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We investigate factors which control the optical properties of quantum dots filled\nétkcitons. Detailed
calculation of the electronic structure of these excitonic artificial atoms is carried out for up to six excitons in
a semianalytical fashion. The principle underlying the electronic structure of excitonic artificial atoms, the
“hidden symmetry,” is discussed. The role of “hidden symmetry” in the emission spectrum as a fingerprint
of the number of excitons in a quantum dot is analyzed in dd¢®@163-182009)14327-3

I. INTRODUCTION investigated. The box allowed two nondegerate orbital levels
per electron and hole, and could accommodate up to four

The many applications of artificially structured materials€excitons. In Refs. 12 and 13, quantum dots with degenerate
result from the controlled modification of their density of electronic shells were investigated for up to twenty excitons.
states. This modification has been consciously carried out dthe key physics was found to be associated with excitons
the one particle level by reducing the dimension of structure§ccupying degenerate electronic orbitals. The results of Refs.
from three to zero. For electronic and optoelectronic appli-12 and 13 revealed an underlying principle of single-exciton
cations, these nanostructures have to be filled with carrier§levices, the “hidden symmetry.” Hidden symmetries in-
Reduced dimension |mp||es an increase in interactiorvlolve bOth Single—particle levels and interparticle interac-
strength, and the density of states of a many-particle systef#ns. Engineering both leads to a complete control of optical
need not resemble the one-particle density of states. HenceSPectra of excitonic artificial atoms as a function of the num-
is necessary to engineer not only one-particle levels but t§€r of excitonsN. In order to achieve such control a good,
carry this Concept a Step further, and engineer many_partic'@nd if pOSSible analytical, Understanding of what determines
systems. The tools are now the number and structure dhese spectra is needed. We carry out such a program here by
bound single-particle levels, the form of Coulomb interactioncalculating the few exciton states in a parabolic quantum dot.
among carriers, and many-particle configurations which deThese semianalytical calculations clarify the “hidden sym-
pend Strongly on the number of Carriers_ metl’y” pl’inciple Underlying the emission/addition Spectl’a Of

In the case of electronic devices Such as quantum_dc@SXL in terms Of more familiar direCt, eXChange, and cor-
(QD) single-electron transistofsthe finite electrostatic en- relation effects. . o .
ergy of adding an electron charge to the dot leads to a clear At_ present most smgle—dot recomblnatlon experi-
fingerprint of electron addition spectra in the form of Cou-ments'**~**have been carried on dots with up to four exci-
lomb blockadé ™ Optical devices, such as QD single- tons. We therefore limit our work here to spectra of not more
exciton laser¢QSXL),>® involve addition/subtraction of ex- than six excitons in quantum dots with large confinement
citons. In contrast to electrons, excitons are charge neutr@nergy and few confined states. The model is sufficiently
and their “removal/addition” spectra are less obvious. Bayerdeneral to apply to all dots with large quantization of kinetic
et al” carried out a detailed spectroscopy of a single etche@nergy and cylindrical symmetry.
guantum dot as a function of the excitation povieumber
qf excitong and the shape and size of_ a quantum dot, a clear Il. SINGLE-PARTICLE STATES
first experimental attempt at engineering optical properties of
zero-dimensionalOD) systems. Unfortunately, the estimated As a representative example we start with the single-
guantization of single-particle energies, smaller than the 2[particle states of self-assembled indium-based quantum dots.
excitonic binding energy, precludes a reliable many-excitorThese states are determined by many factors, such as shape,
calculation. Nevertheless, experimental emission spectra dicidium-concentration profile, conduction- and valence-band
reveal sensitivity to the number of excitons in the dot, withoffsets, strain, deviation from equilibrium, and degree of
qualitative features which could be interpreted in terms of daceting, none of them known independently. To complicate
strongly quantized system. The authors of Refs. 8, 9, and 1fhatters, InAs is a narrow gap material with coupling of
has successfully manipulated shapes and sizes of selalence- and conduction-band states. Hence, while calcula-
assembled quantum dotSAD) showing promising optical tions of single-particle levels are very involved® they
properties. must in the end lead to a small number of bound states.

For these reasons a detailed fingerprint of the exciton re- High excitation photoluminescenég,capacitance, far-
moval (emission spectrum as a function of the numbéof infrared absorption measuremeftg® and numerical
excitons is needed. Calculations of many-exciton states hawealculationé® indicate that in lens-shaped quasi-two-
been carried out in Refs. 11-13 using exact diagonalizatiodimensional SAD’s the bound states of both electrons and
techniques. In Ref. 11 a model asymetric quantum box wasalence-band holes can be understood assuming an effective
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FIG. 1. Lowest-kinetic-energy configurations of from zero to six +%E (ij |Veék|>Ci+C,-+CkC|
excitons. 1kl
parabolic potential. The single particle levels then corre- +1 i Ve dkDh hhohy 1
spond to the levels of two harmonic oscillatdrE The elec- 2% VKT I @

tronic energiesEy,,.= Q% (n+3)+Q°%(m+3), eigenstates

Imn) and angular momenta®, =m—n are those of two The operators;”(c;) and hy' (h;) create(annihilatg the
harmonic oscillators tunable with the magnetic fiéldap-  €lectron or valence-band hole in the stajewith the single-
plied normal to the plane of the dot. The frequendikes,_ particle energ\g; . The two-body Coulomb matrix elements

_1 _ * are(ij|V|kl) for electron-electror{es), hole-hole(hh), and
= (\/w2+4w2iw ), where w,=eB/m? is the cyclotron . .
enzergy,Fn* is %he éffective macss, arglis the charge of an electron-hole(eh scattering, respectiveRf:>> Coulomb ma-

electron. The magnetic length is given bylo=1/Jm*w,, X €lements are measured here in units &
and the effective lengthy= 111+ (403 w?) 1Y The split- Ry Jmag /ley, where Ry is the effective Rydberg aag
ft ol - is the effective Bohr radius. At zero magnetic field the effec-

e oot e " 7Pt lengh g~ 11 Zau and Vo~ Ry Ve, Zoor

- 0IFIence a typically smaIIer.conflnmg potential for holes can be
compensated for by their heavy mass, and the strength of
electron-electron and hole-hole interactions can be equal.
he scaling of interaction with single particle spacing im-

nature leads to interesting and nontrivial effects involving
hole-hole interaction® However, in strained structures the

splitting of heavy and light holes is expected to remove somuc:zl-”eS that for spacingeo/Ry> kinetic energy dominates,

of these complications and justify the use of the one-band i X ) ST o
effective-mass approximation. Hence a valence-band hole )gnd effects of interactions involving intershell transitions can

treated in the effective-mass approximation as a positivelc réated perturbatively. For states forming degenerate
charged particle with angular momentur}} .= n— m, oppo- shells, Coulomb interactions completely determine the spec-
n ’

. . _ Ah 1 h trum.
S't(f © the _electron, an_d energigg,,= 0 (n+3) + 0% (m The Coulomb matrix elements depend on the form of
+3) (ignoring the semiconductor gdfy).

. . single-particle states and the form of interaction. The inter-
An example of the single particle spectrum of a two-shell

dot is sh i Fia. 1. Th | hell haction can be controlled independently of single-particle
guantum dot is shown in g. L. gtwq owest shells are theyaies. For example, an application of perpendicular electric
same for all quantum dots with cylindrical symmetry.

field may either separate or bring together electrons and
holes, and weaken or strengthen the electron-hole interaction
in comparison with the electron-electron interactions. There-
fore one can achieve a situation where all direct ee, hh, and
With a composite index=[m,n,s], the Hamiltonian of eh matrix elements(i;j|V|j;i) are equal. Morever, the
the interacting electron-hole system may be written in a comelectron-hole scattering matrix elemefitsi|Vqj;j) can be
pact form as made equal in magnitude to ee and hh exchange matrix ele-

IIl. HAMILTONIAN AND COULOMB
MATRIX ELEMENTS
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ments(i;j|Vedij). This “symmetrical” case will be our X(¢ h"h"hy—c hh"hy). ©)
starting point, with possible departures treated perturbatively ] ) o ]
for particular structures. The dynamics of the interband polarization requires the

We restrict our attention to the two lowest shallandp, ~ knowledge of both two- and four-particle operators, the dy-
and symmetric interactions. Below we list relevant Coulompnamics of which has to be sought and truncated at some level
matrix elements in units of their respective/,:  ©Of approximation. However, as is clearly evident from Eq.
(00;04V|00,00=1.0000, (10;00V|00,10=0.7500, and (3) and demonstrated in Ref. 12, the degeneracy of single-
(10;10V|10,10 = 0.6875. To elucidate the physics, we shall particle levels EF+E{') and the symmetry of ee, hh, and eh
refer to the matrix elements by also specifying which type ofinteractions cause both a remarkable cancellation of the four-
carrier, which shell, and whether direct or exchange scattearticle contribution and lead to a very simple dynamics of
ing is involved. For example/52* denotes electron-electron the interband polarization operator operating on a degenerate
exchange scattering involving two electrons omshell. The ~ Shell.[H,PT]=ExP™, whereEy is the exciton energy for a
p-shell electron hole scattering matrix element§? are g'V_Ie_L' shell. ‘ stat _ hell ed from th

- - X e energy of states on a given shell generated from the
equal to equivalent ee exchange matrix elemevit§”, vacuum by a multiple application &, |N)y=(P")N|v)
(10;10Ved01,09=0.1875=(10,04V,d10,0D. The p- to depends Ii>r/1earl ohlp ie pg)n the numbe,r of excitons He,nce
s-shell electron-hole scattering matrix elemevifg are equal P y o, 1.€., . ) '

. ! ox the energy of addition/subtraction of excitons from these
to equivalent ee exchange matrix element&s™,

) - ) . states does not depend on the number of excitons. This is the
(10;10V¢}00,09 =0.2500=(10;00V,d10,00. This list of  ossance of “hidden symmetry.” Therefore, emission from

Coulomb matrix elements illustrates the relative importanc%egenerate states takes place at the same energy, and we

of different processes. tthe ol hol cannot determine the number of excitons in a given shell. For
We musl,t now construc; ste;]tes o tl ee e(I:tron- ole systeMyis e need excited states. We shall now discuss how this

We can classify states by the total angular momentum  joqeneracy takes place, what is the role of spin, and what are

- ; h
=Le+Ly and by thez component of the total spiS;+S,.  he excited states by explicit construction of many-exciton
Morever, since electron-hole scattering does not change thgates and diagonalization of the Hamiltonian.

total spin of the electron or hole system, we can classify our
states by the total spi of each component. We label all
possible electronic¢hole) states in a Hilbert space with a
given total spin,zth component, and angular momentum.
The wave function of the system of electrons and holes is We consider the simplest possibM-excitonic states
spanned by a set dfxk basis states belonging to Hilbert (NX), i.e., states built only out of the lowest kinetic energy

IV. EXCITONIC GROUND STATES

spaces labeled by,S,,S,, S;: states ofN electron-hole pairs. The lowest-kinetic-energy
states are obtained by populating the lowest-kinetic-energy
Lo, S%,Se, k)L Sr; Sy ) single-particle levels of each type of carrier according to the
e~z i1ve 1 [ [ .

Pauli exclusion principle. Because the kinetic energy)®

h . . .
The interband optical processes in a quantum dot are det (1" iS proportional tow,, and the Coulomb energyy is
scribed by the set of interband polarization operatorgProportional toyw,, the small parameter in our calculations

P+ (P.) which create(annihilate electron-hole pairs with is the ratio of Coulomb to kinetic energy. Hence the lowest-
definite spin configuration P*r=3.c"h" (P kinetic-energy states should approach exact states in the limit
o o +

i,—o . X
=3h; _,Ci,) by annihilating(creating photons with defi- of Vo/t—e, i.e., large confinement.

nite circular polarizatiort? The remaining electron-hole pair
spin configurations ,o) correspond to dark excitons. The
third componen®,= (N¢+N"—N,,) measures population A. One- and two-exciton complexes
inversion, i.e., a number of excitoy, =N%=N" with defi- One exciton corresponds to an electron and a hole occu-
nite spino in Ny, of the single-particle levelsP satisfies pying their lowest-kinetic-energy stat¢00,|)|007), as
commutation relations of a 3D angular momentumshown in Fig. 1. We have adopted a convention in which
[P*,P"]=2P,, [P,,PT]=%=P~. The total polarization optically allowed electron and hole states have zero ®jal
P?2=1(PTP~+P P")+ P2 commutes withP ™. The spin has been incorporated in this figure by using tri-
The dynamics of the polarization operatoeglecting the angles, e.g., triangles pointing up correspond to spin-up par-
spin degrees of freedonis given by the commutator & * ticles. Pairs of particles with total spin, i.€.1)|T) and
with the Hamiltonian'? |1)|]) form spin-dark excitons.
The exciton energy is simply given by the electron plus
the hole kinetic energy and their mutual attraction:
[H.P* =2 (EF+ENCh =2 (ij[Vedkkic h]
| o E9=0°+ Q" (00;00V,{00;00. (4)
1 HH H H Ft At
* 2% (i Vedkl) = (ik[Ver i) (e hy ¢ e The exciton state is doubly degenerate due to spin.
For the two-exciton complex there is only one lowest-
Attt 1 . /i : kinetic-energy configuration, shown in Fig. 1, the singlet-
G e, c|)+2i% (Vi 1) =ik| Verl 1)) singlet configuratior] X X)=Cgo; Cdo,h1oi oo [V), where|v)
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is the vacuum. This configuration corresponds to a produgp electron (—1.375/,) is larger than the interaction energy
of the electron and hole singlet states. of the one exciton state{1.00v) due to exchange with the
The biexciton energy is twice the single exciton energyfilled s shell.
plus a Hartree term due to possible differences in electron The two eigenstates afe-)=(]a)*|b))/\2. Since the
and hole charge distribution: ground staté-+ ) is proportional to the interband polarization
operatorP*=3; ¢t h" _, itis optically active. The second
0 _ ~0 ) . ) ) state|—) is dark due to parity. It can be made active by a
Eox=2E+2[(00;00Ved 00;00 —(00;00Ver00;00 . pertu|rbaztion removing the degeneracy of the twetates,
(5  e.g., loss of circular symmetry, perpendicular magnetic field,
or in-plane electric field. However, the spectrum should still
Hence in the ideal limit of very strong confinement andbe dominated by the symmetric state. So starting from the
symmetric interactions the biexciton energy is exactly twicetwo optically active configurationga) and|b), by allowing
the exciton energy, i.e., there is no binding energy. This idor electron-hole scattering we arrived at only one active
simply because binding, or lowering, of energy comes fromconfiguration. A summary of different mechanisms leading
the scattering to available states, and here there are nori®. energy levels and oscillator strengths of the bright and
Hence we expect the biexciton binding energy to increaselark three exciton complexes is shown in Fig. 2. The spin
from the 2D value with increasing confinement, but eventu-structure, degeneracies, and spin-dark excitons are identical
ally decrease to zero when the quantization of single-particléo a single exciton case.
energy by far exceeds the exciton binding energy.
In the strong confinement limit, deviations may come
from the asymmetry of interactions, and may be interpreted C. Four excitons
as either exciton binding or repulsion, depending on whether ) . )
the electron-hole attraction is weaker then or equal to the 'N€ four-exciton complex can be in different total spin
electron-electron repulsion. The second correction will comérangements of the partially fillep shell electrons and
from scattering to higher shells. Since there is only one sinl°l€S, the triplet-triplet, the singlet-singlet configuration, and
glet for electrons and one singlet for holes, the ground statthe singlet-triplet configurations. There are nine possible de-

is not degenerate, and there are no dark biexciton states dg§nerate triplet-triplet states, only three of them optically ac-

to spin. tive. _ , _ , , ,
Let us first discuss the triplet-triplet configuratioft)

= (c1;hi0) (Coy hoy ) [XX) as shown in Fig. 1. We have
written this state explicitly as a product of two electron-hole
pairs. The energy of each pair is the same as the ert&ygy
There are two lowest-energy three-exciton configurations single pair in the X complex. However, two electrons and
|a) and|b), shown in Fig. 1. The extra electron hole pair cantwo holes have parallel spins and lower their respective en-
be in either of the two degenerat® states: |a) ergy by exchange. The ground-state energy, measured from
=cio/hip|XX) and |b)=cgy hgy [XX). The energyE,,  the energy E; of the filleds shell, is
measured from the2 state E2, is a sum of a number of
terms:

B. Three excitons

Eaqxe=(2[2t— (VeB™+ Vi) — VER 1= (VB + VER).
8
Ep=(2t—[VEE*+ Vi ] - VERY). (6)
Because exchange interaction and electron-hole scattering

. . N APPX _\ /PP
The first term is the kinetic energy, the second term is themteractlons are equal and attractiVes = Ve, the energy

vancgap reromlizaton due o xchange of pnel 0" 10 S0dona exclons et of e for excton
lectron (hole) with like-spin electron(hole) in the fill . .o
electron (hole) wit e-spin electron(hole) in the filled three exciton complext,x=2Ezx . This is so because the

s-shell. The third term is the direct attraction between thelowering of energy due to mixing of electron-hole configu-

electron and the hole in the same orbital of thehell. : . ;
The electron-hole interactiovi? allows the electron-hole rations of the three.excnor} complex is e_xactly qual to.the
eh exchange energy in a single four-exciton configuration.
$eemingly very different mechanisms lead to a very simple
obtained analytically. We insert values of respective matrixne()s,{u(;z;':h’cjtrg?]t ttr?: ri?ne"lrk?eyr tgf E;;I?r: glre elgggogrgso;ﬁtps\l/rhﬁgf
f(letr;:mrsoa%olll-luasrt:dateexgi]tz ds:tsrfar;gtzn(:r diléfsrent contrlbutlonsls perhaps not too difficult to understand why this happens
9 gies: for a spin-polarized system with only one configuration, we
will show that the same degeneracy happens in a ground
EZ=2E%+ (2t—0.5V,—0.6875/,) + (—0.1875/,). state of the singlet-singlet configuration.
s 7) When both electrons and holes are in singlet configura-
tions, the total number of possible configurations increases.
While there was only one triplet-triplet configuration, there
The ground-state energy E3x:2E2+(2t—1.373/0). are three possible singlet-singlet configurations, as shown in

The interaction energy contribution to the energy of the extraFig. 1:
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|a) = (Cly Cio) (o 1o ) XX, +[e)), [2)=(1W2)(~[a)+]c)), and [3)=(16)(la)
—2|b)+|c)). We see thaE,x(1)=2(Esy), i.e., the energy
L " of the lowest singlet-singlet state is twice the energy of the
T at At Yo Nt 4o single exciton in ap shell. The singlet-singlet and triplet-
[0) \/E(Clmcmﬁcwclol)\/E(hloih01T+h01lh1m)|xx>’ triplet configurations are degenerate.
(9) We can conclude here that for spin-polarized configura-
tions there are few statésne triplet-triplet in this exampje
0} = (cdy iy ) (e hey )| XX) Their energy is reduced by attractive exchange interaction
01101 /AT ot ' among like particles. For spin-unpolarized configurations
. . . there are many more available configurati¢tisee singlet-
By comparing Fig. 1 and Eq9), we see that the singlet- qinq et configurations in this exampleThe energy of these
singlet configuration is actually a mixture of four configura-jqiviqual configurations is increased by exchange, but cor-
tions, two involving electrons and holes with spin different o|ations due to mixing of these states by electron-hole scat-
from zero, and hence dark. _ tering more then compensate for the repulsive exchange en-
It is also clear that electron-hole scattering can move arérgy and reduce the ground-state energy. To underscore
electron-hole pair from configuratidh) to either configura- yiterent mechanisms leading to this result, a schematic evo-
tion |a) or c). This matrix -element(a|H|.b> equals the | tion of the four exciton states as a function of interactions
electron-hole scattering matrix elemesff times the prod- is shown in Fig. 3.
uct of the normalization factors of staes and|b), equal to Let us now see which of the eigenvalues is optically ac-
2. Hence the effective scattering fromto b is twice the tive j.e., from which an exciton can be removed. Let us
single pair scattering. The energy of configuratigas and  gefine an operator removing g-shell exciton: Py
|c) is just _the sum _of pair energy, |.e.E_g. The energy of =ho1 €01, + Nwoy Croy - The symmetric lowest-
configuration|b) is increased by repulsive exchange e”ergyenergy’S( ’co'nfiguréti'on, labeled by the spin of an electron
2B+ (Vgd™+ Vi) of singletp-shell electrons and holes. ;" can pe written a3X, +,0) = (LN2)P | XX).
We can now write the Hamiltonian for the singlet-singlet Applying P, to the three eigenstatpeg we fing(|a>
states: +[c)) =P, |XX) andP|b)=3P |XX). Hence we see that
removing an exciton from the lowest eigenvalde gives
2E, —2VERp 0 the two 3X symmetrical statesP,|1)=(1/3/y2)%,[3X,
_o\yPP 2E. 4 2VPPX  _o\PP +,0). The amplitude of the removal procesg3/\2, is a
eh P ee eh ratio of the normalization constant of the initial and the final
0 —2vep 2E, state.
Removing an exciton from the second eigenvalues gives

We again utilize the fact that exchange interaction, repul 12)=P~(|a)—[))=2,[3X,—,0), which is the sum of

sive here, is equal in magnitude to the attractive electron-
hole scattering to obtain the three eigenvalues expressed
solely in terms of electron-hole matrix elements;y(1)
=2E,—2VEP, Euxs(2)=2E,, and E;x4(3)=2E,+4VE}.

GROUND AND EXCITED STATES

— v - —

The respective eigenvectors arfl)=(1//3)(|a)+|b) ¥ — y —
1
+
e Coulomb energy — N —
A \ Vo _— — —_ —  —
K _{ 4 _— — -~ — -
n \ L 7N —A —A
e .
t s-p exchange \ 2X singlet
i BGR AL - —Z
C »
repulsive —_— — - — —_—
- p-p elel
& exchange
e p-p el-hole
r scattering Vv v
g A
y INTERACTIONS 2X triplet
4X spectrum as a function of interactions A\

FIG. 3. Contributions to energy levels and oscillator strength of FIG. 4. Lowest-kinetic-energy excited configurations of one and
the singlet-singlet four exciton complex. two excitons.
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the two dark antisymmetric excitedX3states. Hence an ex- V. FIVE AND SIX EXCITONS

cited 4X state can recombine by emitting a photon to a dark The analysis of the states of five excitons is analogous to

excited X final state. The energy of this transistion will turn the analysis of the % state. There are two states, one dark,

out to be degenerate with the energy of the ground-state to

ground-state transition. Removing an exciton from the high-and one bright, with energi = 2E+3Ey . There is only

est eigenvalue giveB |3)=P (Ja)+|c))— P~ (2|b))=0 one six exciton state and its energy is again a linear function
- - . . . _ 0
Hence this state cannot recombine via a radiative process.©f the number of excitons in pshell, E=2E;+4E;x.
Let us now discuss singlet-triplet combinations. Since
triplet states have zero total angular momentum, only zero

angular momentum singlet combination is possible, and we  VI. EXCITED STATES AND CORRECTIONS TO
can form only one state: THE GROUND STATE

We now investigate excited states and their effect on the
1 N-exciton ground state. The excited states can be classified
_ + o + ot ot by their kinetic energy. The lowest-kinetic-energy excited
ay= —=(C10Co1 +ConC hoy )[XX). (10 y their ay \ ay
|a) \/5( 101 o1, T Co11C10,) (1, No1) ) [XX) states involve promoting only one exciton at a time to a
higher shell. Figure 4 shows the lowest excited statesXof 1

) 0 and 2X complexes. Let us first discuss thX Etate.
The energy of this statd,=2E +2E,, equals the en-

ergy of the first excited state of the singlet-singlet configu-
ration. In this state the repulsive exchange in electronic sin-
glet was canceled by the attractive exchange in a triplet hole
configuration. The wave function can be written as a linear combination
Removing an exciton from this state leaves ¥ 8tate Of three states: the lowest-kinetic-energy —stal6)
which is dark due to spin arrangement and due to parity= Coo Nooi|V) and the two excited statds)=cyy hjy|v)
(antisymmetric state The energy of the final state is the and|b)=cg; hgy;|v). Following our analysis of the)8 case
energy of thg3X—) state. Because both the initial and final we first form a symmetri¢+) and antisymmetric{) com-
states have higher energy, the transition energy. i.e. the eivination of statesa) and|b). Only the symmetric combina-
ergy to remove an exciton from this state is identical to thetion |+ ), couples to the lowest-kinetic-energy exciton state.
energy required to remove an exciton from either singlet-The final Hamiltonian is easily solved analytically, and for

A. Exciton

singlet or triplet-triplet configuration. clarity here we write all numerical coefficients explicitly:
|
t—V, —/2(0.25v) 0
—/2(0.25v,) 2t—0.6875/,—0.1875/, 0
0 0 2t—0.6875/,+0.1875/,

We find that forV,/t=0.5 the change in the exciton ground state is only 6% of the kinetic enevgyile for Vo/t=1 itis
10% oft.

B. Two excitons

The ground state of two excitons is a singlet but excited states also include a triplet configuration, as shown in Fig. 4.
Corrections to the singlet ground state come only from singlet excited states. There are three states, shown schematically in
Fig. 4:

|0)= (Cgmcgol)(hgolhgmﬂv%

1 1
la)= ﬁ(cfmcgol + CgoTCfol)ﬁ(hfoihgoT +hgo hig) V), (11)

1 1
|b)= ﬁ(cgﬂcgoi * Cgmcgu)ﬁ(hguhgm oo Moy ) V)
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The energy of configuratiof®) is just 252, the energy of configuratiorig) and(b) is a sum of the electron-hole pair in the
s orbital ES and in thep orbital E,= E2+ Eg+ (VERX+ViPX), WhereEg is the energy of electron-hole pair in tpeorbital but
without exchange interaction with a filleslshell. The last term is the repulsive exchange term coming from the singlet
character of the orbital wave function. These configurations are mixed by electron-hole scattering, with coefficients modified
by the form of each wave function. We again form first a symmetti¢ and antisymmetric ) linear combinations of
configurationga) and(b). In this basis, the Hamiltonian

E%+E2 —22VSP 0
—2V2Vgh ES+Ep+ (Ve + ViR — VER 0
0 0 EJ+Ep+ (Ve + ViR ) +VER

can be diagonalized exactly.
For completeness we insert all numerical values of coulomb matrix elements to obtain the final formXfaen#tonian:

2(t—Vy) —24/2(0.25V) 0
—242(0.25v,) (t—V,)+(2t—0.1875/,) —0.1875/, 0
0 0 (t— V) +(2t—0.1875/,) +0.1875/,

We find that the scattering to thgeshell lowers the energy of thex2complex by 0.088for V,/t=0.5, and by 0.264for
Vo/t=1.0. At the same time the exciton also lowers its energy. THec@mplex always has lower energy than the two
noninteracting excitons, but the gain is very small.\At/t=1.0 we find the exciton energy shifted from its noninteracting
value by 1.1, and the X energy by 2.26 These shifts are very large, i.e., of the order of 50—100 meV. At the same time the
“binding energy” Exx—2Ex=0.0& is very small, i.e., 3 meV fot=50 meV.

We now turn to the triplet-triplet  state. The triplet biexciton involves spin-polarized electtioole) pairs, one in thes
shell and the second one in tpeshell. Thep electron can be in two different states, hence we have two triplet states

1 1
a)=—(c/ycly —cdci ) —=(highio. —hiy his),
la) \/E( 101 Co0; ~ Coor 101)\/5( 10,Noor — Nooy Nigp)
(12

1
|b)= 5(0&103& - Cgmcgu)ﬁ(hguhgm - hgoihgn)-

, . . singlets ins orbitals and one electron in theorbital, i.e., the
The energy of conﬂguraﬂor_{a_) and|b} 'S aosum .Of the totzgl angular momentum of electronsﬂ%is momentum
energy of the electron-hole pair in ts@rbital Eg and inthe -5 e compensated for by only one identical hole configu-
p orbital, E,=Es+ Ep— (Vee™+ ViR). The last term is the ration. The same argument applies to configurations Figs.

attractive exchange term coming from the triplet orbital5(c) and §d)], where the total angular momentum of elec-
wave function of electrons and holes. These configurationgons is +2. However, electron configuration&igs. 5e),
are mixed by electron-hole scattering. We again form first &(f), and %g)] all belong to the zero total electron angular
symmetric(+) and antisymmetric ) linear combinations momentum subspace. These configurations correspond to the
of orbitals(a) and(b). In this basis the Hamiltonian is diag- motion of the spin-up electron, circulating on a plaquette of
onal, and the two energies arEy=E.+EJ—(VSR*  three inequivalent sites filled with spin-down equtrSf'\s._
+V3PX) £ (—VBP). The lowest energy corresponds to aEach of these electronic configurations can be paired with
symmetric configuration, with numerical values of each@nY Of the identical hole configuratiopBigs. Se), 5(f), and
contribution  as Ejy,=(t— Vo) + (2t —0.6875/5) — 0.5V, 5(g)] leading to a band. of nine degenerate _states. The nine
—0.1875/ and a final resulE=,.— 3t —2 375/ states, plus the four singlet states, result in a total of 13
0 axt 0 states. This problem unfortunately has to be solved numeri-

cally but we can obtain insight into the interesting band of
spin-related 11 excited states by proceeding with analytical
calculations.

Three excitons turn out to be the most complicated case. We proceed by diagonalizing the electron part of the Hil-
The two lowest-energy configurations, shown in Fig. 5, arebert space. Only three stafgsgs. 5e)—5(g)] are coupled by
|a) = cio hig|XX) and |b)=cg; hgy|XX). They consist of  ee interaction, and the three eigenstate$®are

C. Three excitons
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FIG. 5. Lowest-kinetic-energy excited configurations of three

excitons. FIG. 7. (a) Density of excited states of three excitaf Emis-

sion spectrum from the X triplet-triplet ground state to theX3
ground and excited states.

1
|1>=%(|e>—2|f>+|9)), oo
E; o= EJ+2EJ—2VpX,

1
[2)=5(=le)+la)), (13 BromBet 26, 2VE - Ve, 4

E,,=Ed+ 2Eg— PAVi

1
|3>=§(Ie>+|f>+|g>)-
Epa=Eo+2Ep+ Vel

ee

These states have to be combined with identical hole
states into nine producid)|1'),|1)[2"), ... . The six dif- Ega=Eo+2Ep+ 2V +4Veh .
ferent energies are given by

The total width of the band is\B;2*~1.5V,. The nine

Eq1=EJ+ 2B+ 2VEP*—4v3PX, states are coupled via electron-hole scattering with the two
singlet configurationgc) and |d), and with the lowest-
GROUND AND EXCITED STATES kinetic energy configurations. The final Hamiltonian has to
be diagonalized numerically. An example of the spectrum is
A ’7\ YV AY shown in Fig. Ta). The energy of the & states is measured
YA —a = from the energy of the triplet-triplet)d state, i.e., decreasing
- 4X singlet energy corresponds to excited states. There are two states in
a p shell plus a wide band of excited states at higher ener-
Ay —V - gies. The height of the bar of one state has been artificially
A SF - AV A S increased. This is a single triplet-tripleX3state, which we
include here for the future comparison of the emission spec-
tra.
To estimate the effect of mixing with the band of excited
e AW - AV states on the ground-state energy, we give the change of the
LN —A?_ E‘ 3X ground state energy, from 2.312% 2.2201, for V,
— 4X triplet =0.Lﬁ. We see that the effects on the ground-state energy are
small.
A — —~

—Z S SA == -A S~

D. Four-exciton states

FIG. 6. Lowest-kinetic-energy excited configurations of four ex-  Let us start with the singlet-singlet configuration. The
citons. ground state is a linear combination of three singlet-
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configurationga), |b), and|c), shown in Fig. 6. Each of the shell to thep shell. We can do this in two ways, as shown in

three four-electrorihole) singlet states consists of a singlet Fig. 6. The resulting configuration must also be a pair of
in thes shell and a singlet in thp shell. To construct excited singlets, as indicated by arrows, to maintain total spin. The
states we must promote an electron and a hole fromsthe two properly symmetrized excited states are

1
|d)= \/—(CloTCOOJ, +Cop C10)) \/E( 10,Noor + Moo N0 (€011 Co1) (Mg hoay) V),

ley= \/—(Concoor+coorcou)\/E(houharm"‘harorharlr)(Clorclor)(hlorhfor)|V>- (15

The energy of these states equBlge) = E°+ 3E0 (VBPX+VPPX) . There is only one exchange term between the two
p-shell electrons and holes. The intershell exchange term between the two spin parallel electrons was canceled by the repulsive
exchange energy in thep singlet. The ground-state energy in the absencs-pfshell mixing isEy=2E2+ 2[E0 (VebX
+ Vi) ]—2VEP

The two degenerate excited states are coupled by the electron-hole interaction. We form a symmetric and antisymmetric
combination| =)= (1/y/2)(|d) = |e}). This leads to two eigenvalu@s. = EQ+3E5— (VBD*+ VpE*) = VP Only the symmet-
ric state couples to the ground state and renormalizes its energy:

2B+ 2[ EQ— (Ve + Vi) ]—2Vep —J6VsP
—\JeVveh Eq+3Ep— (VB + VER™) — VER

The renormalized electron-hole interaction matrix element reflects the more involved character of scattering states. It is a
product of the normalization factor of the ground sta{@, and the normalization factor of the excited stat@, The
numerical form of the Hamiltonian describing the coupling of the ground and a single relevant excited state is

6t—4.7%, —(\/6/4)V,
—(\J6/4)V, Tt—3.625/,

Let us now turn to the triplet-triplet configuration. The ground state is a singlet inghell and a triplet in the shell. We
must now promote an electrdhole) from the s shell to thep shell. We can do this in two ways, as shown in Fig. 6. The
resulting configuration must also consist of a singlet and a triplet, the singlet now consisting of two electrons in one of the
states of the shell.

The two properly symmetrized excited states are

la)= (Cforcgor)(cglrcgu)( Imhgor)(hguhglmv%

|b)= COllcOOL)(CloTClOL)(h(J)rlTh(J)rOT)(hloih:JLrOT)|V>' (16)

The energy of these states equEIaﬁb)—EovL 3E0 2(Ve*+Vpp™) — (VE2X+VRPX). This energy is lowered from the
corresponding excited states in the singlet-singlet conf|gurat|on by the exchange energyw-qf edectrons. The ground-state
energy in the absence sfp shell mixing isEy=2E¢+ 2[E2—(V22’X+Vﬁﬁ'x)]—zvgﬁ

The two degenerate excited states are coupled by the electron-hole interaction. We form a symmetric and antisymmetric
combination| )= (1/y2)(|a)=|b)). This leads to two eigenvaluds, = Eq+3Ep—2 (Ve + ViE*) — (VB + VhP¥) = VEP
Only the symmetric state couples to the ground state and renormalizes its energy

2Eq+2(Ep— (Ve + Vih™) —2VER —\2vih
—\2Vep Es+3EQ—2(VERX+ VpPX) — (VERX 4+ VRPX) — VEP
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The final form of the Hamiltonian describing the coupling either triplet or singlet states. Thex3ground state is well
of the ground-state and a single relevant excited state is approximated by the symmetrical combinatiof)
=(1/y2)(J]a)+|b)). The 2X final states were given in Eq.

6t—4.75/, —(\2/4)V, (11), and only the biexciton stat®) and the symmetrical
excited state are coupled. For a singlet-singlet final state we
—( \/5/4)V0 7t—4.625/ |- find the matrix element for the transition from thX §round

state to the singlet final states to be given by

We see that the energy of triplet excited states is lowek((2X),f|P~|3X)[?=|V2A{+A’ /2|2 We see that the con-
then the energy of singlet excited states but the strength dfibution from the ground state is increased by a fagfar
coupling of singlet states is higher. The small energy sepaand the coefficient of the excited state is decreased by a
ration of triplet excited states from the ground state leads tdactor of 2 as a result of overlaps of different states. For the
stronger level repulsion. This is, however, compensated foRX ground statéA,>A, , and both coefficients are positive.
by the stronger interaction of levels in the singlet-singletThis multiplicative factor enhances the contribution from the
configuration, and the singlet-singlet configuration become&X ground state, i.e., recombination from thshell. On the
the ground state. The splitting is very small. Larger splittingother hand, the excited state, corresponding to vacancies in
results from the coupling to higher shells if they arethes shell, hasA,<<A, and the two coefficients have op-
available!? The singlet-singlet ground-state configuration posite sign. The smaller coefficied, is enhanced by the
has to be contrasted with the configuration derived fromfactor /2, while the larger excited-state coefficight , with
Hunds rule?® which would predict the triplet-triplet configu- opposite sign, is reduced by a factor of 2. They become now
ration to be the ground state. It shows that different rulesomparable factors, and tend to cancel each other. Hence the

operate in excitonic atoms than in electronic ones. s-shell contribution to the emission spectrum from the
singlet-singlet X configuration is very small. What remains
VII. EXCITED STATES AND EMISSION SPECTRA is the emission process where the final state is the symmetric

We h h that f tric int . d combination of the two triplet biexciton states. Hence the 3
€ have shown hat for Symmetric interacltions and very,, 5y omissjon spectrum has two groups of peaks, the emis-
large confinement the energy to remove an exciton from

partially filled p shell does not depend on the filling of the Sion from thep shell and the emission from treshell. The

e s shell emission is to the final triplet biexciton state, with
shell. Hence the emission spectrum of fhahell does not energy very close to thexLand 2X emission line. This is
depend on the population of this shell. In order to distinguisl‘because we removed an exciton with such a spi.n configura-
spectra corresponding to different numbers of excitons W&ion which did not allow for the exchange with an electron
need to investigate removal of excitons from a filedhell and a hole in the shell
as a function of the filling of the shell. These processes '
leave the final-state exciton droplet in an excited state, and
hidden symmetry no longer applies. The excited states were I
already investigated in Sec. VI. s |

To calculate the emission spectrum we assume that the : l
guantum dot is in a quasiequilibrium with a reservoir of

electron-hole pairs in, e.g., the energetically higher wetting I ’_i

4 T T T

B6X->5X

o

layer or 3D continuum. This determines the probability B 5X->4X
P(N,i) that the dot is occupied witN electrons and is in an I .
initial state|N,i). The emission spectrum is given B(w) ' ' '
=3NiP(N,i)E(w,N,i).

The emission spectrum of a dot withelectrons in a state
li), E(w,N,i), is given by Fermi's golden rule in terms of
exact energies and eigenstates of the iniaand final N k
—1 exciton states: - 3X->2X

intensity
—

E(w,N,i)zZf [(f,(N=1)|P~|N,i)[PS(E;— Ef— w).

r 2X->1X
17 ] I
4 } = I
If we assume fast energy relaxation, only emission spectra

from ground states dfl exciton complexes are needed. The 2r 1X>0 ]
calculated emission spectra are shown in Fig. 8 for a typical I . [ | . ]
ratio of the Coulomb to kinetic energy,/t=0.51213The 0 0 1
1X and 2X recombination spectrum corresponds to a single Eft

recombination line. The 2 emission is at slightly lower en-
ergy, and its amplitude is twice the exciton because there are
two final exciton states, with two different spin orientations.
Let us now discuss emission spectra from the ground state FIG. 8. Emission spectra froi exciton ground states to\(
of the three exciton complex. The finalX2states can be —1) exciton ground and excited states ¥y/t=0.5.
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The emission from the X complex to excited states of excitons increases, extra electrons and holes populate excited
the 3X complex consists of two spectra originating from al- states of thep shell. The recombination energy from the
most degenerate singlet-singlet and triplet-triplet initidl 4 p-shell does not depend on the number of excitons, a result
states. The triplet-triplet recombination spectrum, and itof hidden symmetry, i.e., cancellation of many processes.
comparison with the final density of states, is shown in Fig.However, the recombination from tiseshell depends on the
7. The recombination spectra consists of three groups gbopulation of thep shell. This is a rather complicated pro-
states:(a) the recombination from the shell which is de- cess, involving a number of excited states and peculiar inter-
generate with the recombination from th& Zomplex,(b)  ference effects in matrix elements. This interference is re-
the recombination to the finaD3triplet-triplet state, which is sponsible for promoting the recombination process from
close in energy to the recombination from a single excitonthree- and four-exciton complexes to spin-polarized final
and (c) the lower-energy band of theX3excited states, states. This process involves a removal of an exciton with
shown in detail in Fig. 7 electron and hole spins opposite to spins of electrons and

The emission from the % complex to the singlet-singlet holes in a partially filledp shell. Hence the energy of this
and triplet-triplet 4 final states shows a very strong emis- recombination line is not affected by the population of the
sion from thep shell and a very weak emission from tee shell, and follows the energy of an exciton. Only when phe
shell. The weak emission from theshell is caused by a shell begins to fill up with more than two particles, does the
similar interference effect to that for thex3complex. The  s-shell recombination line shift down in energy. The shift is
matrix element for the recombination from thé& Hround due to exchange energy of the remoweshell exciton with
state to the ground state and one excited singlet-singlet 4 p-shell excitons. The emission to final polarized states may
states is given by |<(4x,ss),f|p—|5x>|2:|WQAB perhaps explain why high excitation photoluminescence

+A" /2|2, where coefficienta are eigenvectors of the four emission from higher electronic shells is not accompanied by

exciton singlet-singlet Hamiltonian. Hence the recombina2 Pand-gap renormalization of emission from lower shells.

tion to the ground state is enhanced, and that to the excited
state, with a missing exciton in theshell, is reduced. Vill. SUMMARY
There are three triplet-triplet finiteX states. Only two of
them can be reached from a given initiak Tonfiguration.
They have the same energy and are coupled to only o
excited state but their matrix elements are different. or
=1 and S,=1, the (transition probability is
[((4X,tt),f|P7|5X)[2=|V2AL+ Al /2|2, where coefficients
A" are eigenvectors of the triplet-triplet four-exciton Hamil-

tonian. B ... six excitons reveal an interesting interplay of spin and cor-
For S=1, Sz:g t?e trarf15|t|(§n probability s reations in the exciton droplet. The spin-polarized compo-
[((4X.tt),f[P~[5X)[*= |AQ/\2+ AL /2|7 TheS,=0,1 prob-  nents of the exciton droplet lower their energy due to attrac-
abilities have to be added. _ tive exchange interaction. In the spin-unpolarized
The final result, Fig. 8, shows that in th&X®omplex the  configurations exchange is repulsive, but the number of pos-
emission from thes shell is suppressed in comparison with sjhle configurations increases. The mixing of configurations
the lower density quantum dot, i.e., with either four or three(correlation due to the electron-hole scattering more than
excitons, a rather counterintuitive result. The emission fro”bompensates for the loss of exchange. Because of correla-
theS She” iS I’eCOVGred When our dOt iS Completely f|”ed with tions there appears a modu|ati0n Of matrix e|ements in the
6X. The emission from the shell corresponds now to the recombination process which leads to, e.g., suppression of
removal of thes-shell exciton, without mixing with other the recombination at low energy in the five-exciton complex
configurations. The energy of this quasiexciton is renormaland enhanced emission into spin-polarized states for low ex-
ized by an exchange interaction of thshell electron and a  citon numbers. This may perhaps explain the lack of signifi-
hole with electrons and holes inmashell. This lowers the cant band-gap renormalization observed in high excitation
energy of the emission band by the exchange self-energy gfhotoluminescence experiments. It is hoped that these calcu-
the exciton 2Yg8™+ VpR™). lations will serve as a fingerprint of excitonic artificial atoms
Therefore, we see that the emission spectra as a functiagbserved in “single-dot spectroscopy.”
of the number of excitons have several characteristic fea-
tures. For one and two excitons the emission takes place ACKNOWLEDGMENTS
from the exciton and biexciton state, with electrons and holes
primarily in thes shell. The energy shift between the exciton  The author acknowledges informative discussions with
and biexciton is very small on the scale of the largest energil. Bayer, A. Forchel, A. Wojs, S. Fafard, and G. Aers, and
in the problem, i.e., the kinetic energiyWWhen the number of support from the Alexander von Humboldt Foundation.

We have shown that the emission spectrum from a very
r]simple and general model of a quantum dot is a sensitive
finction of the number of excitons in the dot. Hence “engi-
neering” optical properties of quantum dots requires not
only engineering of the single-particle levels but of many-

particle states and interactions as well.
The detailed calculations of the emission spectra for up to
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