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Magnetization, persistent currents, and their relation in quantum rings and dots
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An exactly soluble model is used to study magnetization and persistent currents of electrons confined in
two-dimensional mesoscopic rings and dots. The model allows the calculation of magnetization and persistent
currents for a range of device geometries containing a large number of electrd08) (with little computa-
tional requirement. It is shown that in the weak-magnetic-field limit, the persistent current is simply propor-
tional to the magnetization, presenting Aharonov-Ba#B) type oscillations. Such oscillations are aperiodic
due to the penetration of magnetic field into the conducting region. In the strong-magnetic-field regime,
however, the persistent currents and the magnetization have very different behaviors. While the persistent
currents still show a rapid AB-type oscillation, the magnetization is dominated by de Haas—van Alphen
(dHVA) type oscillations with the much weaker AB-type oscillations superimposed on them. The effect of
device geometry on the persistent current is also very different from that on magnetization. Both the oscillation
amplitude and the period of the persistent current are very sensitive to the device geometry, while the mag-
netization in different devices shows very similar dHvA-type oscillations. Our calculated typical value of
weak-magnetic-field persistent current in a semiconductor ring, 4.95 nA, is in very good agreement with the
experimental result of Mailly, Chapelier, and Bend?hys. Rev. Lett70, 2020(1993]: 42 nA.
[S0163-182699)10331-X

[. INTRODUCTION tion, and their relation for a realistic 2D ring over the whole
range of magnetic-field strength.

The recent experimental observation of persistent currents Full quantum-mechanical calculations of persistent cur-
in mesoscopic rings® has received considerable theoreticalrents and magnetization based on numerically solving the
attention. One of the most important goals has been to g&chralinger equation for a 2D ring in a uniform magnetic
beyond the one-dimensional picture of persistent curfénts field have been reported recently. Avishai, Hatsugai, and
and to study the persistent current in a ring of finite witith.  Kohmotd calculated persistent currents in a 2D ring defined
Because of the difficulty in dealing with a real annular ge-by a hard-wall confinement potential. They found that in the
ometry, most theoretical studies have been performed usingresence of a strong magnetic field the persistent current has
simple models for narrow rings in weak magnetic fields, ina plateau as a function of electron density when the Fermi
which a ring with a finite width is approximated by more energy is locked on a Landau level. Chakraborty and
manageable models, such as two-dimensi¢é2B) or three-  Pietilainert® studied the effect of electron-electron interac-
dimensional3D) straight wires with periodic boundary con- tion on the magnetization by numerically solving the elec-
ditions, and a uniform magnetic field is replaced by a thintron states in a 2D ring containing a small number of elec-
magnetic flux tube confined to the hole region of the ARtf.  trons. However, due to the limitation of computational
Within such simple models, varying the magnetic-field power, the numbers of electrons considered in these numeri-
strength only changes the phases of the electrons, resulting gal studies are much smaller than those in rings used in ac-
periodic mesoscopic oscillations in the electronic propertiesual experiment$3
[a manifestation of the Aharonov-Boh(B) oscillationg, Recently we proposed an exactly soluble model potential
and the persistent currerit)(in a ring is simply related to the of a 2D ring** The exact energy spectrum and wave func-
magnetic momen@M) of the ring byl =M/S, whereSis the  tions are obtained analytically for the model for the case of a
area of the ring. These simple models have provided conveasniform perpendicular magnetic field and a thin magnetic
nient tools for studying more complicated problems such a$lux confined to the ring center. The model has been success-
the effects of electron-electron interaction and disorder scafully used to explain beating in the AB oscillations experi-
tering on persistent currents. However, the behavior of a reahentally observed in 2D semiconductor rifgs:’ In the
annular ring in a uniform magnetic field can be well beyondpresent paper we use this model to study persistent currents
the description of such simple models, especially when thand magnetization in 2D rings and dots. We have derived
magnetic field is strong. For example, the penetration okxact expressions for both the magnetic moment and the cur-
magnetic field into the conducting region can result in ape+ent carried by an electron state, which enables the calcula-
riodic oscillations in the persistent currents and the breaktion of magnetization and persistent currents for rings con-
down of the simple linear relation between the persistentaining a large number of electrons with a minimum of
current and the magnetization. Since at present the only wagomputational power. Without using this model such a cal-
to probe persistent currents in mesoscopic rings is by measulation could be very computationally demanding if not im-
suring the magnetization, it is highly desirable to gain a compossible.
plete understanding of the persistent currents, the magnetiza- In order to provide a complete picture for the relation
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between the magnetization and persistent currents in 2[Explicit expressions for both the magnetic moment and the

rings and disks, we have calculated both the persistent cucurrent carried by an electron state are derived. In Sec. Il we

rents and the magnetization over a wide range of magnetigdresent numerical results for three devices: a narrow ring, a

field strength for rings with different width to radius ratios. wide ring, and a dot. The calculated persistent currents for

Since the main purpose of this paper is to study the effects ghe narrow ring are also compared with the experimental

device geometry on the persistent currents, the magnetiz&esults of Ref. 3. A summary of the results is given in Sec.

tion, and their relationship, we have confined ourselves to ah/:

independent spinless electron model. In the low-magnetic-

field regime B<10 2 T), the spinless independent electron [l. MODEL AND FORMULATION

model should be a good approximation for the semiconduc- . . . . . .
. : We consider noninteracting spinless electrons in a 2D ring

tor structures considered here, which have an electron der(1j-efined by a radial potentidt

sity higher than 3.%10' cm™ 2. In this regime, the main y P :

effect of electron-electron interaction is a shift of the total a

energy'® Since the Zeeman splitting is very small, the spin V(r)= —§+a2r2—vo, 1)

degree of freedom just doubles the number of transverse r

channels in a ring, and therefore its contribution to the pery, harey =2.\a;a,. A detailed analysis of this model was
sistent currents and magnetization may be included to a go 0 ik

ZHHs Oé‘ven in Ref. 14. The key parameters of this model are as
approximation by a factor ofl2. Consequently one can ex- fgllows: the average radius of the ring is given by
pect that the simple model can provide an adequate descripg(allaz)u{ the width of the ring at Fermi energf; is

tion of experiments on high-quality semlconducto_r st.ructuresAr% m’ Wherew,= \8a,/; andu is the electron
performed at low temperature and weak magnetic fields. A%ffective mass. For nearr,, the potential of the ring is
an example, in this paper we have calculated the weak- ' o

. 12 _

magnetic-field persistent currents in a semiconductor riniar.ab()“c'v(r)mi'“w(’(r_rO)z' Ifwe takea, =0, V(r) de-

which has a similar parameter to the experimental devic cribes a quantum dot. . . -

used in Ref. 3. It is found that our calculated typical value of In the presence of_a uniform _perpend|cular magnetic field

persistent current is in very good agreement with the experi—B and an 'T‘f'”'te thin magnt_ahc fluxd =1 o, V\_/here %o .

mental result =h/e,_ piercing through the ring center, the eigenenergies
In the strong-magnetic-field regime the effects of electronand eigen-wave-functions dfe

correlation and the spin freedom of the electrons become

significant'® which is most evident in fractional quantum Enm=

Hall systems. In quantum dots and rings containing only a '

few electrons, the electron correlation and the spin freedom

of the electrons are important even in the weak-magnetic-

field regime!31°2%|¢ has been conjectured that the combina- ¥nm(":0)=

tion of electron correlation and disorder scattering is the

m—|
hwo— ——hw.—Vy, (2

..
T2 72 2

2 2

F(n+M+1) )1’2
2MHUT(M+1) Pl

physical origin of the large persistent currents observed in elméy Mg (U/4)(r/\)? 1

metal rings>! but the detailed physical mechanism for the X o 1F1< —n,M +1,—(r/)\)2),
enhanced persistent currents is still an open question. In the A 2
present paper we do not attempt to tackle these important 3
problems, such as electron interaction and disorder scatter-

ing. However, the exact solutions of our model provide a n=0123..., m=...,-2-1012...,

very useful basis set to study the effect of disorder and,qre
electron-electron interaction in quantum rings and dots. Fur-

termore, even the simple model may lead to results of fair eB 7
complexity. A thorough understanding of the results of our wWe=—, o= \/w§+ wé, A=\—,
simple model will assist in the identification of many-body M pw
effects and disorder effects in real systems, and therefore

h lete description of th | 2a1p
pave the way to a complete description of the real systems. M=/(m—1)2+ (4)
For example, in their experiments, Lai al® found that the h?

magnetoresistance of a semiconductor 2D ring as a function i i i )
of magnetic-field strength exhibited apparently random oscil@"d 1F1 i the hypergeometic function or Kumar function.
lations when more than one subband is occupied. It was sug- At Zero temperature, the magnetization of a system con-
gested that the random oscillations was due to disorder sca@Ning a fixed numbe(N) of electron is given by
tering, but it contradicted the fact that the magnetoresistance
of the same ring exhibited well-defined periodic oscillations. (B)=— ﬁ
A simple calculation using the 2D ring model clearly shown B
that the apparent random oscillations were due to the pen-
etration of magnetic field into the conducting region of a 2DWhere
ring, rather than disorder scatteritny.

The rest part of the paper is arranged as follows. In Sec. Il u=SE (6)
we describe the 2D ring model and its general solutions. im0

©)
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is the total energy of the electron systeffihe summation is It can be seen from Eq(15) that only in the weak-
taken over thé\ occupied states. The electron spin is ignoredmagnetic-field limit(or equivalently the narrow ring limit
here) Apart from a set of zero-measure field values wherd.e., w.<w,, is the magnetic moment of an electron state
the magnetization is discontinuos, E§) may be rewritten proportional to its current. It should also be noted that, for a
as state near a subband bottoly,,~0, and therefore the dia-
magnetic term always dominates the magnetization. This
_ equation is dependent upon only fairly model-independent
M(B)= nZ% Mam(B), ™ parameters: the effective radius, the cyclotron frequency, and
the magnetic-field-shifted frequeney. We would therefore
expect the result to have applicability beyond our present
model.
(8) All the above results are also valid for electron states in
N quantum dots whera; =0, except for the states witim—|
=0. This is because, whea, =0, the wave function of a
state withm—1=0 has a nonzero value at=0, and the
Byers-Yang relatior(12) no longer applies. However, since
Eq. (13) applies for all states ifi; #0, the circular current
(90 carried by anm—1=0 state in a quantum dot can be ob-
tained by taking the limit

where

En,m

B

Mn,m( B)=-—
is the magnetic moment of then(m)th state. Substituting
Eq. (2) into Eq. (8) gives the simple result

he
Mn,m: - 7

1 M) w; m—I|

Using the definition of the current density operator, the cir-

cular current carried by a given electron stdtg ,, can be - — i i Cw m—1 _ Oc| | Ewg
calculated by n.mim-1=0" |m+ M 27\ ™™ ol 4n
al_’o m—|
2 o (16)
Inm= daf drj,m(r,0), 10 . . L
mm fo 0 Jnm(T,0) (10 This is exactly the same as the result obtained by Avishai
h and Kohmoto through evaluating the current density from
where the wave function. The current carried by lar¥| state in a
of 1/ 9 eBr parabolically confined quantum dot can be obtained from Eq.
fnm(r,0)= 7\If;;m(r,f))[r(i ﬁ—|) —E}‘Pn,m(fﬁ)- (13) by takingM =|m—1|:
0 Blocmo) =0
However, since we have an analytical express®rfor the  4n T m=i=
energy spectrum,. and the wave_functlons of the ring states = e(wgtw) (17)
are zero at =0, it is more convenient to calculakg , using - if m—1<o0.
the Byers-Yang relatich 4m

_Bam_ 1 By This tells us that all the clockwise-moving states*|) con-

o.m= b ¢y Al (12) tribute exactly the same current, and so do the counterclock-
I . : wise (mM<I) moving states. In the strong-magnetic-field
Substituting Eq(2) into Eq. (12), we obtain limit, ®—w.—0, a state withm—1>0 carries no current
ew/m=1 o while a state with m—I1<0 carries a large current
Inm=4—(7——c) (13 —ew./2m, which is in turn twice the value of then=|I
’ a w

states. Therefore, at a strong magnetic field, the total persis-

The total persistent current of the ring is then the summatiofent current of a quantum dot as a function of electron num-

of the currents carried by all the occupied electron states: ber is quantized in units &w/4. Such quantized persis-
tent currents in a quantum dot were first found by Avishai

I 2 | (14 and Kohmoto using a hard-wall confine_ment poterftighey
&~ ‘nm- showed that the nonzero currents carried byrtie0 states
(only thel =0 case was discussed in Rej.@ay an impor-
To see the relation between the persistent currents and tfi@nt role in quantized persistent currents in a quantum dot.
magnetization clearly, we rewrite E() in the form

5 Ill. NUMERICAL RESULTS
e

Mpm=7r 1 mlam— —
) n,m'n, w

1
n+§

We

o' (15 Using the model described in Sec. Il, we have calculated
numerically the magnetization and persistent currents as a

wherer, = J2M\ is the effective radius of then(m)th  function of magnetic field for three devices: a narrow ring

states-* The physical meaning of E15) is very clear. The (% wy=2.23 meV,r,=1350 nm, a wide ring ¢ w,=0.734

first term is the classical magnetic moment of a current loopmeV, r ;=400 nim), and a dot f wy=0.459 meV,=0), as

with a radiusr,, ,,. The second term is the diamagnetic shift schematically shown in Fig. 1. In order to compare with

term, resulting from the magnetic modification of the radialexperimental results, the parameters of the narrow ring are

wave function. chosen to be similar to those of the 2D GaAs ring used in the
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FIG. 1. A schematic illustration of three devicéa) narrow ring
(fwg=2.23 meV,ry,=1350 nm; (b) a wide ring iwy=0.734
meV, r,=400 nm; and(c) a dot ¢ wy=0.459 meV,,=0).

Persistent Current (nA)

persistent current measurement of Ref. 3. Each of the three
devices contain®l= 1400 (spinles$ electrons. The electron
effective massu=0.067u, for GaAs is used. Figure 2
shows the zero-temperature Fermi energies of three device a
a function of magnetic-field strengths. It can be seen that at
B=0 the Fermi energies are about 12.2 meV for all the three
devices. All the numerical results presented in this paper are
calculated with the assumption of zero temperature land
=0 (i.e., there is no AB flux confined to the center of the
devices.

(a)

A. Persistent currents

Figure 3a) shows the calculated persistent currents for
the narrow ring as a function of magnetic-field strengths. To
see clearly the low- and high-field behaviors of the persistent
currents, enlargements of the low- and high-field parts of
Fig. 3(@) are shown in Figs. ®) and 3c), respectively. The
corresponding results for the wide ring and the dot are shown
in Figs. 4 and 5. Since the persistent current is antisymmetric
aboutB=0, we will only consider the case &=0.

We start by looking at the results of the two devices with

Persistent Current (nA)

(b)
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03
a ring geometry. It can been seen from Fig&) &nd 4a)
that for both narrow and wide rings the persistent currents ol
show rapid oscillations within the whole magnetic range, __
which reflect the magnetic-field-induced redistribution of <
electrons in the clockwise- and counterclockwise-moving = ©1f
[
14 . . . . (:) 00 |
5
.g _01 -
13 S
— -0.2
>
)
£ 12 0.3 ' ' : '
‘l:_ 9.995 9.996 9.99? . 9.998 9.999 10.000
w (c) Magnetic Field (Tesla)
1 FIG. 3. (a) The persistent currents of the narrow ring as a func-
tion of magnetic-field strength obtained from the exact model cal-
Narrow Ring culation (real ling. The broken line shows the persistent currents
calculated with the simple formuld9). (b) and(c) are the enlarge-
10 . . : '

2 4 6 8 10
Magnetic Field (Tesla)

ments of the weak- and strong-field parts of the exact results shown
in (a), respectively.

FIG. 2. The zero-temperature Fermi energy as a function oftates in different subbands. FiguréoBshows that for the

magnetic-field strength for the narrow riri¢hin solid line, the
wide ring (thick solid ling, and the dot(broken ling. There are
1400 (spinles$ electrons in each device.

narrow ring the persistent current oscillation pattern in the
very weak-magnetic-field region is almost periodic. The pe-
riod pp=0.000717 T corresponds thB=py,= ¢0(7rr(2))*1.
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FIG. 5. (a) The persistent currents of the dot as a function of
05 s magnetic-field strength(b) and (c) are the enlargements of the
©) 290 Magnetic ?j?&d (Tesla) 10.00 weak- and strong-field parts of the exact results show(ajinre-

spectively.
FIG. 4. (a) The persistent currents of the wide ring as a function

of magnetic-field strength obtained from the exact model calculag mper of periods of such nearly periodic oscillation is then
tion (real line. The broken line shows the persistent currents cal-

culated with the simple formulél9). (b) and (c) are the enlarge- roughly given bpr~rO/2_Ar.. For t_he .Wlde. rlng,Np<1, .
ments of the weak- and strong-field parts(af, respectively. therefore there are not pe_rlod_|c oscillations in the v_vegk-ﬂeld
region, as can be seen in Figbl As the magnetic-field
Clearly the condition to have periodic oscillations in a ring strength increases, the oscillations of the persistent currents
with a radiusr, and a widthAr is that the magnetic flux in a 2D ring become generally aperiodic. In addition the
penetrating through the conducting region of the ring isoscillation patterns are strongly magnetic field dependent.
much smaller than a flux quanta, i.Bs< ¢o(27wAr) 1. The  Comparing the persistent currents shown in Figs) and
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4(a) with the Fermi energy variation in Fig. 2, we see that theand outer edge states by a magnetic flux quanta. In fact, it
depopulation of a subband always leads to a dramatic changan be shown from Ed2) that the magnetic-field-dependent

in the oscillation patterns. period may expressed as
Both Figs. 3a) and 4a) show that the amplitudes of the
persistent currents are strongly suppressed by increasing rS 2 Ei—fhwl2
magnetic-field strength. In a perfect 2D ring, the amplitude p:<r+r) ( + Vo Po: (20

of the total persistent current should be of the ordéf of

wherer ~ andr* are the radii of inner and outer edge states
I=P EVE at the Fermi energy. Singeis a smooth function oB one
= , (19 A o
2mrg would observe nearly periodic oscillations over a small range
of magnetic-field strengths.
where vg is the Fermi velocity and® the number of the Figure 5a) shows that the general behavior of the persis-
transverse channelsubbands If we assume a parabolic tent currents in a dot is markedly different from that in a
dispersion,vg is then given bywg=+\2Er/u, whereu is  ring, reflecting the importance of the geometry effect. As
the circular effective mass of an electron. It was discussed idiscussed at the end of Sec. Il, the electron states in a dot can
detail in Ref. 14 that an applied magnetic field will enhancebe divided into three classes1>0, m=0, andm<0. For
the circular effective mass of the electrons in a 2D ringthe parabolically confined dot, different electron states in the
roughly by a factor of # (w./wg)?, which is very similar to  same class carry exactly the same current. Redistribution of
the longitudinal effective-mass enhancement by a magnetielectron occupation within the same class therefore has no
field in a straight quantum wir& The enhancement in the effect on the total current. This is very different from the ring
circular electron mass therefore leads to a decrease of groggometry, where any change in the electron occupation re-
velocities of the electrons at the Fermi enerdpence the sults in an abrupt change in the total current.

amplitude of the persistent currénThe magnetic-field de- In the weak magnetic region, the lateral confinement of
pendence of the persistent currents can be therefore esthe quantum dot is dominant. In Fig(th we see rapid AB-
mated as like oscillations in the persistent currents. B& 0, the elec-
tronic states in the dot are highly degenerate at the Fermi
em energy. A small positive magnetic fiel@&0") can lift the
=P > (199  degeneracy, and near the Fermi energy more electrons will
2m o\ 1+ (wc/ wo) occupy the states witim>0, which have a lower energy

. ) o than them=0 states. As a result the quantum dot often pre-

For a comparison with the full results, in FiggaBand  sents a large value of persistent currents at a vBalee Fig.
4(a) we also plot the amplitude of the persistent currentss(p)]. As the magnetic field increases, however, oscillations
obtained from Eq(19) (broken lines. It can be seenthat Eq. in the persistent currents become de Hass—van Alphen
(19 provides a very good description of the magnetic-field(dHvA) like. The abrupt changes in the oscillation of persis-
dependence of the persistent currents over the whole range gfnt currents now result from the depopulation of the 0
magnetic-field strength considered. However, one can alsgnd m<0 states. In the strong-magnetic-field region, only
see that Eq(19) generally overestimates the persistent cur-siates withm=<0 carry a large current, and the energies of
rent. This is because E18) is obtained with the assump- these states are always very close to a subband bottom.
tion that each of thé transverse channels carries the saméqence when and only when a subband is nearly depleted
persistent c_urrentl(,zev;/Zwro_). In reality, t_he persistent does the depopulation of th@<0 states occur, and thus
current carried by theth occupied subband is given by the results in a large jump in the persistent currents. Using Egs.
contribution of the last occupied Ievelln the subband, i.e.(16) and(17), one can easily show that the abrupt change in
I ,=evy,/27r,, wherev,= V2(Er—E,)/n, andE, is the en-  the persistent currents associated with the depopulation of
ergy of thenth subband bottom. Sinog,<v for all chan-  the nth subband is approximately (2- 1)ew /4.
nels, Eq.(18) always gives an overestimated persistent cur- It should be pointed out that the lack of rapid oscillations
rent. Such an overestimation becomes significant in case @ the persistent current in the strong-field regime is a special
P>1, wherev,<v for many channels. For example, there result of the parabolic model. Generally differemt>0
is a clear discrepancy between the exact result and that frostates in a quantum dot with a nonparabolic confinement
Eq. (19 in the low-field region B<0.1 T) of Fig. 4(a), potential carry different amounts of currents, and therefore
whereP=16 subbands are occupied. redistribution of electron occupation with these states should

Although the persistent current in a 2D ring is generallyresult in weak but rapid oscillations in the persistent currents.
aperiodic with magnetic field, it can present nearly periodicThis can clearly be seen in the numerical results for a hard-
oscillations if only the lowest subband is occupied, as shownvall-confined disk obtained by Avishai and Kohméto.
in Figs. 3c) and 4c). This is easy to understand. When only When the magnetic field is so strong that only the lowest
one subband is occupied, each abrupt change in the persisdbband (= 0) is occupied, varying the magnetic field can
tent current simply corresponds to a jump of an electromo longer alter the occupation of the electron states. As a
from the inner edge to the outside edge of the ring, the periodesult the persistent current becomes a smooth function of
of the oscillation is therefore given by the magnetic field magnetic-field strengthsee Fig. &)].
increment related to the two successive jumps. Such a Finally we would like to compare our calculated weak-
magnetic-field increment should in turn correspond to an infield persistent current of the narrow rifigs shown in Fig.
crement in the average magnetic flux enclosed by the innet(a)] with the experimental results on a single semiconductor
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in the narrow ringlas shown in Fig. @8] calculated at a fix mag-
netic fieIdB=0.QOO 179 T(b) Th? triangles shows the typical val- FIG. 7. (a) The magnetization of the narrow ring as a function of
ues of the persistent curren_ts, i.e., the roo_t-mean-square values 191fagnetic-field-strength(b) and (c) are the enlargements of the
the persistent currents obtalned b)_/ averaging the results shovx_/n Neak- and strong-field parts o), respectively.
(a) over the electron number in an interval of 200. The broken line
shows the amplitudes of persistent currents in the narrow ring ob-
tained from Eq(18). (spinles$ number (N) at a fixed magnetic fieldB
=0.000179 T, at which the magnetic flux enclosed by the
ring of Ref. 3. In the sample of Ref. 3, the disorder is veryring is ¢¢/4. The results are presented in Figa)6 It can be
weak, and, ignoring interaction effects, the persistent currergeen that the persistent current exhibits strong oscillations as
must be close to the value of the perfect 2D ring illustrated inN changes. Because the subband dispersion curves in such a
Fig. 1(a). By averaging different measurements, the authorgiarrow ring are nearly parabolfté,the maximum possible
of Ref. 3 found a typical current amplitude qt/p:<|2>1/2 amplitude of the persistent current isl,a(N)
=4+2 nA. In order to make a sensible comparison, we caI:(NIZWrS)(eﬁ/,u). To mimic the experiment situation
culated the persistent currents for different values of electromwhere the number of electrons in the ring may change in
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FIG. 8. (a) The magnetization of the wide ring as a function of
magnetic-field strength(b) and (c) are the enlargements of the ~ FIG. 9. (8 The magnetization of the dot as a function of
weak- and strong-field parts ¢d), respectively. magnetic-field strength(b) and (c) are the enlargements of the
weak- and strong-field parts ¢f), respectively.

different measurements, we obtain the typical value of per-

sistent current by calculating the root-mean-square of thelegree of freedom of the electrons. The spin freedom may be
current over the electron number in an interval of 260. approximately included by multiplying a factor af2, and
The calculated typical currents are shown in Figo)y the  then we find that the typical persistent current js,=4.95

line joining the calculated point&triangles. At N~1400, nA. This is in very good agreement with the experimental
which corresponds to the experimental situation, Fidn) 6 value 4+2 nA3

shows that the typical value of the persistent currertis For comparison, in Fig. ®) we also plot the values of
=3.5 nA. In the above discussion we have ignored the spimpersistent currents obtained from E{8) (broken ling. Fig-
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ure Gb) shows that the values of the persistent currents givelave a very similar low-field behavior, especially for the
by Eq. (18) are considerably larger than those from exactnarrow ring. However, on the large magnetic-field-scale,
calculation. In the experimeRtwhereN~1400 andP=5, magnetization is very different from persistent currents. As
we findly=evg/27r,=4.77 nA, and therefore E418) give  shown in Figs. 7), 8(a), and 9a), the former is dominated

a typical value of persistent curreht,= J5l 0=10.6 nA. If by strong dHVA-type oscillations, which correspond to inter-
we again include the spin degree of freedom of the electronsections of the Fermi energy by a Landau subband. For the
by multiplying a factor of\/E’ we obtainl,,,= 15 nA which two rings we can still see AB-type mesoscopic oscillations
is significantly larger than the experimental value 2 nA3  superimposed on top of the dHvA-type oscillations even in
The reason for such a large overestimation has been di¢he strong-magnetic-field regime, as shown in Figs) @nd

cussed earlier in this subsection. Therefore @& should  8(c), but the amplitudes of AB-type oscillations are strongly
be used with great care. suppressed. For the dot, however, Fi@) $hows there is no

longer an AB-type mesoscopic oscillation when the magnetic

field is so strong that only the lowest subbant=Q) is

_ . o occupied. This is because now varying the magnetic-field
There have been several previous investigations on thgirength can no longer change the occupation of the electron

magnetization and the persistent current in quantum dotsyates in the dot. According to E€Q), at the limit B— oo,

The authors of Ref. 24 studied the magnetization of a quansgch electron carries a magnetic momevty,= —eh/2u,

tum dot using the parabolic confinement model in the stronganq thus the magnetization of all three devices tend to the
magnetic-field regime ¢.> o), and revealed the detailed ¢5me valudN.M,, whereN = 1400.

structures in the oscillations of the magnetization. Using the
same model, Yoshioka, and Fukuyamatudied the weak-
field magnetization at zero and finite temperatures. Schult
et al?® numerically investigated the magnetization in a disk We have studied the magnetization and persistent currents
with a hard-wall boundary condition, and Avishai and in mesoscopic 2D rings and dots by use of an exactly soluble
Kohmotd’ studied the magnetization and persistent currentgnodel. The analytical solutions of the model allow a calcu-
in a similar system. However, to our knowledge the persisiation of structures containing a large number of electrons
tent currents in a parabolically confined dot have not beever a wide range of magnetic-field strengths. Our results
studied before. In addition, here we provide a complete picshow that only in the weak-magnetic-field limit are the per-
ture of magnetization in different geometrigeom a narrow  sistent current and the magnetization proportional to each
ring, and a wide ring to a dptand enable a direct compari- other. In the strong-magnetic-field regime the persistent cur-
son between the magnetization and the persistent currentgnt and the magnetization have very different behaviors: the
calculated above in these geometries. former always shows rapid AB-type oscillations, while the
In Figs. 7, 8, and 9 we present the calculated magnetizaatter is dominated by dHvA-type oscillations with much
tion over a wide range of magnetic-field strength for theweaker AB-type oscillations superimposed on them. It is also
narrow ring, the wide ring, and the quantum dot, respecfound that both the oscillation amplitude and the period of
tively. In the weak-magnetic-field region, the magnetizationthe persistent current are very sensitive to the device geom-
is dominated by strong mesoscojdr AB-type) oscillations  etry, but the magnetization in different devices shows very
in all the three devices. The device geometry however has gimilar dHvA-type oscillations. Our calculated typical value
significant effect on the oscillation pattern: the narrow ringof low-magnetic-field persistent currents for the narrow ring,
exhibits periodic oscillations with the period @f'e [Fig.  4.95 nA, agrees very well with the experimental value, 4
7(b)], while the oscillation patterns of the wide ring and dot +2 nA, for a ballistic semiconductor rintjin contrast with

are clearly aperiodi¢see Figs. &) and 9b)]. In addition,  previous theor}f that gives an overestimated valz€l0 nA.
the quantum dot has a large positive magnetizatioB=a0,

B. Magnetization

IV. CONCLUSIONS

which is dug to tge high degeneracy of the electron states in ACKNOWLEDGMENTS
the parabolic dof:
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and 5b), we see that magnetization and persistent currentporting this research.
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