulting from scattering on a given object "0ution 1o #, is provided by the scattering of the self-consisten
needs to be propagated to other objects of the cluster Whelrnduced field coming from each other obje8t «. The latter is

. . - flculated in various stepstarting from the upper left corner
further _scatterlng can take p_Iace. .Thls |nvolv_es nQntr'v'alfirst, the system is rotated by means of a rotation mdijy such
translations of multipoles, which will be examined in Sec.y - the bond vector,—r , is made to point along the positize
ic. , ' , _ axis; the resulting rotated outgoing waves centeret; R, 51/

(d) Finally, the solution of Maxwell's equations is ex- are then expressed in terms of spherical plane waves centergd at
pressed in terms of self-consistently-calculated Scattereg/ linearly translating spherical harmoniag, is the operator for
fields. This leads to the MESME secular equation presente anslations a|0ng the axis, as exp|ained in Sec. ||)Can addi-
in Sec. IID. tional translation operatonw is necessary to compensate for the

Therefore, this formalism permits one to express the Sofack of invariance of multipoles under translation of the origin; the
lution of Maxwell’s equations in the presence of a cluster ofresult is then rotated back to the original position and scattered at
arbitrarily disposed dielectric objects in terms of the indi- objecta. Finally, summation ovep# « yields Eq.(18).
vidual scattering properties of the constituents of the cluster.

Spherical objects, for which the scattering properties are colhomogeneous region of space free of charges and currents.
lected in analytical expressions given in Sec. IIB, will be The electric fieldE is by necessity transversal in that region,
considered here for simplicity. The details of the formalismand thus, it can be expressed in frequency spaces'®?’

are given next and a more schematic picture is offered in Fig.

1 and its caption. i
E=Ladu—

E
VXL,¢¥,, D
A. Electromagnetic multipoles and scalar functions

Let us start by expressing the electromagnetic field irwhere k=w/c, L,=—i(r—r,)XV is the orbital angular
terms of multipoles with respect to a given origipwithina  momentum operator relative to the positiop, and z/;ﬁf' and
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1//5 are the so-called magnetic and electric scalar functionszonsideration, that i€ =E®+E", |n addition, the electro-
respectively. If the region under consideration is filled with magnetic field in the homogeneous medijim0 is a com-
medium j and described by its frequency-dependent locabination of outgoing and incoming spherical waves, repre-
dielectric functione; and magnetic permeability,;, one sented by spherical Hankel function{™(kor) and
finds, upon insertion of Eq(1) into Maxwell's equations, h(~)(k.r), respectively’® In particular,E™ finds its sources
that the scalar functions satisfy the wave equation in the charges and currents induced by the external field in
(V24Kk2) =0 ) the dielectric object, and therefore, it has to be a combination
i ' of only outgoing waves. In other words, the corresponding
wherek; =k+/¢;; (the square root is chosen here to have ascalar functions can be written
non-negative imaginary partBesides, the magnetic field is

found to be Y =2 h{ I ko(r—r )14, )
L

i
H=— k_,u-VX Lot — €L atl, (3 whereh{"(u)=i'nh{")(Ju]) Y, (0). The superscript ss refers
) . ) _ to the fact that the field induced in the presence of just one
and the scalar functions can be determined fiomsing the  object can be considered to be the result of single scattering
identitied™ by comparison to the case of a cluster of several objects,
where multiple scattering becomes relevant, as shown latter

wM:iL E 4) in this work. Equation(7) is valid for r outside a sphere
“ Li “ centered at, and fully containing the dielectric objeéte.,
containing the sources of the induced fjeld
and Within the linear-response approximation, the compo-
) nents of the scattered field have to be proportional to those of
E__ | i(L XV)-E (5) the external field. Therefore, one can write, in terms of the
“ kejuj L2 ' coefficients of expression$) and (7),
Notice that the longitudinal modes are explicitly left out of
this formalism®*®?” preventing from possible numerical prob- yE=2 ta,LL'l!/Zi(tLr , (8)
lems. L’

Equation(2) implies that the multipole expansion of the wheret, . is the so-called scattering matrix. This is sche-
electromagnetic field in the homogeneous region under comatically shown in the upper right corner of Fig. 1, where
sideration can be constructed as a sum of free sphericghe external field acting oa, represented by a double-arrow
waves. The absence of sources in that region indicates thahe to emphasize the fact that it is made up of spherical

these waves CannOt. lead 'FO 'a. .net energy flux through any|ane Waves'l_7 gives rise to Outgoing scattered Wa\}'é_§)
closed surface contained within it, so that they can be termegha; generatess, represented by outgoing arrows.

!

spherical plane waves by analogy to conventional plane The elements of the scattering matrix can be determined

waves. In particular, the scalar functions that Qescribe theor eachL by solving Maxwell's equations in the presence of
external field can be expanded in terms of spherical harmonq gielectric object with the asymptotic condition
icsY, as

=3 Julkr—r )1, @  HOTI 1S (o r),
> |

_ . ~ implicitly definingt, .., and the requirement that be fi-
where L=(I,m), j (u)=ij(Ju})Y (u) represents one of pa everywhere. If, lies within a homogeneous region of
the noted spherical plane wavgsis a spherical Bessel func- gnacei possibly inside the dielectric object, the finiteness of

tion, and y means that only spherical plane wayesg k;(r —r,)] con-

oM tribute at that point, since both outgoing and incoming
W= @ spherical waves diverge at their origin.
“ |yt Although the formalism presented in this work can be

applied to arbitrarily shaped objects, whose scattering matri-
ces are generally dense and can be obtained numereally,
) i _ o we will only consider for simplicity spherically symmetric
B. Single scattering on a dielectric object objects, for which the matching conditions satisfied by the
Now let us focus on a dielectric object located negand  fields (i.e., the continuity of the normal displacement, the
surrounded by a homogeneous medijim0 of dielectric  tangential electric field, the normal magnetic induction, and
function €, and magnetic permeability.,, so that, for a the tangential magnetic figldeduce, after using Eqél) and
given frequency componens, the momentum of the elec- (3), to the continuity ofy , ey, (Liu)(1+ralar)yy
tromagnetic field isky=kyeouo (if j=0 refers to the and (1+rdlar)ys, where local response of the materials
vacuum, one hasy= uo=1 andky=k= w/c). involved in the system is assumed amdand p are the
The total electric field is the superposition of the externalfrequency-dependent response functions that take values
field and the field induced by scattering on the object undeand u; inside mediumj. Thus magnetic and electric scalar

groups both magnetic and electric components.
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functions are not coupled during scattering on a spherically Wavelength (nm)
symmetric object. Furthermore, one can writg . 5 400 200 100 70
=t,,6LL+ In this case. AR '

In particular, for a homogeneous sphere of radiusade
of materialj=1 and surrounded by mediuj=0, one re-
covers expressions familiar from Mie's scattering
theory?”>2"More precisely, the scattering matrices for mag-
netic and electric components read

we_ —lilpo)al" =+ [poii(po)] B
(I po) e E—[poh (po) ] BIE’

where "= uolpidi(p)]' = padi(pr), af

=€l pai(p1)]’, Br=eiji(p1), pj=k;a, and the prime de-

notes differentiation with respect g . Equation(9) repro-

duces the non-magnetic limit whemy= u,=1.2 -
FOI" a nonme}gnetlc coated ;phere of raitb made of 2 2 - 5 40 12 14 48 48 20

materialsj=1 (inner parf and j=2 (outer part, and sur- Ph vV

rounded by vacuum, Ed9) is still valid if one sets oton energy (eV)

©)

Scattering cross section/(na?)

FIG. 2. Total radiation-scattering cross section for an isolated
sphere of Si@ as a function of incoming photon energy for various
M ) , ) values of the sphere radias as indicated by means of labels. The
Bi"=Lp1ii(p1)]" Ci—]i(p1)Dy, cross section, calculated by using Eg0), has been normalized to
the projected areara?.

a|M:[P1j|(P1)]/A|—J'|(P1)B| )

ar=e€[p1ji(p1)]'A—€1ji(p1)By,
BE= €ext€al p1ii(p1)]' Ci—€1ji(p1)D}, s

A=11(p2)psh{(p2)]" —h{(po) [ paii(pa)]’,

Bi=[p2i1(p2)1'[psh{(pa)]" —[pah{ T (p2) 1 [psir(pa)]’,

6(°)

Ci=i1(p2)h{(pa)—h{ P (p2)ii(pa),

Di=[p2i1(p2)1 N (p3)—[pah{ P (p2) 1 i1(pa),

p1=Kkib, p,=k,b, ps=k,a, and py=ka. This expression
converges smoothly to the homogeneous sphere limit when
bothb—0 ora=h. It also reproduces the polarizability co-
efficients in the limitc— .48

Radiation scattering cross sections are presented for iso-
lated spheres in Figs. 2 and 3, and they are discussed in Sec.
V.

e e ]
5 7 10 15 20 25 30

C. Translation of electromagnetic multipoles

When more that one dielectric object is considered, the
results of scattering from each obje@t.g., 8) need to be
propagated to each of the rest of the objects of the cluster 2 3 4 5 6 71 8 9
(e.g.,a), where further scattering events can take place. This Photon energy (eV)
involves both(i) translation of the spherical harmonics ap- ) ) )
pearing in the multipole expansions discussed above(iand FIG. 3. Pependenpe of the elastic cross section on scattering
translation of the origin of multipoles fromy tor, along the angle ¢ for isolated SiQ spheres of radiuga) a=20 nm and(b)
bond vectord .=r —r a=160 nm, as given by the integral of ER9) over azimuthal

() Transla?ilc;)n 0‘? spﬁerical harmonicghe spherical har- directions. The differential cross section has been multiplied by sin
monics and spherical Hankel functions tHat made up the mul?nOI itis given per degree and normalized to the projected-eaéa

. ' . . : he contour curves limiting white areas correspond to values of
tipole expansion of the results of scattering are given in 0.001, 0.011, and 0.06 in the left part of figue, the right part of

coordinates relative tog. They can be expressed with re- i e (a), and figure(b), respectively. The distance between con-
spect to a new origim,, by using the formula for translation secutive contour curves corresponds to fixed values of 0.0002,
of spherical harmonic® 38 0.001, and 0.005, respectively.
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h{Lko(r=rp)]= 2 jilko(r=r)]Gapr  (10) M= yM.ind dL“ﬁ (L, X V)ylind
(valid provided thajr—r,|<d,g), where N kioéuo daﬁ.La,/,%'i”d 3
Gupr =473 (oo (LLIL) - )
is the Green function of Eq2), written in the basis set of d K _
spherical harmonics attachedrtg andrz, and YE =y L“j (Lo X V)ygm— L—idaﬁ-Lw%"”",

14
<L’|L"|L>=J dQ Y{(Q)Y(Q)Y () - "
where the substitutioli2— — k3 has been performed. Now a
linear translation operatdr can be defined to represent this
rule. T acts on the multipole components of the above scalar
functions and takes a particularly simple form wheyy, is

is a Gaunt integral. Whed,; is directed along the positive
axis (i.e., the quantization directionthe Green function re-

duces to directed along the positive axis. More explicitly,
I+ +) l,bM’md wM ind
= ' 1"+ A7 ;r aBl | B.L’
Gaﬁ L= O VAT 1 El I 217+ 1 (kodag) E,ind _E lezﬁ,LL' E.ind |*
=1l YapLl T gL
X(1"m|1”0[Im). (11 where
A recurrence relation has been reported that permits us to s 0
evaluateG; , . efficiently** Notice thatG,, propagates T2 LL’Z[ L }
magnetic and electric components separately. P 0 o
(i) Translation of the origin of multipole&Jnfortunately, D Jeoria
the scalar functiongs are not invariant under translations of 'm  di'mV€oko
the origin of coordinates. This comes from a lack of invari- + SmmKodag| —Aiivm , (15
ance of the angular momentum operator involved in &}. Jeone Pirm
which transforms as €oto
. mé;
Ls=L,—id,zXV c o
B B Qii'm I(I + 1) ’
when changing the origin from, tor, . Therefore, the elec-
tric field induced by scattering aj; can be expressed as Pi'm=01+11'Dis+1m— 6 —1)/DL,

' i and
Elgd B(/,’[\-}/l ,ind__ EV X LB{/,[ES’ ind -
b i (I+m)(1—m) 16
. L=\ o,

:Lawgl,ind_IEVXLaw[E;,ind IV (21-1)(21+1)
as shown in the Appendix.

Notice thatdf'”d is made up of spherical outgoing waves
(h(”) centered atﬁ (this is represented by outgoing arrows
centered aroung in the upper left corner of Fig.)1 The
in terms of operators relative tg,. Following the discussion translation of spherical harmonics discussed in pdint
of Sec. Il A, Ei[';d can be written above allows one to exprefﬁ%‘ in terms of spherical plane

waves () centered at a new origin, (see the diagram on
the left part of Fig. L On the other hand, the translation of
Epd=L ol kV XL 5, the origin of multiples discussed in poifit) operates o/

[already translated as explained in pdint to producew',i‘g,

where % accounts for the contribution to the induced field Which is also made up of spherical plane waves centered at
coming from scattering a3 and expressed in terms of T«

spherical plane waves arouad Now magnetic and electric In brief, the combination of these two operators allows us
components oﬁp'”d can be obtained from Eq¢4) and (5) to obtain the coefficients of the multipole expansmnl/t‘}gjd

after subsntutm@ by E'nd as given by Eq(12), leading to  arounda as TaﬁGaﬁwmd, where z/f'”d represents the vector
the following rule of transformatlon of the scalar funct|ons formed by the coeff|C|entf,~.!f'”d of the multiple expansion of
under translation of the origin along the vecdqlrﬁ ng‘d aroundp.

—id, X Vi "= V><(da3>< Vgg™ (12
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D. Multiple scattering (i) The lack of invariance of multipoles under transla-

Now let us focus on a cluster of dielectric objects labeledonS Of the origin needs to bezovercome by multiplying by
by coordinate vectors,. Our aim is to obtain the scalar the linear translation operatdr,, described in Sec. I1lIC
functions appropriate for the electromagnetic field that satis[Eq_- (15)_]- _
fies Maxwell’'s equations in the presence of the cluster, and (Iv) Finally, thez axis has to be rotated back onto thg;
to relate these functions to the scattering properties of eacfirection usingR,z, and one has
individual component of the cluster. lez 2

The induced part of the self-consistent scattered field will Hap=RapTapGCapRap- (19
be expressed as the sum of contributions coming from thg,¢ analogy with electron diffraction in solf$%is com-

different cluster components, that is, plete, except for the lack of invariance just pointed out.
The rotation matrices can be in turn decomposed into azi-
l/,ind(r)ZE ,/,igd(r)_ muthal and polar rotations ¥s
a

) _ (0] _aym’ Aiem’
Sincey/™ finds its origin in the charges and currents induced Raper= iRy (0,0,0)(=1)™ e, (20

in objecta, it has to be a combination of spherical outgoing and this helps to soften the computational demand in the
waves centered arourng : evaluation of Eq(18), as shown in Sec. III.

¢§d(r):; h{Tko(r—r,) 1901 . (17) . COMPUTATIONAL PROCEDURE

An efficient scheme is presented in this section that al-
Equation(17) is valid for r outside a sphere centeredrgt  |ows us to solve Eq(18) within affordable limits in both
and fully containing objectr. _ computation time and storage demand. The operators in-
Within the single-scatteringss approachy/s? is given  volved in Eqs(18)—(20) are approximated by finite matrices
by the scattered fielg® discussed in Sec. 11 B. This results of dimension] (I maxt 1)?]%, wherel 4 is the maximum or-
from single scattering of the external field as expressed imital angular momentum number under consideratthis is

Eqg. (8), conveniently written using matrix notation as for each component, electric and magnetic; note that Green
functions and rotation matrices act independently on each of
Y=t 0%, these componentsin the calculations that follow, conver-
- gence has been achieved fgy,=12 in most cases.
where the vectors3**¥has componentg>*(*and the ma- The direct inversion of Eq(18) is computationally pro-
trix t, has components, | | . hibitive for large clusters. A procedure for solving it that

The singly scattered field coming from a certain objgct mimics the multiple-scattering expansion consists in starting
can in turn suffer scattering on every other object of they;i, TN91=7SS as a guess fop™, and then calculating the

a

. |nd . . . .
cluster «# B. That is, ¢, receives contributions coming regyit of scattering up to an order2 by using the iterative
from previous scattering on every other objgst . This  gjation

leads to a self-consistent relation for the induced field that
can be written as ~

"= U e 2 Haglp " (21)
NI =0t 2 Hagip, (18) -
fFa PR This is nothing but the Taylor expansion ¢f,'s in powers

where the first term on the right-hand side is the result off ta’s. This procedure has been found computationally con-

direct single scattering of the external fieldatthe second ~Venientin many cases whep!*"— 3¢ asn—ee, particu-
term describes both the propagation of the self-consistentliarly in electron diffraction in solids?*? but it may lead to
scattered field originating in every other objgst « from 8 divergences when any of the eigenvaluestbthas a modu-
to a and the subsequent scattering of this fieldegh =1 is  lus larger than 1.
introduced for convenience; and the operaty; accounts Here Eg.(18) has been solved by using the recursion
for the propagation just note#i,,; can be conveniently con- method3®5! where \ plays the same role as the energy in
structed in four steps as followsee the left part of Fig. 1 for former electronic band-structure calculations. Although one
a schematic representation of this procedidte is only interested in the valuk=1, the recursion method
(i) Following previous work of electron diffraction in results advantageous because it is fully convergent even in
solids?*3?the bond vectod, is rotated onto the axis by  situations where E¢(21) leads to divergence§.This is the
using a rotation matri>RaB,46 which acts on the spherical case in many of the examples offered below, where strong
harmonics of the multipole expansion gfgd_ The Euler Scatterers are placed relatively close to each other.

angles corresponding to this rotation can be chosef, £0, The computational costs of both the iteration procedure
— o) if (0,¢) are the polar angles af, ;. and the recursion method is basically coming from the mul-
(ii) The resulting rotated scalar functions are then propatiplications HaﬁTpEd. These two methods require the same
gated a distance,; along the positive direction of the  number of those multiplications per iteration, name¥y(N
axis. This is accomplished by multiplying by the Green func-—1), whereN is the number of objects in the cluster. The

tion Gz given by Eq.(11). factorization ofH,z given in Egs.(19) and (20) has the
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virtue of reducing both@a) the storage capacity required to IV. APPLICATION TO THE SCATTERING
evaluate those multiplications artd) the computational ef- OF RADIATION
fort.

. o . The formalism presented in Sec. Il will be applied here to
(@ A significant reduction in memory requirements cany,q sy of scattering of radiation in a cluster of arbitrarily

b((al)accompllshed if the coefficients of each polar rotationyisiribyted dielectric objects. Section IV A will be devoted to

R (0,6,0) [see Eg. (20)], each azimuthal rotation derive analytical expressions for the multipole expansion co-

(_1)m'ei¢m’, each translation of spherical harmon(é§ﬁ, efficients of an incoming pIane_ wave. The far field prodqced

and each translation of the origin of multipol€$, are com- by the charges and currents induced in the cluster will be

puted and stored only the first time that they are encountere@iScussed in Sec. IVB.

along the entire calculation. In addition, for any arbitrary

cluster, the points, can be chosen in such a way that they A. Multipoles of the incoming radiation

form a highly symmetrical mesh, where many bond distances \when the cluster is illuminated by a plane wave, the ex-
and angles are repeatétiis might require that the points,  ternal electric field can be writtéh

do not lie necessarily in the geometrical centers of the ob-

jects that they label If this is the case, the total number of Eext= gelKiT, (22)
different bond distances and bond polar angles is consider-

ably smaller than the number of bond vectdrs,. Toillus-  where € is the (complex polarization vector, which is as-
ltrat_e th|s,blet ufs p(;'t forward thef eﬁa”l‘p'? of a S'mple_'cﬁ_b'c'sumed to be normalized &&= 1, andK; is the momentum
attice cube of siaep In units of the ‘atiice constant; this ¢y incoming light E® must satisfy the wave equation in

cluster containg® nodes and (@—1)°—1 different bond . surrounding medium =0, and therefore,|K;|=kq
vectors, a number that has to be compared with at mpst 3 —k\/% wherek= w/c.52

bond distances, since the square of the distance between any

pair of nodes has to gqual an integral number, gnd the disduced in Sec. Il A can be obtained by expanding &@) in
ta!']ce between opp05|te2cqrners/t§p (a bgtter estimate for spherical plane waves and inserting the resulting expression
this case results ir-1.8p° different bond distances for large . Eqs.(4) and (5).%5 One finds
p values.
b) For a given maximum value of the orbital angular- . > -
(b For a g  value ang P ameikite G(Q)-é
momentum numbel,,,,, the dimension of each vectdr, is Eedt|= T - R ,
(I maxt 1)? (for each component, electric and magngt&n Yol IT+1) | &5 (Q0)- (eXK ) (Keguo)
that every matrix-vector produdt gy, involves 4( (23
+1)* complex multiplications. However, all of the matrices
that appear on the right-hand side of E&9) are sparse, as
one can see from Egéll), (15), and(20). A detailed inspec- - _ Q
tion leads to the conclusion that onky(20/3) (I maxt 1)3 Q()=LY ()
complex multiplications are needed to evaluate the product C, ol iC,
H g1 whenH,,; is decomposed as shown in Eg9). This =% Yim+ 1 () + 5 Yim-1(Q), = == Yim+2(Q)
is a factor of~1,,/2 smaller than the direct matrix-vector
product. iC_
Further reduction in computational and storage demand t 5 Yim-2(2), mYL(Q)|, (24)
can be achieved if symmetry relations for the Green func-
tions and the rotation matric¥sare used(e.qg., GZB,Im,I'm andC.=(I=m+1)(IF¥m).

The multipole coefficients of the scalar functions intro-

where(); refers to the polar angles &f; ,

=G* ).
aB,l’—m,l—m
Notice that multiplications by scattering matrices do B. Induced electromagnetic field in the far-field limit
not affect significantly the total computational costs for rela- and scattering cross section

tively large clusterge.g., above ten objegissince they take
place just outside the summation over cluster objgts
Eq. (18), so that onlyN of those multiplications are needed
per interation.

The induced electric field can be obtained by inserting
into Eq. (1) the self-consistently calculated induced part of
the scalar functions, made up of spherical outgoing waves
h{")[ko(r—r,)] in the interstitial mediunj =0 just outside
the cluster objects. At very large distances from the cluster,

performed, resulting in a new codMESME) that provides the spherical outgoing waves behave like

the solution of Eq(18) for clusters of arbitrarily distributed
constituents by investing a computation time ikor

(" Tko(r =) ]= G Yu(be e, 1o,

CPU~AN?(| ot 1)3, )
whereK ;=Kkgr. FurthermoreyV can be substituted by in
Eq. (1) (this represents the leading term in thesc limit).
where A is a constant A~10"% s on a Pentium at 333 Using Eqgs.(1), (3), and(17), the induced electric and mag-
MHz). netic far fields are found to be
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glkor Wavelength / a

EM=~f(Q) o (25 3 2 15 1

spheres SiO, _
a=160 nm ;

and

a

eikor

HM= eq/mo r XF(Q) r—oo, (26)

r 1

w

where

N

f(Q)=2 e ™ [2(Q) wifi™Kko

+1X 4 (Q) Y5k, (27)

is the scattering amplitude aifdl denotes the polar angles of
r.

Scattering cross section/(2na?)

I 1I’: . 4 5 6 7 8 9
Photon energy (eV)

The radiated energy associated to the induced far field can 02
be derived from the energy flux across an arbitrarily large
sphere of radius centered at the cluster, and this flux can be
in turn calculated from the integral of the normal Poynting

) FIG. 4. Total radiation-scattering cross section for two touching
vector as

SiO, spheres of radiua= 160 nm as a function of incoming photon
energy for different orientations of the clusteee the insgt The
AErad:if dtf dQ rZ[Eind(r,t)XHind(r’t)]_I’,‘, incoming radiation is right circularly poIarize(RCFb. The cross

47 section has been normalized to the projected area of two spheres

. . . 27a®. The result for an isolated sphemultiplied by a factor of 2
where the integral over the time has been included. Expres% also shown for comparison. The wavelength of the radiation is

ing the fields in terms of their frequency components, ongiven on the upper scale, normalizedao
finds |

o 4 -
AErad:f wdwf do Frad(w,Q)' a'tOt(w)=k—:|m{f(Qi)-e*}. (30)
0

where Total cross sections for various clusters of spheres are
represented in Figs. 2, 4, 6, and 12—15. Elastic cross sections
are shown in Figs. 3, 6—8, and 13. In addition, near-field
distributions are illustrated in Figs. 5 and 9-11.

2

'Y w,0)= Re[[EM(w)XH"(—w)]-1} (28

47%k
can be interpreted as the probability of radiating a photon of

. . ' V. RESULTS AND DISCUSSION
energyw per unit of energy range and unit of solid angle

around the directiof). Clusters formed by spheres made of Al, §j@nd Si are
Inserting Egs.(25) and (26) into Eqg. (28), and noticing considered next. Their scattering matrices have been calcu-
thatf-r=0% one finds lated using Eq(9), where the frequency-dependent dielectric
functions of these materials are employed. In particular, the
Veol o do®(w) response of Al has been approximated by a Drude dielectric
I"Yw,0)=— PO function with bulk plasma energy,=15 eV and damping
4k n=1.06 eV. The dielectric functions of Si and SiGave
where been taken from optical data.
Figure 2 shows the total cross section of isolated,SiO
do®(w) 5 spheres, as calculated from Eg0). Different sphere radius
a0 f(Q)] (29 a have been considered and the results have been normalized

to the projected areaa?. Substantial variations in the cross

represents the differential cross section for elastically scatsection can be observed in the region below 10 eV, where the
tered photons, which can be computed from the coefficientdielectric function has a smooth structure and is basically
of the induced scalar functions using E¢®34) and (27). real. As the sphere size increases, the low-energy peak in the

The total interaction cross section can be dividedr®  cross section shifts toward lower energies. This is connected
=o'+ oM where o™ accounts for inelastic losses, con- to retardation effects in the electromagnetic signal when the
nected to absorption of the incoming radiation by objects ofsphere radius is comparable in size to the wavelength of the
the cluster. The total cross section can be expressed in termadiation(see the upper scale in Fig).2n a simplified pic-
of the imaginary part of the scattering factbralong the ture where one considers a frequency-independent dielectric
forward direction by means of the optical theorem for radia-constant(actually, this is nearly the case in Sith the en-
tion, which read¥ ergy range 3-8 eV, where Rg~2.1-2.9%>Im{e}), one
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rection of incidence of the radiation, forward scattering on
the lower sphere focuses scattered radiation on the second
sphere, and this contributes to enhance the role of multiple
scattering in this caséthin solid curvé.®® It should be
pointed out that the single-scattering approach results in a
total cross section that equals the sum of cross sections of the
components of the clust¢see Eqs(27) and (30)].

In Fig. 5, the near field has been represented for the two
extreme orientations of the SjQdimer considered above,
and also for the isolated sphere. The magnitude represented
in the figure is the square of the induced electric field, which
is discontinuous on the sphere surfaces, represented by thick
circumferences. Notice that the variations of the field in each
sphere relative to the case of an isolated sphere are very
small. Nevertheless, the maximum of the induced field, lo-
cated on the side of the sphere opposite to the incoming
radiation, enhances the interaction between the two spheres
of the dimer when this is oriented along the direction of
incidence of the radiation.

Elastic and total cross sections, given by E@9) and
(30), respectively, have been compared in Fi@) 6or clus-
ters of Al spheres of radiusa=19 nm. Elastic-scattering
cross sections have been obtained by integrating the differ-
ential cross section over angles of scattering. The elastic
cross section lies always below the total one, and the differ-
ence between the two of them accounts for absorption of
photons by the spheres. The different features of the energy
dependence of the cross section for the isolated sphere are

FIG. 5. Contour maps of the square of the induced-electric-fieldshifted and split when one considers clusters of spheres. A
strength in the vicinity of Si@ spheres of radiua=160 nm illu-  significant orientational dependence can be observed in the
minated by RCP radiation of 5 eV in energy. The case¢apfin ~ case of the dimer, where low-energy modes of different en-
isolated sphere antb) and (c) a cluster of two touching spheres ergy are excited depending on the orientation of the cluster
with two different orientations relative to the incoming radiation relative to the incoming radiation. In particular, pealstays
have been considered. The plane of representation is schematicaly nearly the same energy for clusters of three and four
shown in the insets relative to the incoming beam direction and thgpheres, indicating that this feature is connected to sphere-
position of the spheres. The sphere surfaces are represented by thigkhere interaction in dimers oriented perpendicularly with
circumferences on the figures. Contour curves limiting white areagespect to the direction of the incoming beam. RCP radiation
correspor_1d to a value of 2.2_ a.u. The difference in value betweefy considered in Fig. @), but a strong dependence on the
consecutive contour curves is 0.2 a.u. The strength of the extemaoarization is observed for oriented clusters, like the dimer
field has been normalized to 1 a.u. of Fig. 6(b). Only the electric-field component of the external

radiation parallel to the dimer axis contributes to excite the
can argue that the frequency of the eigenmodes will scalow-energy peak at 5.2 eV. Notice the triple-crossing point
with a in such a way thata/c is a dimensionless constant E, which occurs due to both the symmetry of the cluster,
number, and hence, the larger the radiusthe smaller the implying that ogcp= o cp (i-€., right and left circularly po-
frequencyw. For energies above 12 eV the normalized crosdarized radiation lead to the same cross segfi@amd the

section depends very weakly @n general identityrgcpt 0 cp= 0 Lpix T i, Where the nota-
Angular distributions of elastically scattered photons aretion of Fig. €b) has been adopted. .
represented in Fig. 3 for two different radii of Si@pheres, The scattering on Al spheres has a strong electric charac-

as calculated from Eq29). The angular distribution of scat- ter for the sphere radius under consideration. Actually, if one
tered radiation has a marked anisotropic character. Notice igetst"=0 in the calculations presented in Fig. 6, the results
particular that forward scattering appears to be dominanare nearly indistinguishable on the scale of the figure. This
over a wide energy range for the larger sphere under considvas expected from previous results on the magnitude of the
eration @=160 nm). magnetic components of the scattering matrix for Drude
Actually, this anisotropy in scattering is translated into anspheres! However, for the Si@ spheres of Figs. 2 and 4 the
orientational dependence of the total cross section in the cageagnetic components play a significant role even for the
of the two-sphere SiQcluster of Fig. 4, where right circu- smallest spheresa& 20 nm), so thatt}" cannot be dismissed
larly polarized radiatio?? (RCP has been considered. The in that case.
result derived from isolated sphergéhick solid curve, mul- The scattering-angle distributions of some of the elastic
tiplied by a factor of 2 is very close to the one obtained cross sections discussed in Figa)gare analyzed in Fig. 7.
when the dimer is oriented perpendicular to the direction ofThe dimer oriented along the direction of incidence of the
the incoming radiation. If the dimer is aligned with the di- radiation[Fig. 7(b)] has a focusing effect on the scattered
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FIG. 6. (a) Total radiation scattering cross secti@olid curve$
and elastic scattering cross sectidmoken curvesfor clusters of
1-5 Al spheres of radius=19 nm. The separation between spher
surfaces is 2 nm. The cross section has been normalized to t
number of spheredl in each case and the projected area of on

10
Photon energy (eV)

FIG. 7. Dependence of the elastic cross section on scattering
angled for clusters of 1-5 Al spheres of radias- 19 nm, disposed
as shown in the insets. The separation between sphere surfaces is 2
nm. The incoming radiation is RCP, and it is incident as shown by
white arrows. The differential cross section has been integrated over
azimuthal directions and multiplied by glrand it is given per de-
gree and normalized to both the number of spheres in each case and
the projected area of one sphera?. Contour curves limiting white
areas correspond to values of 0.03%anand(b), 0.022 in(c)—(e),
and 0.026 in(f). Consecutive contour curves differ by a value of

0.005 in(a) and(b), and 0.002 in(c)—(f).

radiation, enhancing forward scattering as compared to the
case of an isolated sphét¢see Fig. 7a)]. The two orienta-
tions of the dimer contemplated in Fig. 7 showed certain
similarities in the integrated cross section fer-7 eV [see

Fig. 6(a)], but their angular distributions reveal notorious
differences. Lower-energy peaks are observed when the
edimer is oriented perpendicular to the radiation direction
r{é:ig. 7(c)]. Notice the symmetry between forward and back-
eward scattering in the low-energy region in this case. Instead,
the high-energy region has a dominant forward-scattering

spherera®. The radiation is RCP, and is moving upwards, as h h hi h ) ; . |
shown in the upper inset. The sphere clusters are disposed as ilygharacter. When a t ird sphere is added to form a triangle

trated in the rest of the insets. Consecutive curves have been shift@jiented normal to the incoming radiatigRig. 7(d)], there
a value of 3 upwards to improve readability. The wavelength of the2l® Not substantial changes as compared to the dimer case
However, a fourth sphere on top of the triangkee Fig.

radiation is given on the upper scale, normalizectdb) Depen-

dence of the total scattering cross section on the polarization of thé(€)] anq a fifth underneatfFig. 7.(f).] produce an effect
incoming radiation for the horizontal two-sphere cluster considere®f focusing of the scattered radiation along the forward

in (@). The cases of linear polarizati¢hP) parallel and perpendicu-

direction.

lar to the bond vector have been considered, as well as circular Even more dramatic differences between different clusters

polarization.

are observed in the doubly-differential angular distributions
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FIG. 8. Distribution of the elastic cross sectifffg. (29)] over
directions of scattering for various clusters of 2—4 Al spheres of Al
radiusa=19 nm whose surfaces are separated by 2 nm. Each rov 4=19 nm
represents results obtained from the same clyses insets with d=40 nm
the radiation coming normal to the plane of representation from
underneath(i.e., |z). Various polarizations of the incoming light
have been considerdthe polarization employed in each column is
indicated in the upper insgtsThe energy of the radiation corre-
sponds to that of point andB in Fig. 6(a) (i.e., wo=5.2 eV and
wg=8.2 eV). (a—(p) represent forward-scattering resultse.,
angles of scatteringg=0—90°, with =0 in the center of each
figure), whereas(q)—(t) correspond to backward scatteririge.,
angles of scattering=90°—-180°, withd=180° in the center of
each figurgé The doubly differential cross section is given per ste-
reoradian, and normalized to both the number of spheres in ea
case and the projected area of one sphead. Contour curves
limiting white areas correspond to values of 0.3apand(d), 0.6 in
(b), 0.15 in(c), 0.4 in (e —(p), and 0.09 in(q)—(t). Consecutive
contour curves differ by a value of 0.05 (a), (d), and(e)—(p), 0.1
in (b), 0.025 in(c), and 0.01 in(g)—(t).

FIG. 9. Contour maps of the square of the induced-electric-field
strength in the vicinity of Al spheres of radiws=19 nm illumi-
nated by RCP radiation of energy as indicated by laf=de corre-
sponding points in Fig. @ ]. The cases of an isolated sphé¢(e)
and(b)], a two-sphere cluster with different orientations relative to
the incoming radiatiofi(c)—(e)], and a three-sphere clusté) have
been considered. The planes of representation are schematically
shown in the insets relative to both the incoming beam direction

&hhd the position of the spheres. The sphere surfaces are represented
by thick circumferences on the figures. The separation between the
surfaces of the spheres is 2 nm(i)—(f). Contour curves limiting
white areas correspond to a value of 5, 5.5, 8, 8, 3.5, and 9 a.u. in
(a)—(f), respectively. The difference in value between consecutive
contour curves is 0.5 a.u. in all cases. The strength of the external

- L Jield has been normalized to 1 a.u.

represented in Fig. 8, where radiation of energy correspond-
ing to featuresA andB of Fig. 6(a) has been contemplated. Fig. 6a). Circularly polarized radiation has been considered.
The figure illustrates how different polarizations of the in- Notice that the two modes illustrated in the figure for the
coming radiation lead also to very different diffraction pat- isolated sphere show very different distributions of induced
terns. The symmetry of the cluster is reflected in that of theelectric field, which can be ascribed to dipole and quadrupole
far field, as one can see by comparing the two-sphere casmodes in Figs. @ and 9b), respectively. For the dimer, a
with the rest of the clusters. However, a rotation from thelarge enhancement of the induced field can be observed in
directions of symmetry of the cluster is observed is the caséne region between the two spheres in Figs) @ind 9d),
of circularly polarized radiation. The intensity of scatteredindicating a strong sphere-sphere interaction. The lack of
photons is maximum along the forward directiof=(0) in  specular symmetry in the plane normal to the radiation in
all cases. Fig. 9(d) can be attributed to the polarization of the radiation.

Near-field distributions(i.e., the square of the induced For the same energy but using radiation aligned with the
electric field have been represented in Fig. 9 for isolated Aldimer, the 5.2-eV mode does not show up in the cross sec-
spheres and clusters formed by two and three Al spheresion, as can be seen in Fig&, and this is translated into the
The parameters of the spheres are the same as in Fig. 6. Thery weak induced field shown in Fig(€9. Finally, the case
energy of the radiation corresponds to the features marked iof three sphere-ig. Af)] shows a strong localization of the
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FIG. 10. Contour maps of the square of the
induced-electric-field strength in the vicinity of a
cluster of three Al spheres of radigs=19 nm
illuminated by linearly polarized radiation with

the polarization vectog as shown in the insets
(the plots in each column are calculated using the
same polarization The energy of the radiation is
wp=5.2 eV. The plane of representation is sche-
matically shown in the insets relative to both the
incoming beam direction and the position of the
spheres. The angle formed between the direction
of propagation of the radiation and the normal to
the plane of representation é&. The sphere sur-
faces are represented by thick circumferences on
the figures. The separation between the surfaces
of the spheres is 2 nm. Contour curves limiting
white areas correspond to a value of 4 a.u. The
difference in value between consecutive contour
curves is 0.5 a.u. in all cases. The strength of the
external field has been normalized to 1 a.u.

0,=45°

ei=900

induced field in the interstitial region between the spheres, afeld is rather insensitive to the incidence angle, and this can
well as a certain asymmetry also connected to the polarizebe attributed to the fact that the projections of the polariza-
tion of the radiation. tion vector on the bond vectors of the cluster are independent
The near field induced by linearly polarized light incident of the angle on incidence in this case. Also, the wavelength
along different angles with respect to the normal to a triangleof the radiation is over 17 times larger than the sphere radius
formed by three Al spheres of radias=19 nm, like those (see upper scales in Fig),@&nd, hence, phase differences in
considered in Fig. @), is represented in Fig. 10. When the the interaction of external radiation with the spheres for vari-
polarization vector is contained in the plane determined byus incidence angles are small.
the normal to the triangle and the direction of incidence of The evolution of the induced electric field on its way out
the radiation[s polarization; Figs. 1@&—10c)], the near from the target is represented in Fig. 11. The near field is
field is very sensitive to the angle of incidence. For normalshown on different planes parallel to the same three-Al-
incidence, the polarization direction has a large projection orsphere cluster considered abd¥égs. 11a)—11(f)], and also
two of the bond vectors of the cluster, producing an intens®n concentric hemispheres centered at the clugtgs.
induced electric field in those regions. For in-plane inci-11(g)—11(j)]. The electric field evolves smoothly, forming
dence, the polarization vector is normal to all bond vectorsdifferent patterns that cannot be directly identified with the
and, as a result, the induced field is very weak. This is irfar field up to relatively large distances from the cluster. For
gualitative agreement with the conclusions extracted fromhemispheres at distances of 150 and 200 nm, like those con-
Figs. 8b) and 9¢c)—9(e), where it was shown that only the templated in Figs. 11) and 11j), the induced field starts
electric field component parallel to the bond vector contrib-resembling the far field represented in Figh)8for the same
utes to excite a mode at the energy=5.2 eV under con- geometry. Upon inspection of E4L7), one concludes that
sideration. Forp polarization[Figs. 1dd)-1Qf)] the near the far-field approximation is valid at distancBsfrom the
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FIG. 11. Contour maps of the square of the
induced-electric-field strength in the vicinity of a
cluster of three Al spheres of radies=19 nm
illuminated by RCP radiation. The energy of the
radiation iswa=5.2 eV. The surfaces of repre-
sentation are schematically shown in the insets
relative to both the incoming beam direction and
the position of the spheres. Different planes per-
pendicular to the direction of the radiation have
been considered i@ —(f). The distance from the
planes to the centers of the spheres is 5
[+5] 30 nm in (a)—(f), respectively. The near
field has been also represented for points lying on
concentric hemispheres whose distance from the
cluster center is 50 +50] 200 nm in (g)-()),
respectively. In this case, the representation is
based upon polar angles with respect to the for-
ward direction determined by the center of the
hemispheres, in a similar way as in Fighg8 The
sphere surfaces are represented by thick circum-
ferences in(a)—(c). The separation between the
surfaces of the spheres is 2 nm. Contour curves
limiting white areas correspond to a value of 4
a.u. in (@—(d), 2.2 in (e), and 1.2 in(f). The
difference in value between consecutive contour
curves is 0.5 a.u. ifa)—(d), and 0.2 in(e) and(f).

The maximum values ing)—(j) are 2.5, 0.36,
0.24, and 0.19 a.u., respectively. The strength of
the external field has been normalized to 1 a.u.

cluster much larger than the cluster size and suchkpiat  studied for a cluster of 60 spheres with the same structure as

<\Imax INn the present case, this condition beconfes carbonsin a g molecule. For Si@spheregFig. 13a)], the
<125 nm. total scattering cross sectiofsolid curve$, as calculated
The maxima of the induced electric field are located jusfrom Eqg. (30), follows quite closely the elastic-scattering
outside the spheres in the case of ee Figs. 9-1]1  cross sectiorfdashed curvesn the region below=8.5 eV,
whereas for Si@ the induced field is larger inside where SiQ is transparent and absorption is negligible. For
the spheregsee Fig. 5. This is related to the fact that the Al spheres[Fig. 13b)], both cross sections are relatively
wave equatior§2), which rules the propagation of free scalar featureless. The cross section of the Al cluster lies below the
functions in Al(SiO,), is the same as the Schiinger equa- result of single scatteringdotted curves, representing 60
tion for free electrons moving in an repulsivattractive  times the total cross section of an isolated spheremost
potential, since the real part of the dielectric constant if the energy range under consideration. In silica, the promi-
negative(positive) for the radiation energies under consider- nent feature obtained for single scattering at around 9 eV
ation. is converted into a dip when multiple scattering is switched
Single-scattering(s9 results have been compared with on.
full multiple elastic scattering of multipole expansions The case of Si spheres coated with Si@as been illus-
(MESME) in Fig. 12 for four-Al-sphere clusters of different trated in Fig. 14. Isolated spheres of radas 20 nm have
sizes. Multiple scattering effects are shown to be importantbeen considered in Fig. (@ for different radii of the inner
and they lead to dramatic modifications in the cross sectiorSi core,b. A prominent feature dominates the spectrum for
When the dimensions of the cluster are increased by scalinidpe case of pure Si.e.,b=a). The exciton of SiQ shows
its geometrical parameters, a general shift of the maxima imp at around 10.5 eV when the sphere is coated, and it re-
the cross sections toward lower energies is observed asmains as a dominant feature for the case of pure, Skbr
result of retardation effects similar to those discussed abovthree touching spheres, multiple scattering is observed to
for SiO, spheres. play a significant role when the coating layer is thin. Notice
A larger target has been considered in Fig. 13, where théhat a coating layer of just 2 nm of SjQs able to produce
effect of multiple scattering of external radiation has beersizable variations in the cross section. A shift of the modes
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FIG. 12. Total scattering cross section for RCP radiation inci- Photon energy (eV)
dent on tetrahedral clusters of Al spheres of various sizes. Single
scattering resultgss; dashed curvesand full multiple-scattering FIG. 13. (a) Radiation scattering cross section for a cluster

results(MESME; solid curvesare shown for clusters of spheres of formed by 60 SiQ spheres with the same structure as carbons in a
radiusa=0.475, whose centers are separated a distathdesee = Cgy molecule. The radius of the spheres is 49.5 nm. The nearest-
labels. The radiation is coming along a direction perpendicular toneighbor bond distance is 100 nm. The elastic cross sefatashed

one of the faces of the tetrahedron, as shown in the inset. The crossirve; integral of Eq(29)] is compared with the total cross section
section has been normalized to both the number of spheres and theolid curve; Eq.(30)], and 60 times the total cross section of an
projected area of one spherea®. Consecutive curves have been isolated spherédotted curvé (b) The same aga) for Al spheres.
shifted a value of 5 upwards to improve readability.

. . VI. CONCLUDING REMARKS
toward lower frequencies is observed here again when mul-

tiple scattering is switched on. In summary, a general, computationally efficient tech-
Metallic spheres of frequency-independent negative dinique has been presented for solving Maxwell’'s equations in
electric function are contemplated in Fig. 15. For nonmaga cluster of arbitrarily disposed dielectric objects. This
netic isolated sphereigig. 15a)], a general trend toward method permits one to express the solution of Maxwell's
lower energies is observed in the features of the cross-sectiauations in terms of the scattering properties of the constitu-
spectrum when the magnitude of the dielectric constant inents of the cluster. The computation time scales with the
creases. Also, the cross section increases in magnitude in teguare of the number of elements of the cluster.
same direction, and this is consistent with the fact that nega- The generality of this method relies on the fact that there
tive dielectric functions act like repulsive potentials for light, is no restriction on the shape or internal structure of the
so that, the larger the magnitude @fthe stronger the inter- constituents of the clusters under consideration, apart from
action. For a cluster of three nonmagnetic sphdieg. the condition imposed by the translation formula of spherical
15(b)], multiple-scattering effects are important and they areharmonicgsee Eq.(10)], which requires that the objects of
enhanced when the magnitude of the dielectric function inthe cluster can be embedded inside nonoverlapping spheres.
creasegnotice in particular the dramatic change that occurswork to overcome this restriction is in progress.
when e goes from—20 to —40). The present formalism has been applied to the study of
Finally, the lower part of Fig. 15 is devoted to studying scattering of radiation and different examples of simulation
magnetic spheres as a function of the magnetic permeabilitior clusters formed by spheres have been offered, including
for e=—10. The attenuation of the electric field inside the clusters of magnetic spheres and coated spheres. The effect
spheres increases witpp following the exponential law of multiple scattering of radiation is dramatic in some of the
exp(-ry—eu), so thatu and |e| play a similar role in clusters under consideration. In general, metallic clusters are
this respect. Actually, the modes of both isolated sphereable to produce larger multiple scattering effects than clus-
[Fig. 15c)] and three-sphere clustefBig. 15d)] are also ters formed by insulators.
shifted toward lower energies when the permeabilityn- Near-field distributions have been presented for various
creases. clusters. Notice that there is a connection between the elec-
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FIG. 15. Total scattering cross section for RCP radiation inci-
dent on both an isolated sphdi@ and(c)] and a cluster of three
identical spheres along the direction normal to the plane of the
sphere centelgb) and(d)], as a function of frequency. Nonmag-
netic spheres f=1) have been considered i@ and (b) with
different values of the dielectric constard= —4, —5, —6, —8,

—10, —15, —20, and —40). Results for magnetic spheres are
shown in(c) and(d) for e= —10 in all cases and different values of

the magnetic permeability{=1, 2, 4, 6, 8, 10, 12, 14, and 16).

The results have been normalized to the projected area of either one
sphere or three spheres, in each case. The separation between the
surfaces of the spheresagl0 in the three-sphere cluster, where

is the sphere radius. The wavelength of the radiatier2 ¢/ w is

given on the upper scale, normalizedatoConsecutive curves have
been shifted 0.2 upwards to improve readabilityéhand (d).

@
[N}

Scattering cross section/(3ma?)
o
[o2)

©
o
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nonperiodic structure able to reflect light forming fivefold
FIG. 14. Total scattering cross section for RCP radiation inci-SYMMmetry patterns. Well-defined electronic bands are ob-
dent on both(a) an isolated Si sphere coated with Siend(b) a  Served in quasicrystaf8.Similarly, photonic band gaps have

cluster of three touching spheres. The sphere radias-20 nmin  P€en predicted in two-dimensional photonic quas_,icrys‘ff‘_als,
all cases and the radius of the Si cdrds changed as shown by and one would expect similar results in t_hree-dlmensmnal
labels. In(b), the radiation is coming normal to the plane defined by Photonic structures, where cluster models_llke the one devel-
the sphere centers. The cross section has been normalized to tABed here are ideal to study local properties.

projected area of one and three sphere@jrand(b), respectively.

Consecutive curves have been shifted 0.2 upwards to improve read- ACKNOWLEDGMENTS
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SNOM in complex geometries.

The present theory can deal with different external
sources. For instance, if the external field is provided by a
fast electron, the induced field acting back on the electron
can be used to simulate electron energy losses in scanning This appendix is devoted to deriving Ed.5), which rep-
transmission electron microscopes. resents the explicit form of the transformation rule of multi-

Finally, an interesting possibility is offered by the exten- pole coefficients of scalar functions under translations of the
sion of quasicrystaf§'to their photonic counterpart, where origin of multipoles fromr, to r, along the vectord,,
large clusters of dielectrics would be distributed to form a=r,—rg, when the latter is directed along the positize

APPENDIX: TRANSLATION OF THE ORIGIN
OF ELECTROMAGNETIC MULTIPOLES
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axis. This can be accomplished by projecting E4S8) and iy _ . —
(14) onto multipole components, noticing that each multipole 2 (L X V)i (U,) = —i' " ko{ Ua[]1(Ug) +j{ (u) 1YL (U,)

under consideration is actually a spherical plane waJjsee

comments immediately after E¢6) and those at the end of

Sec. IIQ. In particular, thes function in Eg. (15 comes
from the first term on the right-hand side of Eq$3) and

(14). Moreover, the last term in these equations can be pro-

jected using the identity

1 ) md,z .
L—zdaﬁ'LaJL(Ua)szL(Ua), (A1)

[e3

where u,=Kq(r— and the substitution

re), L=(l.m),

(1/Li)j t—J /1(1+1) has been performed. This gives rise to

crossed electric-magnetic terms in Efj5).

The remaining second term requires a more careful analy- d

sis. One can proceed by considering the operator

Z- (L XV)=i|(z—2,)V?— ki(ua-V)&Z (A2)
0

Using the identityV?j, = —k3j, [see Eq(2) and notice that

i (u a>—"(”)

x<1—M2>aﬂYL<uZ>],

where u=(z—2z,)/|r—r,|. Now, expressinguY, and (1
—,uz)& Y, in terms of Y|, andY,_,, (see for instance
the appendlces of Messi”e?h and using the recurrence rela-
tions of the spherical Bessel functions one finds

— (L oXV)jL(U0) =Koap{ Dy s 11+ 10l Ua]
—Dyji—imlU.l}, (A3)

whereD_ is defined by Eq(16). Finally, using Eqs(Al)

the medium filling the interstitial region between objects ofand (A3) in the multipole expansion of Eq$13) and (14),

the cluster corresponds {e=0], Eq. (A2) leads to

and rearranging the summation inde»one obtains Eq(15).
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