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Impact production of secondary electronic excitations in insulators:
Multiple-parabolic-branch band model

A. N. Vasil’ev, Y. Fang, and V. V. Mikhailin
Physics Faculty, Moscow State University, Moscow 119899, Russia
~Received 17 June 1998; revised manuscript received 1 April 1999!

Analytic expressions for threshold energies and rates of electron-hole pair and exciton productions by
electron impact in wide-gap insulators are given within a multiple-parabolic-branch band model which goes
beyond the single-parabolic-branch model. The analysis is based on the polarization approximation. Due to the
transition between the different branches, the thresholds are significantly lower than those for the single-
parabolic-branch band model, and the exponents of power laws of the partial production rates are higher by 1.
The interaction between components of the electron-hole pairs reduces exponents by 0.5 for both band models;
an exciton reduces them by 1.5. The account for inelastic scattering with phonon emission can explain the shift
of an experimentally observed threshold to higher energies. The calculated threshold of exciton production for
solid Xe is in good agreement with the experimental one.@S0163-1829~99!01331-4#
o
s
rin
ita

-
er

du

fo
th

o

a

r

ct

he
e

or
t in
eri-
iton

of
e-

nd
tic
n of
u-

ion
e

me
IV.
VI,

ies
oxi-
ec-

for
I. INTRODUCTION

Electron inelastic scattering of energetic electrons is
fundamental importance in the processes of interaction
high-energy quanta with condensed matter. This scatte
results in impact production of secondary electronic exc
tions, which is revealed in ‘‘photon multiplication’’ effect in
luminescence excited by VUV photons,1,2 whereas the cas
cade of such elementary acts determines the total numb
electronic excitations in the scintillation process.3 Threshold
and rate are the most important characteristics of the pro
tion.

The simplest expressions for them with an allowance
energy and momentum conservation are obtained within
single-parabolic-branch band~SPBB! model of an insulator
for both conduction and valence bands. For electron-h
pair production, the threshold energy is4

Eth
e-h5~11m!Eg , ~1!

whereEg is the gap,m5me /(me1mh), me andmh are the
effective masses of an electron and a hole, respectively,
the production rate near the threshold is5,6

We-h~E1!}~E2Eth
e-h!2, ~2!

where E is the kinetic energy of the initial electron. Fo
Wannier-Mott exciton production, the threshold is7

Eth
ex5~11m!Eex, ~3!

whereEex is the exciton energy for staten51, and the pro-
duction rate near the threshold will be obtained below as

Wex~E!}AE2Eth
ex. ~4!

Beyond the SPBB model, theoretical research was condu
in two directions: real-band Monte Carlo calculations8–13and
model-band analytic approaches.14,15 All these calculations
were made for semiconductors.
PRB 600163-1829/99/60~8!/5340~8!/$15.00
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For impact production in wide-gap insulators, where t
kinetic energy of the initial electron is about 10 eV, th
SPBB model cannot be applied although it is valid f
narrow-gap semiconductors. Moreover, the exciton effec
the threshold plays a crucial role in insulators. Recent exp
ment presented a vivid threshold for the secondary exc
production by a primary photoelectron after the absorption
photons in solid Xe.16 The observed threshold energy is r
markably lower than that given by Eq.~3!.

In this paper we present a multiple-parabolic-branch ba
~MPBB! model for the conduction band and give analy
expressions for threshold energies and rates of productio
e-h pairs and excitons by electron impact in wide-gap ins
lators. The analysis is based on the polarizat
approximation.7 Section II describes the MPBB model. Th
polarization approximation is presented in Sec. III. So
general expressions of production rates are given in Sec.
Thresholds and rates are calculated in Sec. V and Sec.
respectively. Conclusions are made in Sec. VII.

II. MULTIPLE-PARABOLIC-BRANCH BAND MODEL

In wide-gap insulators, the conduction band at energ
about 10 eV above its bottom can be described appr
mately as a set of free-electron parabolic bands with eff
tive massme5m0 shifted in wave-vector space by vectorsG
which are a superposition of reciprocal-lattice constantsbi
with integer coefficients:G5n1b11n2b21n3b3. This repre-
sentation corresponds to extended Brillouin zonesV` .
When only the first Brillouin zoneVB is considered,G iden-
tifies the branch of the dispersion law. The general form
dispersion laws is

Ee~k!5
\2k2

2me
, kPV` , or Ee

G~k!5
\2~k2G!2

2me
,

kPVB , ~5!
5340 ©1999 The American Physical Society
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where the energy origin is at the bottom of the conduct
band. Thus any state in the conduction band is determ
uniquely byk andG. If the relaxation over quasimomentum
is much faster than the relaxation over energy, the w
vector is a poor quantum number and it is convenient to
the following reduced description: energyE and branch
numberG.

For simplicity, the spherical effective massmh is used for
holes in the valence band:

Eh~k!5
\2k2

2mh
1Eg , kPVB . ~6!

The width of such a valence band is equal toEv
5\2(kB,max)

2/2mh , wherekB,max is the greatest distance be
tween theG point and the boundary of the Brillouin zone. I
this model the initial electron can be scattered not only fr
the same branch as in the SPBB model, but also from bra
G to branchG1ÞG, which is equivalent to the ‘‘umklapp’’
process.

For electron energies less than\2(kB,min)
2/2me , where

kB,min is the nearest distance between theG point and the
boundary of the Brillouin zone, there is only one branch w
G50. Thus in the scattering threshold region, the transit
resulting in the creation of secondary excitations from
only branch of the valence band can be restricted to
branch withG50 in the conduction band.

III. POLARIZATION APPROXIMATION

We use the formulation of the polarization approximati
given in Ref. 7. This approach allows us to regard the s
tering process as emission of a virtual longitudinal pho
followed by its absorption in the media. Since the absorpt
of such a photon can be described in terms of the energy
function, we can take into account all processes contribu
to Im@2«21(v,q)#, where«(v,q) is the dielectric function
with account for spatial dispersion. Different processes
e-e scattering with the production of new electronic exci
tions are plotted in Fig. 1. In this approximation, the impa
production rate for the initial electron with energyE is given
as7

We~E!5
V

~2p!3E dvE
VB

dq ImF2
1

«~v,q!G
3Mq

ee~E,E2\v!r~E2\v!, ~7!

FIG. 1. Schematic representation of impact production
electron-hole pairs without~a! and with~b! interaction, excitons~c!,
and defect excitations~d!.
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where\v and\q are the energy and the momentum trans
~of virtual longitudinal photon!, respectively.r is the elec-
tron density of states andMq

ee(E,E2\v) is thee-e interac-
tion matrix element.

For impact production of thee-h pair without account of
the interaction between their components, this express
can be deduced from Fermi’s golden rule. For the init
electron with wave vectork in the branchG, we have

We~k,G!5
2p

\ S V

8p3D 3

(
G1 ,G2

E
VB

E
VB

E
VB

dk1dk2dkh

3uM ~k,G;k1 ,G1 ;k2 ,G2 ;kh!u2

3d@Ee
G~k!2Ee

G1~k1!2Ee
G2~k2!2Eh~kh!#,

~8!

where the integration is performed over moments of the s
tered (k1) and the secondary (k2) electron and the hole (kh),
and the summation covers different branches of the scatt
(G1) and the secondary (G2) electrons. The exchange is no
considered. The matrix element is4

uM ~k,G;k1 ,G1 ;k2 ,G2 ;kh!u2

5
1

V2 S e2

«0u«u D
2I ee

2 ~k,G;k1 ,G1!I eh
2 ~k2 ,G2 ;kh!

q4

3(
G8

dk,k11k21kh2G8 , ~9!

whereq is equal to combinationsk2k1 andk21kh reduced
to the first Brillouin zone byG8, andI ee and I eh are overlap
integrals of periodic factors of Bloch functions.

According to the note mentioned in Sec. II, we use el
tron energyE instead of wave vectork in order to character-
ize an electron. ThusWe(E) is obtained by averaging ove
all initial states withk andG having energyE5Ee

G(k):

We~E!5
V

~2p!3

1

r~E! (
G

E
VB

dk d@E2Ee
G~k!#We~k,G!,

~10!

where

r~E!5
V

~2p!3 (
G

E
VB

dk d@E2Ee
G~k!#5

V

~2p!3

3E
V`

dk d@E2Ee~k!#. ~11!

If we define ane-e interaction matrix element

f
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Mq
ee~E,E2\v!5

1

4p3

e2

«0

1

uqu2r~E!r~E2\v!

3 (
G,G1 ,G8

E
VB

dkE
VB

dk1I ee
2 ~k,G;k1 ,G1!

3d@E2Ee
G~k!#d@E2\v2Ee

G1~k1!#

3d~k2k12q2G8!, ~12!

describing the inelastic scattering of the initial electron w
energyE to the states with energyE2\v, and the imaginary
part of the dielectric function for thee-h process

«2~v,q!5
1

8p2

e2

«0

1

q2 (
G2 ,G8

E
VB

dk2E
VB

dkhI eh
2 ~k2 ,G2 ;kh!

3d@\v2Ee
G2~k2!2Eh~kh!#d~q2k22kh1G8!,

~13!

describing the transition from the valence band with ene
Eh(kh) to the conduction band with energyEe

G2(k2) as the
response of the medium on the excitation, we can obtain
~7!. Since the bottom part of the electron band belongs to
G50 branch, we can use only one corresponding term.
indexes in Eqs.~12! and~13! correspond to those in Eq.~9!.

Equation~7! is a more general expression than Eq.~8!. It
also describes the production of excitons and other sec
ary electron excitations. With this equation thee-e ande-h
processes in impact production can be treated separatel

IV. GENERAL EXPRESSIONS
WITHIN THE MPBB MODEL

A. e-e matrix element and rate expression

The overlap integral of periodic factors of Bloch functio
for states in the same branch in the conduction band ca
estimated asI ee

2 (k,G;k1 ,G15G)'1. Another situation oc-
curs for the overlap integral for bands with differentG. In
this case, two periodic functions should be orthogonal
k15k andI ee(k,G;k15k,G1)50. In general, the overlap in
tegral for free electrons is the following:

I ee
2 ~k,G;k1 ,G1!5

uk2k1u2

uk2G2k11G1u2
5

q2

uq1Qu2
,

whereQ5G12G is the shift between the parabolic branch
in reciprocal space. Inserting this expression into Eq.~12!
results in changing theq2 factor in the denominator byuq
1Qu2. Thus the singularityq22 disappears. The inaccurac
of this expression will not affect the threshold behavi
which, as will be shown below, depends mainly on t
density-of-states factors.

The substitution of this expression into Eq.~12! converts
sums overG and integration overVB into integration over
V` :
y

q.
e
e

d-

be

r

,

Mq
ee~E,E2\v!5

1

4p3

e2

«0

1

r~E!r~E2\v!

3(
Q

E
V`

dkE
V`

dk1

1

uq1Qu2

3d@E2Ee~k!#d@E2\v2Ee~k1!#

3d~k2k12q2Q!

5(
Q

Mq1Q
ee,SPBB~E,E2\v!. ~14!

The integration of Eq.~14! results in

Mq
ee,SPBB~E,E2\v!5

me
2e2

2p2«0\4

3
1

r~E!r~E2\v!

1

q3Q~v,uqu,E!.

~15!

FactorQ equals 1 if the scattering process with emission
a photon with energy\v and wave vectorq is allowed by
the combination of energy and momentum conservat
laws:

Q~v,q,E!5u@v2v2~E,q!#2u@v2v1~E,q!#

5u@q2q2~E,v!#2u@q2q1~E,v!#,

with \v250, \v1(E,q)5E2(\q2A2meE)2/2me , and
\q6(E,v)5A2meE6A2me(E2\v). The limits for q are
not dependent onQ and are the same as were given in Re
17–19 for the SPBB model. With the dispersion law giv
by Eq. ~5!, Eq. ~11! results in

r~E!5
V~2me!

3/2

4p2\3
AE. ~16!

Inserting Eqs.~14!, ~15!, and~16! into Eq. ~7!, we obtain

We~E!5(
Q

WQ~E!5(
uQu

nQWuQu~E!, ~17!

wherenQ is the number of nodes with the sameuQu in recip-
rocal space, and

WQ~E!5
e2

8p3«0\
Ame

2EE dvE dq

uq1Qu3

3ImF2
1

«~v,q!GQ~v,uq1Qu,E!. ~18!

When we take into account only the term withQ50, Eq.
~18! is reduced to the well-known formula obtained with
the SPBB model for the electron gas20 and for condensed
matter21 and serves as a basic formula to treat the inela
scattering of electron in condensed matter.17–19,22
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B. «2 and rate expression

Equation~13! describes«2 for the case of electron-hol
excitation without interaction between these particles. Wh
this interaction is taken into account,«2 has a more compli-
cated form. The expression for«2 in the case of the Wannier
Mott exciton withq50 was obtained in Ref. 24. The exten
sion of this formula to qÞ0 can be obtained for
nondegenerated bands using a transition to the cente
mass system. In this case,«2 is the function of\v2Eg
2\2q2/2(me1mh) for energies \v less than Eg

1\2kmin,B
2 /2me ~when only the lowest band in the condu

tion band is taken into account!. Assuming thatu«u2 varies
slower than«2, we can write a general expression for bo
exciton ande-h pair production as~see the Appendix!

WQ~E!5
e2

4p2«0

A2me

3u«u2\m

1

AEQE
E dv «2~v,0!

3F D2
3/2u~D2!

~AE1mAEQ!2
2

D1
3/2u~D1!

~AE2mAEQ!2G , ~19!

where

D65~AE7mAEQ!22~11m!~\v1mEQ! ~20!

with EQ5\2Q2/2me .
The expression forQ50 near the threshold can be r

duced from Eq.~19! by taking the limit as follows:

W0~E!5 lim
Q˜0

WQ~E!

5
A2e2Ame

2p2«0u«u2\

1

E

3E dv «2~v,0!AE2~11m!\v

3u@E2~11m!\v#. ~21!

V. THRESHOLDS

The integrands in Eqs.~19! and ~21! are equal to zero if
the correspondingu functions are equal to zero~these func-
tions set an upper limit in the integrals! or «2(v,0) is equal
to zero in the transparency region~this threshold of the ab
sorption defines the lower limit in the integrals!. The thresh-
old energy can be determined from the coincidence of th
two limits. The expressions of thresholds for exciton ande-h
pair production have the same form, which can be de
mined by substituting\v5Ed ~where the notationEd is
used for the photon absorption threshold for the creation
corresponding excitations,Ed5Eg for e-h pair and Ed
5Eex for exciton! into D650, i.e.,

~A2meEth,Q
6 7m\Q!25~11m!~2meEd1m\2Q2!,

~22!

which gives the lower and upper thresholds correspondin
D2 andD1 as
n

of-

se

r-

f

to

Eth,Q
6 5Eth

0 62mAEQA~11m!~Ed1mEQ!1m~112m!EQ ,

~23!

where

Eth
0 5~11m!Ed ~24!

is the threshold forQ50.
In comparison with the SPBB model, which is the spec

case here whenQ50, the threshold has two values~due to
the transition to the other branch of the bands!: the upper
threshold is always larger thanEth

0 , which has less of an
effect on the rate in the threshold, while the lower thresh
can be significantly lower thanEth

0 . The lowest threshold
Eth,Q

2 5Ed can be achieved if\Q5A2meEd. In this case, the
vertical transition from the valence band to the conduct
band, like that in the photon absorption, becomes poss
due to the transition of the initial electron from the bran
with \G5A2meEd to the branchG50, allowing for the
momentum conservation. The same reduction of the thre
old was obtained numerically8 and analytically23 for e-h pair
production in silicon due to the multivalley conduction-ba
structure, which is similar to the MPBB model here. F
solid Xe the lower threshold versusQ calculated by Eq.~23!
for exciton ande-h productions is plotted in Fig. 2 with the
parameter of the fcc lattice constanta50.62 nm and the
band parameters16 Eex58.359 eV, Eg59.3 eV, me5m0 ,
mh52.1m0. The numbers in Fig. 2 correspond to the tran
tions to the branch withG50 from different branches
which parameters and respective lower thresholds are sh
in Table I.

The transition of the initial electron from the neare
branch withQ52pA3/a has the lowest threshold for exc

FIG. 2. Lower thresholds of impact production of Wannier-Mo
n51 exciton ande-h pair vsQ for solid Xe calculated by Eq.~23!
with parameters given in the text and Table I.

TABLE I. Multiple-branch parameters of solid Xe and asso
ated lower thresholds for five different branches with the ba
structure parameters given in the text.

1 2 3 4 5

Q 0 2pA3/a 4p/a 4pA2/a 2pA11/a
nQ 1 8 6 12 24
Eth

ex (eV) 11.06 8.43 8.62 9.84 10.95
Eth

e-h (eV) 12.30 9.33 9.49 10.64 11.72
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ton productionEth
ex58.43 eV, which is in good agreemen

with the thresholdEth
ex58.45 eV determined by the exper

ment of Ref. 16.

VI. PRODUCTION RATES NEAR THRESHOLDS

If «2(v,0) defined in Eq.~13! is determined, the produc
tion rate can be obtained using Eq.~19! and Eq.~21!. Func-
tion «2 with q50 can be easily obtained from an experime
Ratio I eh

2 /q2 near the threshold can be roughly estimated
the k•p method as4

I eh
2

q2
5

\2

meEg
. ~25!
-

ny

e
r

Eq
.
y

Then«2(v,q) can be calculated using Eq.~13! for dispersion
laws given in Eqs.~5! and ~6! without taking interparticle
interaction into account:

«2~v,q!5C«A\v2Eg2\2q2/2~me1mh!

3u@\v2Eg2\2q2/2~me1mh!#, ~26!

where

C«5
e2

4p«0\

1

meEg
S 2memh

me1mh
D 3/2

.

Allowance for e-h interaction results in the above
mentioned extension of Elliott’s formula:24
«2~v,q!5C«F(
n

4p~Ry* !3/2

n3
d@\v2Eg1Ry*/n22\2q2/2~me1mh!#

12pARy*
u@\v2Eg2\2q2/2~me1mh!#

12exp$22pARy*/@\v2Eg2\2q2/2~me1mh!#%
G , ~27!
s,
where Ry*5Eg2Eex. This formula describes the produc
tion of both bound exciton states@discreet sum in Eq.~27!#
and separated electron-hole states@last term in Eq.~27!#.
Allowance for e-h interaction changes the behavior of«2
nearEg from square root law to constant value without a
singularity atEg @for energies aboveEg1\2q2/2(me1mh)
the denominator of the last term in Eq.~27! is equal to 1#.
Only for energies about 2 Ry* above the threshold can on
neglecte-h interaction and Eq.~27! asymptotically goes ove
into Eq. ~26!.

From Eq.~27! we have«2 for three special cases:
For excitonn51,

«2~v,q!5C«4p~Ry* !3/2d@\v2Eex2\2q2/2~me1mh!#;
~28!

for e-h pairs with interaction,

«2~v,q!5C«2p~Ry* !1/2u@\v2Eg2\2q2/2~me1mh!#.
~29!

For e-h pairs without interaction, the case corresponds to
~26!.

With Eq. ~20! and Eq.~22!, D6 can be expressed as

D65A61~11m!~Ed2\v!,

where

A65E2Eth,Q
6 72mAEQ~AE2AEth,Q

6 !. ~30!
.

Using these definitions and substituting Eq.~26! and Eqs.
~28! and~29! into Eq. ~19!, we obtain a formula for the rate
of impact production of the secondary electron excitation

WQ~E!5
b

t0

~Ry* !32a

u«u2EgAEQE
FA2

a u~E2Eth,Q
2 !

~AE1mAEQ!2

2
A1

a u~E2Eth,Q
1 !

~AE2mAEQ!2 G ~31!

with

1

t0
5S e2

4p«0
D 2me

\354.1431016 s21.

TABLE II. Parameters for Eqs.~31! and~33! for different types
of secondary excitations.

a b a0 b0

n51 exciton 1.5 16~12m!3/2

3m
0.5 32(12m)3/2

e-h pair with interaction 2.5 16~12m!3/2

15m~11m!
1.5 32~12m!3/2

3~11m!

e-h pair without interaction 3 1

12m S 12m

11m D 3/2
2 S 12m

11m D 3/2
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Values of parametersa andb for n51 exciton ande-h pairs
with and without interaction are shown in Table II. ForQ
Þ0, two thresholds are well separated, and onlyEth,Q

2 should
be taken into account. The behavior ofWQ(E) becomes
much more simple:

WQ~E!5
b

t0

~Ry* !32a

u«u2EgEth,Q
2 AEQEth,Q

2 F11mA EQ

Eth,Q
2 G

3~E2Eth,Q
2 !au~E2Eth,Q

2 !. ~32!

Substituting Eq.~26! and Eqs.~28! and~29! into Eq.~21!,
or taking the limit in Eq.~31!, we obtain the formula for
impact production of secondary electron excitations forQ
50 as

W0~E!5
b0

t0

~Ry* !22a0

u«u2EgE
~E2Eth

0 !a0, ~33!

with Eth
0 defined in Eq.~24! and parametersa0 andb0 shown

in Table II. For ane-h pair without interaction we obtain th
Keldysh formula Eq.~2!. For excitons, Eq.~33! corresponds
to Eq. ~4! mentioned in the Introduction.

A similar change of the softness for the impact product
rate of ane-h pair in semiconductors from power 2~given by
the SPBB model! to higher power~for the complicated
conduction-band structure! was obtained analytically~to
power 3!14,15 and numerically.9,11 This softness is due to th
anisotropy of thee-e transition processes withQÞ0 as well
as the decrease of the density of possible final states
scattering process.

The results for partial impact production rates@Eq. ~31!
and Eq.~33!# and total rate@Eq. ~17!# are plotted in Fig. 3.
The partial rateW0(E) is the largest one for high energie
~curve 1!. The partial rate decreases whenQ increases due to

FIG. 3. Rates of impact production of~a! Wannier-Mott exciton
and ~b! e-h pairs with interaction for solid Xe. The thin lines ar
partial rates with the numbers indicating the different branches.
thick lines are their total rates. The calculation parameters are g
in the text and Table I withu«u2'10.
n

or

the growth of the mean distance between the associated
branches in the reciprocal space. The interesting step s
ture in the total rate associated with the discrete summa
of the partial rates was also obtained for the impact ioni
tion rates in semiconductors with more real conduction-ba
structures both analytically15 and numerically.9

Figure 4 presents the comparison between rates for
duction ofe-h pairs with and without interaction. The inter
action between an electron and a hole from secondary e
tation reduces exponents by 0.5~see Table II!.

Strong inelastic scattering of electrons results in the c
ation of excitations of two types: excitons in any bou
states (n51, . . . ,̀ ) and electron-hole pairs in continuum
states. The yield of excitons in this scattering process

R~E!5Wex~E!/@Wex~E!1We-h~E!# ~34!

is plotted in Fig. 5. The yield of secondary electron-ho
pairs is equal to 12R(E). Equation~34! does not take into
account the scattering of the secondary excitations
phonons, which can significantly redistribute excitations o

e
en

FIG. 4. Rates of impact production ofe-h pairs for solid Xe.
Solid and dashed lines are the rates fore-h pairs with and without
interaction, respectively. The thin lines are partial rates with
numbers indicating the different branches and the numbers in
rentheses are exponents of the power laws. The thick lines are
rates. The calculation parameters are given in the text and Ta
with u«u2'10.

FIG. 5. The yield of secondary excitonsR(E) @given by Eq.
~34!# for solid Xe without phonon relaxation for two values o
exciton bound energies (Ry*50.94 eV and 0.5 eV! and Rph(E)
with different rates of phonon relaxationSph @Eq. ~36!; Ry*
50.5 eV#.
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their types. An example of such phonon-assistant proce
is autoionization of an exciton with relatively high total wav
vector q @for the n51 exciton this process is allowed fo
\2q2/2(me1mh).Ry* #.

Experimentally observed efficiency of secondary exc
tion production is masked by interaction with phonons
different ways. Scattering with emission of phonons can p
an important role before and after the strong inelastic s
tering discussed in the present paper.

Phonon emission before the scattering plays a double r
At this stage, the initial electron interacts mainly with sho
wavelength phonons. In such a case, the rate of momen
relaxation seems to be higher than the rate of energy re
ation. Therefore, this emission results in randomization
wave vectors of primary electrons, and thus reduces the
isotropy of the scattering process. This randomization allo
us to pass to the reduced set of quantum numbers and
only the energy to describe the initial electron~see Sec. II!.
But the energy relaxation due to phonon emission is a
important and can significantly reduce the yield of second
excitations in the threshold region, since this process
competition channel of relaxation. The kinetic equation
electron energy distribution functionf (E) in the near-
threshold region for stationary excitation of electrons w
energyE0 and intensityI can be written as

Sph~E!
] f ~E!

]E
2We~E! f ~E!1Id~E2E0!50, ~35!

whereSph(E) is the speed of energy losses for primary ele
tron with energy E due to phonon emission@Sph

5(sWs
ph(E)\Vs , Ws

ph(E), andVs denote the emission rat
and frequency for phonons of modes]. Solving this equa-
tion, we can get the probability for scattering of an electr
with initial energyE0 with the production of new electroni
excitation:

12expS 2E
Eth

E0We~E!dE

Sph~E! D .

Near the lowest thresholdEth5min(Eth,Q
2 ) we can use a

power approximation ofWe(E)'C(E2Eth)
a, and therefore

the yield of exciton production@Eq. ~34!# goes over into

Rph~E!5R~E!F12expS 2
C~E2Eth!

a11

Sph~Eth!
D G . ~36!

Due to this factor the experimentally observed thresh
of secondary excitation production is shifted to higher en
gies and becomes smooth. This effect is displayed in Fig

VII. CONCLUSION

The present study shows that simple multiple-branch
persion law results in an essential shift in threshold ene
for the production of secondary excitations. The rate of t
inelastic scattering is slower than for the SPBB model. T
competition with other relaxation processes shifts the exp
mentally observed threshold to higher energies. The ana
uses polarization approximation and results in analytic f
es

-

y
t-

le.
-
m
x-
f
n-
s
se

o
y
a
r

-

n

d
r-
5.

-
y
s
e
i-
is
-

mulas for rates of impact production of secondary exc
tions, both of electron-hole pairs and excitons. This inform
tion is of great importance for the estimation of efficiency
energy conversion for scintillators.
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APPENDIX

With

«2~v,q!5 f @\v2Eg2\2q2/2~me1mh!#, ~A1!

the integration in Eq.~18! can be carried out as

WQ~E!5C1E dvE
V`

dq

uq1Qu3
f @\v2Eg

2\2q2/2~me1mh!#Q~v,uq1Qu,E!

5C12pE dvE dq

q E
21

1

dx fF\v2Eg

2
\2~q21Q222qQx!

2~me1mh! GQ~v,q,E!. ~A2!

By using

f F\v2Eg2
\2~q21Q222qQx!

2~me1mh! G
5\E dv8 f ~\v8!dF\v82\v1

\2~q21Q222qQx!

2~me1mh! G ,
we can get

WQ~E!5C1

2p~me1mh!

\Q E dv8 f ~\v8!E dq

q2

3E dvH uF\v82\v1
\2~q2Q!2

2~me1mh!G
2uF\v82\v1

\2~q1Q!2

2~me1mh!G J Q~v,q,E!

5C1

2p~me1mh!

\Q E dv8 f ~\v8!

3F E dq

q2 I 2~E,q,Q,v8!2E dq

q2 I 1~E,q,Q,v8!G ,
~A3!

where



-
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I 6~E,q,Q,v8!5E
v81(q6Q)2/2(me1mh)

E/\2(\q2A2meE)2/2me\
dv

5
21

2me\
@~11m!\2q2

22~A2meE7m\Q!\q

12me\v81m\2Q2#. ~A4!

The limits of integrations overq in Eq. ~A3! are roots of
I 6(E,q,Q,v8)50, respectively:

\q(1,2)
1

A2me

5
AE2mAEQ6AD1

11m
for I 1~E,q,Q,v8!

~A5!

and

\q(1,2)
2

A2me

5
AE1mAEQ6AD2

11m
for I 2~E,q,Q,v8!

~A6!

with

D65~AE7mAEQ!22~11m!~\v81mEQ!>0. ~A7!

Integration forI 2 over q is easily carried out as
-

d

E
q1

2

q2
2dq

q2 I 2~E,q,Q,v8!

5
1

A2me
F2AD212~AE1mAEQ!ln

AE1mAEQ2AD2

AE1mAEQ1AD2

1~\v81mEQ!S 11m

AE1mAEQ2AD2

2
11m

AE1mAEQ1AD2
D G

5
1

A2me
F4AD212~AE1mAEQ!

3 ln
AE1mAEQ2AD2

AE1mAEQ1AD2
G . ~A8!

Near the thresholdD2˜0, the expansion of the logarithm
in the above formula results in

E
q1

2

q2
2dq

q2 I 2~E,q,Q,v8!'2A2

3

D2
3/2

Ame~AE1mAEQ!2
.

~A9!

Substituting Eq.~A9! and the similar expression after inte
grating for I 1 into Eq. ~A3!, we have Eq.~19!.
nd

.
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