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Ground-state properties of the BCS–Bose Einstein crossover in adx22y2-wave superconductor
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We examine the ground-state properties of the crossover between BCS superconductivity and Bose Einstein
condensation within a model that exhibitsdx22y2 pairing symmetry. We compare results for zero temperature
with known features ofs-wave systems and show that bosonic degrees of freedom are likely to emerge only in
the dilute limit. We relate the change in properties of the ground state as a function of density to the effect of
the exclusion principle and show that the one-particle distribution function undergoes a significant change
when bosonic behavior appears.@S0163-1829~99!00822-X#
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I. INTRODUCTION

The existence of a crossover from BCS superconducti
to Bose Einstein~BE! condensation of preformed pairs h
received increasing attention in the literature over the
few years. Originally discussed by Eagles1 within the context
of pairing in thin-film semiconductors, and considerably e
panded upon by the works of Leggett2 and Nozières and
Schmitt-Rink,3 the latest resurgence in interest has been
to its possible application to the understanding of the ph
diagram of high-temperature cuprate superconductors.4

In particular, the appearance of a pseudogap in b
charge and spin excitations of the normal state5–9 has led to
a number of suggestions that pairing correlations well ab
Tc may occur in these systems. Whether these correlat
are in the bosonic form of pre-formed pairs,10,11or pair reso-
nances originating from the intermediate regime of
BCS-BE crossover,12,13 or simply from classical phas
fluctuations14 is still however a controversial issue.

Furthermore, now that there is a large body of evidenc
suggest that pairing in the cuprates is predominantlydx22y2

in character,15–17there is a clear need to understand the pr
erties of the BCS-BE crossover within the context of th
type of pairing symmetry. Although there have been so
attempts to discuss the effect ofdx22y2 pairing on pseudogap
formation aboveTc in the cuprates,18 there has been little
discussion on the systematic ground-state properties of
BCS-BE crossover in thedx22y2 channel. This is an impor
tant issue, since pairs with this symmetry cannot contrac
pointlike bosons and so accordingly one expects that th
will be severe consequences for the properties of the gro
state of this type of system. This is of direct importance
terms of the validity of the crossover scenario for the c
prates, while also being of general interest in understand
macroscopic pairing in higher angular momentum chann

In this paper, we consider the BCS-BE crossover at z
temperature as a function of both coupling strength and
rier density, within a two-dimensional toy model that has
dx22y2 pairing instability. The study at zero temperature
well controlled by use of the BCS variational wave functi
~which contains the BE limit2! and allows us to establish a
the two-body level the qualitative ground-state properties
PRB 600163-1829/99/60~1!/559~5!/$15.00
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the system upon which future studies may be based. In
ticular, we show that the ground-state properties of the s
tem are severely modified from thes-wave picture, where a
smooth crossover exists for all densities.3,4 For the dx22y2

case the effect of the exclusion principle as the density
carriers is increased results in a suppression of the em
gence of bosonic degrees of freedom for moderately la
densities and strong coupling, where the system instead
mains fermionic~BCS-like!. We find that only in the dilute
limit is a crossover possible, and that when this occurs
single-particle distribution particle undergoes a radical red
tribution. We summarize most of our results in Fig. 1, whi
shows when bosonic degrees of freedom can emerge
function of both density and coupling strength.

II. TOY MODEL

We introduce as our toy model a ‘‘reduced’’ Hamiltonia
in the BCS sense that describes an effective two-particle

FIG. 1. The crossover between fermionic and bosonic deg
of freedom as a function of carrier density and coupling strength~as
defined in text!. The left boundary is determined by the onset o
finite gap amplitude, and the right boundary by when the chem
potential falls below the band minimum. The solid lines are a gu
for the eye only.
559 ©1999 The American Physical Society
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FIG. 2. The dependence ofm
on coupling strength for various
densities. Inset: The gapD as a
function of coupling strength
~dashed lines and data points!.
The solid lines are the asymptoti
behavior derived in the text.
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teraction in real space and in the singlet pairing channe19

Specifically, it is

H5 (
^ i j &s

2t~cis
† cj s1H.c.!2m* (

is
nis1W(

i
ci↑

† ci↓
† ci↓ci↑

2V(̂
i j &

ci↑
† cj↓

† cj↓ci↑ , ~1!

where first and second terms describe nearest-neighbor
ping on a two-dimensional square lattice with chemical p
tential m* , and the third and fourth terms describe an effe
tive two-body pairing interaction in real space. In particul
the third term represents the repulsive part of the effec
interaction while the last term provides an attractive inter
tion for nearest-neighbor particles.20

By expressing the superconducting gap in terms of
various symmetry components and introducing the B
variational wave functionuC&5)k(uk1vkck↑

† c2k↓
† )u0&, the

zero-temperature gap equation in thedx22y2 channel is given
by

15
1

2M (
k

V~coskx2cosky!2

$@j~k!2m#21D2~coskx2cosky!2%1/2
, ~2!

where j(k)522thk is the nearest-neighbor tight-bindin
energy dispersion, the geometric factorhk5coskx1cosky ,
and the effective chemical potentialm5m* 2n(W/222V).
The amplitude of thed-wave gap is denoted byD.

As Eagles first pointed out,1 any deviation from weak
coupling requires a self-consistent solution of both gap
number equations, since the BCS approximation of
chemical potential, being equal to its value in the norm
state, can no longer be reasonably justified. Specifically,
number equation for the chemical potentialm, which defines
the particle densityn5N/M , is
p-
-
-
,
e
-

s
S

d
e
l
e

n215
1

M (
k

2@j~k!2m#

$@j~k!2m#21D2~coskx2cosky!2%1/2
.

~3!

We have solved Eqs.~2! and~3! self-consistently at a given
density by numerical integration. In this theory, pairing tak
place over the entire Brillouin zone~BZ!. The zone edge act
as a natural boundary or momentum cutoff that avoids
renormalization methods used to remove ultraviolet div
gences in continuum model treatments of strong coup
within the BCS framework.21

III. CROSSOVER AND ANALYSIS

The inset of Fig. 2 shows the gap parameterD for densi-
ties ranging from the dilute limit to the almost half-fille
case. Taking the onset of a finite gap parameter as the si
for the manifestation of the superconducting state, an
crease in the particle density clearly favors the emergenc
a dx22y2 paired ground state. On the other hand, as the s
tem becomes more dilute, there is a need for stronger c
pling to induce pairing.

In the dilute limit ~of relevance to the underdoped c
prates, where the density of carriers is proportional to
doped hole concentrationx), the occurrence ofdx22y2 bound
states for the two-particle problem on an empty lattice is
our system, equivalent to that problem for thet-J model.
Kagan and Rice22 have shown that adx22y2 bound state will
not occur unless the couplingJ ~equivalent toV in our case!
is greater thanVc/4t;1.8. Also, Randeriaet al.23 have
shown that in two dimensions, a necessary and suffic
condition for a dilute many-bodys-wave Cooper instability
to occur is that ans-wave bound state exists for the corr
sponding two-body problem on the empty lattice. Impo
tantly, in the context ofdx22y2 symmetry, they have also
shown that such a condition does not exist for higher ang
momentum pairing.

In our study, we find that the onset of pairing occurs f
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progressively weaker coupling as the density is increas
contrary to ans-wave system. In thedx22y2 channel at a
coupling strength less thanVc/4t, the dilute system gains
more kinetic energy compared to pairing energy and thus
a total condensation energy that is positive, whereas for
more dense system the kinetic energy of the carriers is
average less effected and a pairing instability occurs. T
steady evolution from the extreme dilute limit where pairi
does not occur untilV/4t>1.8, to the near half-filled cas
where superconductivity can manifest itself at a mu
weaker coupling than that required for a two-body bou
state, is indicated by the boundary on the left in Fig. 1. T
n50 point corresponds to the critical coupling strengthVc
discussed above and calculated initially by Kagan a
Rice.22

In Fig. 2 we showm as found in conjunction with the
solutions for the gapD at various densities and as a functio
of the coupling strength. The horizontal line atm/4t521.0
represents the bottom of the tight-binding band. For we
coupling, it is well known thatm in the superconducting
phase is given roughly by the Fermi energy of the norm
state and this can be seen in the figure. However, at la
doping,m shows little deviation from its normal state valu
over a large variation in the the coupling strength. This is
be contrasted with the low-density results, which show
relatively rapid deviation from weak-coupling behavior asV
is increased.

In general, bosonic degrees of freedom can be expecte
emerge once the chemical potential of the many-bo
ground state slips below the band minimum in a tig
binding system, or below zero in a continuum model. For
s-wave system, Nozie`res and Schmitt-Rink3 were able to
show that a crossover from fermionic superconductivity
bosonic degrees of freedom can occur for all densities as
coupling strength is increased. For thed-wave system con-
sidered here, this is not the case. Bosonic degrees of free
can only emerge in the dilute regime, while for large den
ties, the system behaves more like a weak-coupling su
conductor with a value of the chemical potential compara
to that of the normal state. These results are expressed b
boundary on the right in Fig. 1. Given that the BCS wa
function only takes two-body correlations into account,
expect that the suppression of bosonic degrees of free
would be increased in a more sophisticated treatment
would include a repulsive interaction between fermi
pairs.24

Further insight into this feature of ad-wave system can be
gained by examining the limit of infinite coupling strengt
In the caseV→`, the kinetic term~and thus any Fermi sur
face geometry! becomes negligible and the asymptotic b
havior of the gap and chemical potential can be shown fr
Eqs. ~2! and ~3! to have the formD→gV/2 andm→gV(n
21)/2a, implying that in the infinite coupling limit,m/D
→(n21)/a. Here the parametera is given by the solution
to

a5
1

M (
k

1

$~coskx2cosky!21~@n21#/a!2%1/2
, ~4!

while g is defined by
d,
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1

M (
k

~coskx2cosky!2

$~coskx2cosky!21~@n21#/a!2%1/2
. ~5!

We have indicated the asymptotic behavior ofD at various
densities in the inset of Fig. 2 by the solid lines. As o
increases the density, the convergence to the asymptotic
havior is poor for large densities, indicating that them is still
of the order of the band energy. In the strong-coupling
gime, if true bosonic characteristics emerge then one exp
that m should simply reduce to the binding energy per p
ticle for the ‘‘diatomic’’ electron molecule. It can readily b
shown that only in the dilute limit does the ratiog/a ap-
proach unity. This indeed leads to the resultm52V/2, ex-
actly one half of the binding energy for the two-body pro
lem in the strong-coupling limit.25 On the other hand, at hal
filling ( n51) m clearly remains zero even in the limit o
infinite coupling. Remarkably, the ground state remains
fermionic superconductor for all coupling strengths and h
characteristics equivalent to a weak-coupling BCS syst
For densities in between these two limits, an increase in c
pling will eventually reduce the chemical potential below t
bottom of the band; however, it will always be somewh
greater than the binding energy per particle of the two-bo
case.

This general dependence on the density for the BCS
crossover ind-wave systems can be viewed as a manifes
tion of the effect of the exclusion principle. Due to the sym
metry of the pairs, they cannot contract in real space to p
bosons, but must always retain a finite spatial extent. As
density increases, the overlap of the pair wave functions
erts its influence through the exclusion principle contributi
a positive energy to the system. At half filling, this overla
prevents the system from crossing over to a system disp
ing bosonic qualities even in the infinite coupling limit.

This interpretation can be further supported by a calcu
tion of the average pair coherence length. We can define
length j0 through the expectation value of the quantityj0

2

5^Fku2¹k
2uFk&/^FkuFk& whereFk5uk* vk plays the role of

the pair wave function.26

In Fig. 3 we show the behavior ofj0 in the infinite cou-
pling limit as a function of density. It is clear that a shrinkin

FIG. 3. The coherence length in the strong-coupling limit a
function of density. The lattice spacing has been set to unity.
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of the pair size in real space to a compactified boson sp
out over nearest-neighbor sites can only occur in the di
limit, where the exclusion principle becomes irrelevant. F
higher density, the overlap of the pair wave functions has
effect of increasing the correlation between particles, wh
then increases the average pair size in order that the
energy of the system can be minimized.

Lastly, we examine the single-particle distribution fun
tion nks as a function of the coupling strength. We find th
in weak coupling, the system behaves as a typical BCS

FIG. 4. Contour plots within the first BZ ofnks for V/4t51
~top! andV/4t54 ~bottom! andn50.3. The brighter the region th
larger the value ofnks .
rl
ad
te
r
e
h
tal

t
s-

tem, withnks resembling a step function up to a point clo
to the normal-state Fermi surface, whereupon it becom
smeared over a small region aboutm5EF . The degree of
smearing increases with the coupling until the chemical
tential drops below the bottom of the band. At this point, t
behavior of the single-particle distribution function radica
changes.

In Fig. 4, we compare contour plots ofnks for n50.3
throughout the BZ for the weak coupling caseV/4t51,
wherem is well approximated by its normal-state value, a
the stronger coupling caseV/4t54, where the chemical po
tential falls just below the bottom of the band.

In the weak-coupling case, the Fermi surface of a tig
binding band with a small density per unit volume can
clearly seen by the bright region in the middle of the plot. O
the other hand, whenm drops below the bottom of the ban
and bosonic degrees of freedom emerge,nks undergoes a
redistribution within the BZ. ForV/4t54, the probability for
occupation of highest-momentum states is now found in
regions around (6p,0) and (0,6p). Fordx22y2 pairing, this
change in behavior of the single-particle distribution functi
nks as the chemical potential falls below the minimum of t
tight-binding band is an interesting feature. Fors-wave sys-
tems,nks becomes a constant for strong coupling, represe
ing the Fourier transform of a point internal wave functio
Accordingly, we can interpret the new structure fornks as
the d-wave version of a local pair.

One may speculate what the effect of this new struct
for nks may be at finite temperatures. AboveTc , if a
pseudogap in the normal-state excitation spectrum can a
from pairing fluctuations in the crossover regime,13 then one
would expect these fluctuations to occur predominantly
the region of the BZ, which has the largest probability
occupation by pairs. On the one hand, it is interesting to n
from the bottom plot in Fig. 4 that these regions correspo
to the angular dependence of the pseudogap in the un
doped cuprates.8,9 However, it is still unknown whether thes
materials correspond to such a regime.

IV. SUMMARY

In summary, we find that fordx22y2 pairing, only in the
dilute limit is it likely that a BCS-BE crossover can occu
while it is possible at any density fors-wave systems. If
bosonic behavior does emerge, thedx22y2 symmetry causes
the single-particle distribution function to undergo a radic
redistribution.
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12B. Jankó, J. Maly, and K. Levin, Phys. Rev. B56, R11 407
~1997!.

13N. Trivedi and M. Randeria, Phys. Rev. Lett.75, 312 ~1995!.
14S. Kivelson and V. J. Emery, Nature~London! 374, 435 ~1995!.
15H. Ding, T. Yokoya, J. C. Campuzano, T. Takahashi, M. Ra

eria, M. R. Norman, T. Mochiku, K. Hadowaki, and J. Gia
intzakis, Nature~London! 382, 51 ~1996!.

16C. C. Tsuei and J. R. Kirtley, Physica C282-287, 4 ~1997!.
17J. Annett, N. Goldenfeld, and A. J. Leggett, inPhysical Proper-
-

.

.

.

-

ties of High Temperature Superconductors, edited by D. M.
Ginsburg~World Scientific, Singapore, 1996!, Vol. V.

18J. R. Engelbrecht, Phys. Rev. B57, 13 406~1998!.
19Here we consider this model as an effective Hamiltonian of so

unknown many-body system. For studies in a more general c
text, see R. Micnas, J. Ranninger, and S. Robaszkiewicz, R
Mod. Phys.62, 113 ~1990!.

20We note here that the hard-core on-site repulsion energyW is not
necessary for generating ad-wave pairing state. Indeed as ind
cated in the text, it drops out of the BCS equations in this sy
metry channel. Nonetheless, it is useful from an aesthetic vi
point in that the system prefers ad-wave instability over an
s-wave one over a large region of parameter space. See Mi
et al. ~Ref. 19!.

21M. Randeria, Ji-Min Duan, and Lih-Yir Shieh, Phys. Rev. B41,
327 ~1990!.

22M. Yu Kagan and T. M. Rice, J. Phys.: Condens. Matter6, 3771
~1994!.

23M. Randeria, Ji-Min Duan, and Lih-Yir Shieh, Phys. Rev. Le
62, 981 ~1989!.

24R. Haussmann, Phys. Rev. B49, 12 975~1994!.
25D. C. Mattis ~unpublished!.
26A. J. Leggett, inQuantum Liquids, edited by J. Ruvalds and T

Regge~Elsevier/North-Holland, Amsterdam, 1978!.


