PHYSICAL REVIEW B VOLUME 60, NUMBER 8 15 AUGUST 1999-lI

Impact production of secondary electronic excitations in insulators:
Multiple-parabolic-branch band model
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Analytic expressions for threshold energies and rates of electron-hole pair and exciton productions by
electron impact in wide-gap insulators are given within a multiple-parabolic-branch band model which goes
beyond the single-parabolic-branch model. The analysis is based on the polarization approximation. Due to the
transition between the different branches, the thresholds are significantly lower than those for the single-
parabolic-branch band model, and the exponents of power laws of the partial production rates are higher by 1.
The interaction between components of the electron-hole pairs reduces exponents by 0.5 for both band models;
an exciton reduces them by 1.5. The account for inelastic scattering with phonon emission can explain the shift
of an experimentally observed threshold to higher energies. The calculated threshold of exciton production for
solid Xe is in good agreement with the experimental §88163-1829)01331-4

[. INTRODUCTION For impact production in wide-gap insulators, where the

kinetic energy of the initial electron is about 10 eV, the

Electron inelastic scattering of energetic electrons is ofSPBB model cannot be applied although it is valid for
fundamental importance in the processes of interactions oiarrow-gap semiconductors. Moreover, the exciton effect in
high-energy quanta with condensed matter. This scatterinthe threshold plays a crucial role in insulators. Recent experi-
results in impact production of secondary electronic excitaiment presented a vivid threshold for the secondary exciton
tions, which is revealed in “photon multiplication” effect in production by a primary photoelectron after the absorption of

luminescence excited by VUV photohéwhereas the cas- photons in solid X&® The observed threshold energy is re-

cade of such elementary acts determines the total number ofarkably lower than that given by E(B).

electronic excitations in the scintillation procésshreshold In this paper we present a multiple-parabolic-branch band
and rate are the most important characteristics of the produ¢MPBB) model for the conduction band and give analytic
tion. expressions for threshold energies and rates of production of

The simplest expressions for them with an allowance fore-h pairs and excitons by electron impact in wide-gap insu-
energy and momentum conservation are obtained within thiators. The analysis is based on the polarization
single-parabolic-branch bariPBB model of an insulator approximatior’. Section Il describes the MPBB model. The

for both conduction and valence bands. For electron-hol@olarization approximation is presented in Sec. Ill. Some
pair production, the threshold energy is general expressions of production rates are given in Sec. IV.
Thresholds and rates are calculated in Sec. V and Sec. VI,

Eﬁ{h=(1+M)Eg, 1) respectively. Conclusions are made in Sec. VII.

whereEg is the gap,u=mg/(me+my), me andmy, are the
effective masses of an electron and a hole, respectively, and !l MULTIPLE-PARABOLIC-BRANCH BAND MODEL

. 6.
the production rate near the threshold‘is In wide-gap insulators, the conduction band at energies

about 10 eV above its bottom can be described approxi-
Wen(Eq)<(E— Eﬁ;h)z, (2) mately as a set of free-electron parabolic bands with effec-
tive masam.=m, shifted in wave-vector space by vect@s
which are a superposition of reciprocal-lattice constdmts
with integer coefficientsG=nb; +n,b,+ nsbs. This repre-
sentation corresponds to extended Brillouin zores.
Efr=(1+ u)Eqy, (3 When only the first Brillouin zon€) is considered( iden-
tifies the branch of the dispersion law. The general form for
dispersion laws is

where E is the kinetic energy of the initial electron. For
Wannier-Mott exciton production, the threshold is

whereE,, is the exciton energy for state=1, and the pro-
duction rate near the threshold will be obtained below as

Wel(E) o VE—Egy. 4 h2K? . #2(k—G)?
. Eo(k)= , keQ.,, or Egk)=—F5—,
Beyond the SPBB model, theoretical research was conducted 2me 2me
in two directions: real-band Monte Carlo calculati®isand
model-band analytic approach¥s® All these calculations
were made for semiconductors. ke Qg, (5)
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wherefiw and#q are the energy and the momentum transfer
a) < (of virtual longitudinal photop respectivelyp is the elec-
k k=k-q tron density of states arld ;(E,E—7% w) is thee-e interac-
b) < tion matrix element.
fio, g, _any secondary For impact production of the-h pair without account of

the interaction between their components, this expression
can be deduced from Fermi’'s golden rule. For the initial

excited electron with wave vectdk in the branchG, we have
defect

exc1tat10n (a-d) exc1t0n
C) —-

FIG. 1. Schematic representation of impact production of

electron-hole pairs withou) and with(b) interaction, excitonsc), 2w V \®

and defect excitation&d). We(k,G) = T(ﬁ) G?E;z fQBfQB QBdkldkgdkh

where the energy origin is at the bottom of the conduction X|M(Kk,G;Kky,Gy Ky, Gy kp) |2

band. Thus any state in the conduction band is determined G G

uniquely byk andG. If the relaxation over quasimomentum X S ES(K)— Eg (ky) — Eg2(ky) — En(kn) 1,

is much faster than the relaxation over energy, the wave %)

vector is a poor quantum number and it is convenient to use

the following reduced description: enerdy and branch

numberG. where the integration is performed over moments of the scat-
For simplicity, the spherical effective mass, is used for  tered ;) and the secondary{) electron and the holek(),

holes in the valence band: and the summation covers different branches of the scattered

(G;) and the secondary®;) electrons. The exchange is not

2)2 considered. The matrix element is
Eh(k):2_r71h+Eg' kEQB. (6)

The width of such a valence band is equal £, IM(k,G;kq,G; Ky, Gy kp)|?

=12(Kg,maw 2/2M;,, wherekg maxis the greatest distance be- -

tween thel” point and the boundary of the Brillouin zone. In 1 ( e ) 154k, Gk, G1)I 51Kz, G5 kn)

eolel q

this model the initial electron can be scattered not only from  — \/2
the same branch as in the SPBB model, but also from branch
G to branchG; # G, which is equivalent to the “umklapp” 2
process. X - Oicky +ky k=G » ©)

For electron energies less th:liﬁ(kB min?/2m,, where ¢
Kg,min iS the nearest distance between fhepoint and the
boundary of the Brillouin zone, there is only one branch withwhereq is equal to combinationk—k; andk,+ky, reduced
G=0. Thus in the scattering threshold region, the transitiorto the first Brillouin zone byG’, andl . andl, are overlap
resulting in the creation of secondary excitations from thentegrals of periodic factors of Bloch functions.
only branch of the valence band can be restricted to the According to the note mentioned in Sec. Il, we use elec-

branch withG=0 in the conduction band. tron energyE instead of wave vectdt in order to character-
ize an electron. ThusV,(E) is obtained by averaging over
11l. POLARIZATION APPROXIMATION all initial states withk and G having energ)EZ Eg(k)

We use the formulation of the polarization approximation
given in Ref. 7. This approach allows us to regard the scat-
tering process as emission of a virtual longitudinal photon w (g)= PPse
followed by its absorption in the media. Since the absorption (2m)* p(E)
of such a photon can be described in terms of the energy loss (10
function, we can take into account all processes contributing
to Im[—& ™~ Y(w,q)], wheree(w,q) is the dielectric function where
with account for spatial dispersion. Different processes of
e-e scattering with the production of new electronic excita-
tions are plotted in Fig. 1. In this approximation, the impact

Zf dk S[E—ES(k) ]We(k,G),
G JOg

production rate for the initial electron with energyis given _ v J G — v
Y 1 xf dk S{E—E4(K)]. (17
W.(E)= —(277)3f dwaqulm[— —s(w,q)} Q.

XMGY(E,E-fw)p(E-fw), () If we define ane-e interaction matrix element
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eZ 1 Mee(E E—fiw)= 1 ez 1
» - -
Mo B ) = s e Tan(E)p(E—Tra) 473 &0 p(E)p(E—ho)
> dkf dky 124k, G;k; ,Gy) x> ko dky———
GGG’ te S Q Jo. Jo. T|g+Ql?
X S[E—ES(K)]J[E—hw—Eck(ky)] X S[E—E¢(K)]E—fhw—Eg(ky)]
X S(k—ky—q—G'), (12 *ok=—kima-Q)
— , SPB
describing the inelastic scattering of the initial electron with _% MgiQ (E.E-fiw). (14
energyE to the states with enerdy—# w, and the imaginary
part of the dielectric function for the-h process The integration of Eq(14) results in
2.2
1 €1 mee
- — - M§*SPPRE E~fw
e 2 L)Bdsz dkpl 2(Kz, Gy kn) 1 R P
1 1
X 8l ho—Eg?(kp) — En(kn)]8(q—ko—ky +G'), —————— —0(w,|q,E).

(E)p( E-fo) o
(13 (15
descnbmg the transition from the valence band with energyractor® equals 1 if the scattering process with emission of
En(kn) to the conduction band with enerds, 2(k2) as the a photon with energyiw and wave vectoq is allowed by
response of the medium on the excitation, we can obtain E4heé combination of energy and momentum conservation
(7). Since the bottom part of the electron band belongs to th&Wws:
G=0 branch, we can use only one corresponding term. The

indexes in Eqs(12) and(13) correspond to those in E¢Q). O(w,0,E)=0wo—w (E,q)]-6[o— o (E,q)]
Equation(7) is a more general expression than ). It
also describes the production of excitons and other second- =0[q—q (E,®w)]-60[a—q"(E,0)],

ary electron excitations. With this equation tee ande-h

H - _ + . _ 2
processes in impact production can be treated separately. with hw™ =0, iw"(E,q)=E—(Aq— y2mE)/2m,, and

7q* (E,0) = y2mE+ \2m(E—#Aw). The limits forq are
not dependent o@ and are the same as were given in Refs.

IV. GENERAL EXPRESSIONS 17-19 for the SPBB model. With the dispersion law given
WITHIN THE MPBB MODEL by Eg.(5), Eqg. (11) results in
A. e-e matrix element and rate expression
312
The overlap integral of periodic factors of Bloch functions p(E)= V(2me) \/— (16)
for states in the same branch in the conduction band can be Am?h3

estimated aslge(k,G;kl,Gl=G)~1. Another situation oc- ) ) .
curs for the overlap integral for bands with differedt In  Nserting Eqs(14), (15), and(16) into Eq. (7), we obtain
this case, two periodic functions should be orthogonal for

k;=k andl.(k,G;k;=k,G;)=0. In general, the overlap in-

tegral for free electrons is the following: We(E):% Wq(E)Z% NoW q(E), 17

whereng, is the number of nodes with the saf in recip-
k=ki* rocal space, and

[k—=G—ky+Gy? |q+Q*’

ge( k,G, kl ’Gl) =

whereQ= G, — G is the shift between the parabolic branches Wo(E)= T V ZEJ f 9+ QI3
in reciprocal space. Inserting this expression into B®) q
results in changing thg? factor in the denominator bjq 1
+Q|2. Thus the singularity;~? disappears. The inaccuracy XImj — (0.9
of this expression will not affect the threshold behavior, ’
which, as will be shown below, depends mainly on theWhen we take into account only the term wi@=0, Eg.
density-of-states factors. (18) is reduced to the well-known formula obtained within

The substitution of this expression into E42) converts the SPBB model for the electron ﬁﬁsand for condensed
sums overG and integration ovefl into integration over mattef! and serves as a basic formula to treat the inelastic
Q. scattering of electron in condensed matfer-*2?

O(w,/g+QLE). (18
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B. &, and rate expression

Equation(13) describess, for the case of electron-hole
excitation without interaction between these particles. When
this interaction is taken into account; has a more compli-
cated form. The expression fep in the case of the Wannier-
Mott exciton withg=0 was obtained in Ref. 24. The exten-
sion of this formula to g#0 can be obtained for
nondegenerated bands using a transition to the center-of-
mass system. In this case; is the function ofiw—E,

—#%29%2(me+m;) for energies fw less than E
+ﬁ2kr2mn g/2me (when only the lowest band in the conduc-
tion band is taken into accoyntAssuming thaie|? varies
slower thane,, we can write a general expression for both
exciton ande-h pair production agsee the Appendix

Thresholds of secondary
excitation production (eV)

FIG. 2. Lower thresholds of impact production of Wannier-Mott
n=1 exciton ance-h pair vsQ for solid Xe calculated by Eq23)
with parameters given in the text and Table I.

Eino=En* 2uVEQV(1+ 1) (Eq+ uEq) + u(1+2u)Eq,

e’ \2m,
WQ(E):477280 3e|’hu \/ﬁf dw 22(0,0) (23
h
" A%2(A_) - A32(A L) 19 where
(\/E+/~L\/E_Q)2 (\/E_M\/E_Q)z , =(1+u)Eq (24)
where

is the threshold foQ=0.
In comparison with the SPBB model, which is the special
-=(ExpEQ)*~(1+p)(ho+ pEq) (20 case here whe=0, the threshold has two valuégue to

with EQ:ﬁZQzlzme_ the transition to the other branch of the bandke upper
The expression foQ=0 near the threshold can be re- threshold is always larger tha,, which has less of an
duced from Eq(19) by taking the limit as follows: effect on the rate in the threshold, while the lower threshold
can be significantly lower thai$,. The lowest threshold
Wo(E) = lim Wo(E) Eino=Eq can be achieved #Q= y2mcEy. In this case, the
Q-0 vertical transition from the valence band to the conduction
band, like that in the photon absorption, becomes possible
\/—62\/_9 1 due to the transition of the initial electron from the branch
“2n%sole|?h E with 2G=2m.Eq to the branchG=0, allowing for the
momentum conservation. '%he same reducgt,ison of the thresh-
, \/_7 old was_obt_am(_a(_j numericatynd ana}lyucall for e—h pair
% f doex(@OVE-(1+wihe production in silicon due to the multivalley conduction-band

structure, which is similar to the MPBB model here. For
solid Xe the lower threshold vers@¥calculated by Eq(23)

for exciton ande-h productions is plotted in Fig. 2 with the

V. THRESHOLDS parameter of the fcc lattice constaat=0.62 nm and the
band parametef’ E,=8.359 eV, E;=9.3 eV, me=my,
m,=2.1my. The numbers in Fig. 2 correspond to the transi-
tions to the branch withG=0 from different branches,
which parameters and respective lower thresholds are shown

X O E—(1+whol. (21)

The integrands in Eq$19) and(21) are equal to zero if
the correspondin@ functions are equal to zerhese func-
tions set an upper limit in the integralsr £,(w,0) is equal
to zero in the transparency regidihis threshold of the ab- .
sorption defines the lower limit in the integral¥he thresh- in Table I. . I
old energy can be determined from the coincidence of these The trgnsmon of the initial electron from the nearegt
two limits. The expressions of thresholds for exciton et~ Pranch withQ=273/a has the lowest threshold for exci-
pair production have the same form, which can be deter-
mined by substitutingh w=E4 (where the notatiorg, is
used for the photon absorption threshold for the creation o
corresponding excitationsEy=E, for e-h pair and E4
=E,, for exciton into A.=0, i.e.,

TABLE I. Multiple-branch parameters of solid Xe and associ-
?ted lower thresholds for five different branches with the band-
structure parameters given in the text.

1 2 3 4 5
(V2mEq o™ Q)%= (1+ w)(2mEet uh?Q?), 2 0 2ma dra 4miZle 2eVlla
' 22 "o 1 8 6 12 24
Eg (eV) 11.06 8.43 8.62 9.84 10.95
which gives the lower and upper thresholds corresponding tgeh (ev)  12.30 9.33 9.49 10.64 11.72

A_andA, as
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ton productionEgY=8.43 eV, which is in good agreement Theney(w,q) can be calculated using E@.3) for dispersion
with the thresholdESX=8.45 eV determined by the experi- laws given in Eqgs(5) and (6) without taking interparticle

ment of Ref. 16. interaction into account:
VI. PRODUCTION RATES NEAR THRESHOLDS e2(0,0)=C \Vho—Ey—f2g°12(Mme+my)
If £,(w,0) defined in Eq(13) is determined, the produc- X O fiw—Eg—#%q*/2(me+my)],  (26)

tion rate can be obtained using E49) and Eq.(21). Func-
tion e, with g=0 can be easily obtained from an experiment.
Ratiolgh/q2 near the threshold can be roughly estimated by

the k- p method a% e 1 [2mgm,|%

where

C8:47rsoﬁ MeEq| Me+my,
F T , . :
eh_ (25) Allowance for e-h interaction results in the above-
2 mE, i : t -
q eCg mentioned extension of Elliott’'s formufa:
477(Ry*)3/2

e-(0,9)=C, ; — Sl hw—Eq+Ry*/n?—h2q%2(me+my)]

Ol fiw—Eq—#20%/2(Mg+my) ]
1—exp{—2m\Ry*[iw— Eq—#29%/2(me+mp) ]}

+2mRy*

(27)

where RY =E,—Eg,. This formula describes the produc-  Using these definitions and substituting E26) and Egs.
tion of both bound exciton staté¢discreet sum in Eq(27)] (28) and(29) into Eq.(19), we obtain a formula for the rate
and separated electron-hole stafsst term in Eq.(27)]. of impact production of the secondary electron excitations,
Allowance for e-h interaction changes the behavior ©f

nearkEy from square root law to constant value without any

singularity atE, [for energies above&y+#2q%/2(me+my) © B (Ry*)* @ |AYO(E—Eyq)
the denominator of the last term in EQ7) is equal to 1. Wo(B)="—1—"—""F—= —
Only for energies about 2 Ryabove the threshold can one 70 |¢|*EqVEQE (VE+u\Eo)

neglecte-h interaction and Eq27) asymptotically goes over A% 9(E—E

into Eq. (26). _AYHE-Eng)
From Eq.(27) we haves, for three special cases: (\/E—MVEq)Z
For excitonn=1,

(31)

with
£2(,0) =C,4m(RY*)¥25[ i @ — Eey— 1 2q%/2(Me+mp) ];
(28) 1 e’ \’m
—=(4 ) F‘f=4.14><1016 s L,
for e-h pairs with interaction, o TEo
TABLE II. Parameters for Eq€31) and(33) for different types
£2(®,0)=C,2m(RY*)*20[ o — Eq—1%q%2(me+my)]. of secondary excitations.
(29)
o B @ Bo
For e-h pairs without interaction, the case corresponds to Eq:
(26). i 16(1—p)%? 32
. =1 1. M . 2(2-
With Eq. (20) and Eq.(22), A. can be expressed as n=1 exciton ° T 05 32(1 )

e-h pair with interaction 2.5 16(1—w)¥ 15 32(1— )%

A=A+ (1+u)(Eg—hw), 15u(1+ ) 3(1+p)

where 3/2

1-u
1+pu

e-h pair without interaction 3 1 [1—x ¥ 5
12ul1+p

A.=E—Eg o+ 2uVEq(VE—Efg). (30
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FIG. 4. Rates of impact production efh pairs for solid Xe.
Solid and dashed lines are the ratesddr pairs with and without
interaction, respectively. The thin lines are partial rates with the
numbers indicating the different branches and the numbers in pa-
rentheses are exponents of the power laws. The thick lines are total

rates. The calculation parameters are given in the text and Table |
with |&|?~10.

and (b) e-h pairs with interaction for solid Xe. The thin lines are the growth of the mean distance between the associated two
partial rates with the numbers indicating the different branches. Th@¢ranches in the reciprocal space. The interesting step struc-
thick lines are their total rates. The calculation parameters are givefjre in the total rate associated with the discrete summation

in the text and Table | withe|2~10.

Values of parameters andB for n=1 exciton ande-h pairs
with and without interaction are shown in Table II. FQr
#0, two thresholds are well separated, and dajy, should
be taken into account. The behavior Wo(E) becomes

much more simple:
[ E
+um ,Q
Ewno

Substituting Eq(26) and Eqgs(28) and(29) into Eq.(21),
or taking the limit in Eq.(31), we obtain the formula for
impact production of secondary electron excitations @or
=0 as

B (Ry*)3~ @
Wo(BE)=— 2 — =
70 |¢|“EgEm g \/EQEth,Q

X(E=Epq)"0(E—Efq)- (32

Ry* 2—ag
w(g) =0 L

E—Eg)®,
o |g|2E.E (E~En

(33
with ES, defined in Eq(24) and parameters, and 8, shown
in Table II. For are-h pair without interaction we obtain the
Keldysh formula Eq(2). For excitons, Eq(33) corresponds
to Eq. (4) mentioned in the Introduction.

A similar change of the softness for the impact production
rate of ane-h pair in semiconductors from powen(@iven by
the SPBB model to higher power(for the complicated
conduction-band structurewas obtained analytically(to
power 3*1°and numerically:*! This softness is due to the
anisotropy of thee-e transition processes wit®+ 0 as well

as the decrease of the density of possible final states for

scattering process.
The results for partial impact production ratd=g. (31)
and Eq.(33)] and total ratdEq. (17)] are plotted in Fig. 3.

of the partial rates was also obtained for the impact ioniza-
tion rates in semiconductors with more real conduction-band
structures both analyticalty and numerically’.

Figure 4 presents the comparison between rates for pro-
duction ofe-h pairs with and without interaction. The inter-
action between an electron and a hole from secondary exci-
tation reduces exponents by Qdee Table ).

Strong inelastic scattering of electrons results in the cre-
ation of excitations of two types: excitons in any bound
states i=1, ... ) and electron-hole pairs in continuum
states. The yield of excitons in this scattering process

R(E)=W®(E)/[W(E)+W"(E)]

is plotted in Fig. 5. The vyield of secondary electron-hole
pairs is equal to + R(E). Equation(34) does not take into

account the scattering of the secondary excitations on
phonons, which can significantly redistribute excitations over

(34)

1.00{ —
:
= ;
2.2 0754 | 4 o094
=8 : =0.94 eV
2% ANC S Neel
g 20501 | 1 AKX B oo
° § :: /, S,= 1014eV/s \\\0.5 eV
g2 LS, =10"evis Te-el
&2 1 S, =10"eV/s
hs P
:'II/
000+t —
8 9 10 11 12 13 14 15 16

Electron kinetic energy (eV)

FIG. 5. The yield of secondary excitoE) [given by Eq.
(34)] for solid Xe without phonon relaxation for two values of
exciton bound energies (Ry0.94 eV and 0.5 eVand RP(E)

The partial rateW,(E) is the largest one for high energies with different rates of phonon relaxatioS,, [Eq. (36); Ry*

(curve 1. The partial rate decreases wh@rnncreases due to

=05 eVl
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their types. An example of such phonon-assistant processasulas for rates of impact production of secondary excita-
is autoionization of an exciton with relatively high total wave tions, both of electron-hole pairs and excitons. This informa-
vector g [for the n=1 exciton this process is allowed for tion is of great importance for the estimation of efficiency of

h29%/2(me+my,) >Ry*]. energy conversion for scintillators.
Experimentally observed efficiency of secondary excita-
tion production is masked by interaction with phonons in ACKNOWLEDGMENTS

different ways. Scattering with emission of phonons can play
an important role before and after the strong inelastic scat- The support of grants RFBR 97-02-17414, RFBR-DFG
tering discussed in the present paper. 96-02-00207G, Federal Program 2.1-535, and DFG No. 436

Phonon emission before the scattering plays a double rol&@US 113/437 are gratefully acknowledged. The authors
At this stage, the initial electron interacts mainly with short-would like to thank Professor G. Zimmerer for fruitful dis-
wavelength phonons. In such a case, the rate of momentugussions.
relaxation seems to be higher than the rate of energy relax-
ation. Therefore, this emission results in randomization of APPENDIX
wave vectors of primary electrons, and thus reduces the an-
isotropy of the scattering process. This randomization allows With
us to pass to the reduced set of quantum numbers and use
only the energy to describe the initial electr@ee Sec. )l . = 222
But the energy relaxation due to phonon emission is also e2(0,) =flAo=Eg=A7q72(me+my)], (AD)
important and can significantly reduce the yield of secondaryphe jntegration in Eq(18) can be carried out as
excitations in the threshold region, since this process is a
competition channel of relaxation. The kinetic equation for
electron energy distribution functiorfi(E) in the near- dqg
threshold region for stationary excitation of electrons with WQ(E):CJ d‘”J —3f[h“’_Eg
ener X . ) o.|q+ Q|

gYEo and intensityl can be written as

—h29%2(me+m;) 10 (w,|g+ Q| E)

gy HE) E)f(E)+18(E—E)=0, (35 dq (2
Spr(E) — 2 ~We(E)F(E)+18(E—Eg)=0, (35 =C12WdeJ;f dx f| o E,
-1
whereS;,(E) is the speed of energy losses for primary elec- 2, 2 2
tron with energy E due to phonon emission Sy, _h (9°+Q7~24Q¥
h h e O(w,q,E). (A2)
=3 ,WE)%Q,, WP'(E), andQ),, denote the emission rate 2(Me+my)

and frequency for phonons of modg. Solving this equa-
tion, we can get the probability for scattering of an electron
with initial energyE, with the production of new electronic

By using

excitation: 72(9?+Q%—2dQx)
f[ﬁw—Eg—
2(m(-:t""mh)
EoWe(E)dE) 2,121 A2
1-exg| - [ TS [ RGP QP-290QX)
’{ En Sph(E) =hJ do'f(ho')ého' —ho+ (Mot mp) ,

Near the lowest threshol&=min(Ey, o) we can use a
power approximation oWV(E)~C(E—Ey,)“, and therefore
the yield of exciton productiohEq. (34)] goes over into

we can get

2m(mg+m d
WQ(E)=cluf dw'f(ﬁw')fq—g

C(E—-E at+l A
RPA(E) = R(E)[ 1—eXp< - &> (36) Q
Sph(Eth) hZ(q_ Q)2
) ) Xf dw[ﬂ ﬁw’—ﬁw-l——}
Due to this factor the experimentally observed threshold 2(Me+mp)
of secondary excitation production is shifted to higher ener- 12(q+Q)>
gies and becomes smooth. This effect is displayed in Fig. 5. —0ho —ho+ SR 2 0(w,q,E)
2(me+m) o
VII. CONCLUSION 27 (Me+ M)
. . . =C1—f do'f(ho')
The present study shows that simple multiple-branch dis- 7Q

persion law results in an essential shift in threshold energy

for the production of secondary excitations. The rate of this % fd_g| “(E,q,Q,0")— f d_g| “(E,q,Q,0") |,
inelastic scattering is slower than for the SPBB model. The q q
competition with other relaxation processes shifts the experi- (A3)

mentally observed threshold to higher energies. The analysis
uses polarization approximation and results in analytic forwhere
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E/fi— (fhq— \2MgE)2/2mgh
Ii(E,q.Q,w/):J (hq mg ) Mg dw
o' +(q=Q)%/2(mg+my)

“2m h[

—2(\2mEF uhQ)hq
+2meh o’ + uh?Q?].

(1+p)hg?

(A4)

The limits of integrations oveq in Eq. (A3) are roots of
I*(E,q,Q,w")=0, respectively:

hqa,z) _ \/E M\/_ VA

for 17(E,q,Q,0")

v2m, 1+tu
(A5)
and
haay VE+uVEq= VA~ . ,
= for 17(E,q,Q,0")
V2m, 1+u
(AB)
with

A.=(EF pEQ)*~ (1+u)(he' +uEq)=0. (A7)

Integration forl = overq is easily carried out as
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-d
[ Eage)
q, d
1 VE+u\Eq- VA~
= 2VA_+2(VE+ pEg)in
J2m, N N Y
+(ho' +uEqg) il
S NN
3 1+u )
JE+uyEqt VA _
1
o 4JA~+2(JE+pu\Eq)
waE_Q VA~ 8
BB

Near the threshold _— 0, the expansion of the logarithm
in the above formula results in

fquql E ’ ,\,2\/2 A?ilz
(A9)

Substituting Eq.(A9) and the similar expression after inte-
grating forl * into Eq.(A3), we have Eq(19).
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