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Electron–optical-phonon interaction in quantum wells consisting of mixed crystals
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A theory of electron–optical-phonon interactions in quantum wells consisting of mixed crystals is reported.
According to whether the well or the barrier is made of mixed crystals, quantum wells consisting of mixed
crystals are divided into three types. The expressions of phonon frequencies of all phonon modes and the
electron–LO-phonon interaction Hamiltonian of all the types of the quantum wells are obtained based on the
dielectric continuum approach. As applications of the present theory, the concentration dependences and the
dispersion relations of the interface-optical-phonon frequencies in GaAs/GaxAl12xAs, ZnxCd12xSe/ZnSe, and
ZnSxSe12x /ZnS quantum wells are calculated. The interaction energies of an electron in the lowest subband
state with every optical phonon mode are also calculated. The features of the polaronic effect in quantum wells
consisting of mixed crystals are discussed.@S0163-1829~99!01431-9#
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I. INTRODUCTION

In the past two decades, electronic and optical proper
of quasi-two-dimensional structures, such as quantum w
~QW’s! and heterojunctions, have attracted much attent
Since the electron-phonon interaction plays a dominant
for many of these properties, it has been a subject of inte
study in recent years. Based on the dielectric continu
model,1 many authors studied electron-phonon interactio
for various layered structures.2–6 Polaronic effects on elec
trons and excitons in QW’s were also studi
extensively.7–16

Although most experiments have been carried out
QW’s consisting of mixed crystals, but, to the best of o
knowledge, effects of the mixed crystal on the polaro
properties in the quantum wells have not been investiga
up to now. Almost all the published works assumed the l
ered structures are composed of binary crystals or used
effective phonon approximation for ternary mixed crystals17

In fact, it is well known that there are two LO- and tw
TO-phonon modes in a ternary mixed crystal theoretica
According to the oscillator strengths and the features of
modes, mixed crystals are classed into ‘‘one-mode’’ a
‘‘two-mode’’ behavior types. In a ‘‘one-mode’’ mixed crys
tal, the oscillator strengths remain approximately const
and one of the oscillator strengths of the two LO~TO! modes
is much larger than the other. Furthermore, the freque
(k;0) of the stronger mode varies approximately linea
with concentration from the frequency characteristic of o
end member to that of the other end member. In this c
only the stronger mode must be considered actually in
study and the application of the mixed crystal. For a ‘‘tw
mode’’ crystal, the two LO-~TO-! phonon frequencies ar
observed to occur at frequencies close to those of the
members of the ternary mixed crystal. Furthermore, the
cillator strengths of the two LO~TO! modes vary approxi-
mately proportionally to the mole fraction of the compone
PRB 600163-1829/99/60~7!/4937~7!/$15.00
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it represents. The criteria for the one-mode and two-mo
behavior of mixed crystals were discussed in detail by ma
authors.18–20 The properties of mixed crystals are very d
ferent from the binary crystals and will greatly affect th
optical and electronic properties of QW’s consisting
mixed crystals. The features of the electron-phonon inter
tion in QW’s consisting of mixed crystals must be studied

Very recently we have investigated the phonon mode
the electron-phonon interaction in ternary mixed cryst
based on the pseudo-unit-cell approximation.21 In the present
paper we extend our previous work and give a theoret
study of the problem of phonon modes and electron-pho
interaction in QW’s consisting of mixed crystals. The e
pressions of phonon frequencies and the electron–
phonon interaction Hamiltonian of the QW’s are obtained
using the dielectric continuum approach. On the basis of
present work, many theoretical investigations can be don
more detail. As applications, the concentration depende
and the dispersion relations of the interface-optical-~IO!
phonon frequencies, the polaron energies of some typ
quantum wells are calculated. We want to answer the qu
tions of how many phonon modes there are in the QW’s a
how much the multiphonon-mode property of mixed cryst
affects the polaronic effect in the QW consisting of mix
crystals.

The theoretical method and the procedure used in
paper were described in detail by Wendler and Pechs
~Ref. 3! and Mori and Ando~Ref. 5!; here we do not rewrite
it again in detail and show our results directly with a bri
necessary explanation.

II. PHONON MODE AND PHONON FREQUENCY

We consider a sandwich structure which involves lay
of mixed materials. Thez axis is chosen perpendicular to th
heterointerfaces. The well layer~denoted as 1) is in the re
gion of uzu<d, and made of one polar semiconductor wi
4937 ©1999 The American Physical Society
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TABLE I. Number of phonon mode, phonon frequency, or phonon frequency equation in QW’s.

QW Phonon mode j Frequency or phonon frequency equation

Confined LO 1 vL1

Half-space LO 2a,2b vL2a , vL2b

TBT Symmetric IO 1,2,3
e2

1
~vL2a

2 2v2!~vL2b
2 2v2!

~vT2a
2 2v2!~vT2b

2 2v2!
1e1

1
~vL1

2 2v2!

~vT1
2 2v2!

50

Antisymmetric IO 1,2,3
e2

2
~vL2a

2 2v2!~vL2b
2 2v2!

~vT2a
2 2v2!~vT2b

2 2v2!
1e1

2
~vL1

2 2v2!

~vT1
2 2v2!

50

Confined LO 1a,1b vL1a ,vL1b

Half-space LO 1 vL2

BTB Symmetric IO 1,2,3
e2

1
~vL2

2 2v2!

~vT2
2 2v2!

1e1
1

~vL1a
2 2v2!~vL1b

2 2v2!

~vT1a
2 2v2!~vT1b

2 2v2!
50

Antisymmetric IO 1,2,3
e2

2
~vL2

2 2v2!

~vT2
2 2v2!

1e1
2

~vL1a
2 2v2!~vL1b

2 2v2!

~vT1a
2 2v2!~vT1b

2 2v2!
50

Confined LO 1a,1b vL1a , vL1b

Half-space LO 2a,2b vL2a , vL2b

TTT Symmetric IO 1,2,3,4
e2

1
~vL2a

2 2v2!~vL2b
2 2v2!

~vT2a
2 2v2!~vT2b

2 2v2!
1e1

1
~vL1a

2 2v2!~vL1b
2 2v2!

~vT1a
2 2v2!~vT1b

2 2v2!
50

Antisymmetric IO 1,2,3,4
e2

2
~vL2a

2 2v2!~vL2b
2 2v2!

~vT2a
2 2v2!~vT2b

2 2v2!
1e1

2
~vL1a

2 2v2!~vL1b
2 2v2!

~vT1a
2 2v2!~vT1b

2 2v2!
50
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dielectric functione1(v). The two barrier layers in the re
gion of z.d andz,2d are made of another polar semico
ductor ~denoted as 2) with dielectric functione2(v). Each
dielectric function is assumed to be isotropic and indep
dent of wave vector. In this paper, we take three types
QW’s into consideration.~I! The well is made of a binary
crystal and the barrier of a ternary mixed crystal. This type
QW is denoted as aTBT-type QW.~II ! The well is made of
a ternary mixed crystal and the barrier of a binary crys
This type of QW is denoted as aBTB-type QW. ~III ! The
well is made of a ternary mixed crystal and the barrier
another ternary mixed crystal. This type of QW is denoted
a TTT-type QW. It is well known that the dielectric func
tions of a binary crystal and a ternary mixed crystal are ta
in the forms of

e i~v!5e` i

~v22vLi
2 !

~v22vTi
2 !

, ~2.1!

and

e i~v!5e` i

~v22vLia
2 !~v22vLib

2 !

~v22vTia
2 !~v22vTib

2 !
, ~2.2!

respectively, wherei corresponds to the material 1 or 2
vLi (vTi) is the longitudinal ~transverse! optical-phonon
frequency of the binary crystal.vLia and vLib (vTia and
vTib) are the two longitudinal~transverse! optical-phonon
frequencies of the ternary mixed crystal.e` i (e0i) is the
optical ~static! dielectric constant of the material indicate
by i.
-
f

f

l.

f
s

n

SettingF(r ,t) denotes the scalar potential of the LO ph
non, then the electric field resulting from the LO phonon
given by E(r ,t)52“F(r ,t). Because of the translationa
invariance along the interface, we can introduce tw
dimensional~2D! Fourier transforms along thex-y plane and
work in (k,z) space, wherek is a 2D wave vector. No ne
charge resides in either material, so that we get the w
equation of the LO-phonon modes in each layer from Ma
well’s equations:

e i~v!S ]2

]z2
2k2D F~k,z!50. ~2.3!

This equation is the main equation determining phon
modes. The electromagnetic boundary conditions areF(r ,t)
ande i(v)]F(r ,t)/]z are continuous across the interfaces
z5d andz52d. The phonon frequency and dispersion r
lations of phonons in QW’s can be determined analytica
from Eq. ~2.3! and the boundary condition. Amplitudes o
phonon eigenmodes are determined by the orthonorma
tion condition. The e i(v)50 case yields bulklike-type
phonons. Frequencies of the bulklike phonons, i.e., confi
LO-phonon mode foruzu<d and half-space LO-phonon
mode foruzu.d, are independent of the wave vector and a
given directly by the bulk LO-phonon frequencies. For t
e i(v)Þ0 case, (]2/]z22k2)F(k,z)50 holds and the solu-
tion of this equation with the boundary condition mention
above yields IO-phonon modes and dispersion relations
the IO-phonon modes. The results are listed in Table I.
this tablee1

6 ande2
6 are defined by
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e1
65e`1~17e22kd!, ~2.4!

e2
65e`2~16e22kd!. ~2.5!

The present theory shows that the pictures of the pho
modes in the QW’s composed of mixed crystals are v
different from the effective phonon approximation.8,9 From
Table I we know the following:~1! In the TBT QW, there
are two half-space LO-phonon modes, one slab LO-pho
mode, three symmetric and three antisymmetric IO-pho
modes;~2! in the BTB QW, there are one half-space LO
phonon mode, two slab LO-phonon modes, three symme
and three antisymmetric IO-phonon modes; and~3! in the
TTT QW, there are two half-space LO-phonon modes, t
slab LO-phonon modes, and four symmetric and four a
symmetric IO-phonon modes.

III. ELECTRON-PHONON INTERACTION HAMILTONIAN

If one obtains the complete set of eigenfunctions of E
~2.3! with the boundary condition, then the interaction e
ergy of an electron~charge2e) at the positionr with polar-
izable medium is given byHi52eF(r ,t). The electron–
LO-phonon interaction Hamiltonian in a QW takes the fo
of

Hi5(
b

(
k

@VkbLkb~z!exp~ ik•r!akb1H.c.#, ~3.1!

whereakb(akb
† ) is the annihilation~creation! operator of an

optical phonon with frequencyvb(k) and wave vector
(k,kb). b5 jm refers to the confined LO phonon in the we
with frequencyvL j and wave vectorkm5mp/2d, where j
51 corresponds to a binary crystal andj 51a,1b to a ternary
crystal. The positive integerm is limited by the Brillouin-
zone boundary, that is,mmax5 int(2d/a). a is the lattice con-
stant of the well material.b5 jkz refers to the half-space LO
phonon in the barrier with frequencyvL j and wave vector
kz . j 52 denotes a binary crystal, andj 52a,2b a ternary
mixed crystal. Finally, b51 j refers to symmetric IO-
phonon modes, andb52 j to antisymmetric IO-phonon
h

r
e

o
ra
n
y

n
n

ic

o
i-

.
-

modes.j ~51,2, . . .! denotes the number of the IO-phono
modes.r5(r,z) is the position of the electron, andr is a
two-dimensional vector in thex-y plane.

Lkb(z) is an eigenfunction of Eq.~2.3!. Fourier constant
Vkb represents the strength of electron-phonon coupli
which is determined by the orthonormalization condition
phonon modes. By a lengthy analytical calculation,Lkb(z)
andVkb of all the phonon modes are obtained and listed
Tables II and III, respectively. In Table III some abbrevi
tions are defined by

1

ē i

5S 1

e` i
2

1

e0i
D ~ i 51,2!, ~3.2!

1

ē i 6 j~v!
5S 1

e` i
2

1

e0i
D S v6 j

2 2vTi
2

vLi
2 2vTi

2

vLi

v6 j
D 2

~ i 51,2; j 51,2, . . .!. ~3.3!

ē i j (vL j ) is the effective dielectric constant of the mixe
crystal in the well (i 51 and j 51a,1b) or in the barrier (i
52 and j 52a,2b), ē i j (v6 j ) is the effective dielectric con-
stant corresponding to the IO-phonon mode in mixed cry
in the well (i 51) or the barrier (i 52). The two effective
dielectric constants can be defined in one form of

TABLE II. Lkb(z) in a QW.

Phonon mode Lkb(z) Region

Confined LO sin@km(z1d)# uzu<d
Half-space LO sin@kz(uzu2d)# uzu.d

exp@2k(z2d)# z.d
Symmetric IO cosh(kz)/cosh(kd) uzu<d

exp@k(z1d)# z,2d
exp@2k(z2d)# z.d

Antisymmetric IO sinh(kz)/sinh(kd) uzu<d
2exp@k(z1d)# z,2d
ē i j ~v!5
@e i~v!122ai~xi !#

2v2

ai
2~xi !$xiv i1T@Aẽ i012 ẽ i`1 /~ ẽ i`112!#Am i1 /mi j ~v!Ci j ~v!1~12xi !v i2T@Aẽ i022 ẽ i`2 /~ ẽ i`212!#Am i2 /mi j ~v!%2

.

~3.4!
n-
of
In order to avoid confusion, it may be necessary to emp
size that the physical parameters in Eq.~3.4! are those of the
mixed crystal in the well (i 51) or the barrier (i 52), where

xi is the concentration, andẽ i0l and ẽ i` l ( l 51,2) are the
optical and static dielectric constants of the end membe
the mixed crystal.v i1T and v i2T are the frequencies of th
TO phonons of the end member.m i1 , m i2 , mi j (v), and
Ci j (v) are complex functions of the physical parameters
the mixed crystal; readers who are interested in these pa
eters can refer to the polaron theory of mixed crystals.21
a-

of

f
m-

IV. POLARON ENERGY

Within the framework of effective-mass and no
degenerate-band approximations, the total Hamiltonian
the system is expressed as

H5
p2

2m
1V~z!1(

b
(

k
\vb~k!akb

† akb

1(
b

(
k

@VkbLkb~z!eik•rakb1H.c.#, ~4.1!
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TABLE III. Vkb in QW’s.

QW Phonon mode j Vkb

Confined LO 1
iA2pe2\vL1

Sdē1

1

Ak21km
2

Half-space LO 2a,2b
iA 2pe2\vL j

SDē2 j~vL j !

1

Ak21kz
2

TBT Symmetric IO 1,2,3
iApe2\v1 j

Sk S ē11 j~v1 j !
sinh~2kd!

cosh2~kd!
1ē2j~v1j!D21/2

Antisymmetric IO 1,2,3
iApe2\v2 j

Sk S ē12 j~v2 j !
sinh~2kd!

sinh2~kd!
1ē2j~v2j!D21/2

Confined LO 1a,1b
iA2pe2\vL j

Sdē1 j~vL j !

1

Ak21km
2

Half-space LO 2
iA2pe2\vL2

SDē2

1

Ak21kz
2

BTB Symmetric IO 1,2,3
iApe2\v1 j

Sk S ē1 j~v1 j !
sinh~2kd!

cosh2~kd!
1ē21j~v1j!D21/2

Antisymmetric IO 1,2,3
iApe2\v2 j

Sk S ē1 j~v2 j !
sinh~2kd!

sinh2~kd!
1ē22j~v2j!D21/2

Confined LO 1a,1b
iA2pe2\vL j

Sdē1 j~vL j !

1

Ak21km
2

Half-space LO 2a,2b
iA 2pe2\vL j

SDē2 j~vL j !

1

Ak21kz
2

TTT Symmetric IO 1,2,3,4
iApe2\v1 j

Sk S ē1 j~v1 j !
sinh~2kd!

cosh2~kd!
1ē2j~v1j!D21/2

Antisymmetric IO 1,2,3,4
iApe2\v2 j

Sk S ē1 j~v2 j !
sinh~2kd!

sinh2~kd!
1ē2j~v2j!D21/2
le
ed
pl
an
a

s

the

-
y in
whereV(z) is a potential of an electron in the QW.p andm
are the momentum and the effective band mass of the e
tron, respectively. Since we are now interested in the mix
crystal effect on the polaron states in the QW’s, the sim
infinite square potential is used and only the lowest subb
state is considered in the present calculation. By using
improved variational method,11,12 we obtain the expression
c-
-

e
d
n

of the electron–optical-phonon interaction energies in
three types of the QW’s. In the case ofBTB QW’s, if one
introduce the lengths in units of the polaron radiusRp

@5(\/2mevL)1/2#, wherevL is one of the end-member LO
phonon frequencies of the mixed crystal, and the energ
units ofe2/2Rp , then the contributions from slab LO and IO
phonon modes can be written as, respectively,
ELO52 (
j 51a,1b

1

ē1 j~vL j ! H 3

4d

1

12
2

3
~p/2d!2~vL /vL j !

lnF1

3
1S 2d

p D 2vL j

vL
G1

1

2d (
m52,3, . . .

lnF11S 2d

mp D 2vL j

vL
GJ ,

~4.2!

EIO52(
j
E dk

v1 j

ě21 jvL

@ee~2kd!11#2

2cosh2~kd!$~v1 j /vL!@ee~2kd!11#12k2ee~2kd!%

2(
j
E dk

v2 j

ě22 jvL

@ee~2kd!21#2

2sinh2~kd!$~v2 j /vL!@ee~2kd!21#12k2ee~2kd!%
, ~4.3!
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whereě21 j and ě22 j are defined by

ě21 j5 ē1 j~v1 j !
sinh~2kd!

cosh2~kd!
1 ē21 j~v1 j !, ~4.4!

ě22 j5 ē1 j~v2 j !
sinh~2kd!

sinh2~kd!
1 ē22 j~v2 j !, ~4.5!

andee(x) is defined by

ee~x!5
p2

x21p2

sinh~x!

x
. ~4.6!

The expressions for theTBT andTTT QW’s can be ob-
tained by the same procedure, which are similar to the ab
expressions. Here, we do not write them again.

V. RESULTS AND CONCLUSION

We have derived the expressions of phonon frequen
of all phonon modes, the electron-phonon interaction Ham
tonian, and the expressions of polaron energies in QW’s c
sisting of mixed crystals. As applications, we calculate
concentration dependence of frequencies (k50) and disper-
sion relations of IO phonons in GaAs/GaxAl12xAs,
ZnxCd12xSe/ZnSe, and ZnSxSe12x/ZnS QW’s by using the
equation listed in Table I. The original data of material p
rameters are taken from Ref. 22. The first QW is aTBT QW
in which the barrier is a two-mode mixed crystal. The seco
is aBTB QW, the well is a one-mode mixed crystal. The la
is also aBTB QW, but the well is a two-mode mixed crysta
The results are plotted in Figs. 1–3. It is shown that there
six IO-phonon modes in the three QW’s. The number
IO-phonon modes and the IO-phonon energies obtained
are very different from that obtained with effective-phon
approximation where only four IO modes are in existen
The effect of mixed crystals changes greatly the phon
modes in the QW’s consisting of mixed crystal, and w
appear in many optical and electronic experiments wh
relate to the phonon modes and the phonon frequencie
the past decade, extensive investigations have been ca
out on Raman scatting in QW systems. The confined L
phonon mode and the IO-phonon modes were observe
some QW’s.23,24 We believe that the present theory will b
very helpful to the experimenters.

By using the explicit expressions of Eqs.~4.2! and ~4.3!
one can study the property of the electron–optical-pho
interaction in the QW’s. It is noticed that the well-widt
dependence of the electron–confined-LO-phonon interac
energy in aBTB QW is different between the two confined
LO-phonon modes. It is related to the phonon frequen
vL j ( j 51a,1b) as shown in Eq.~4.2!. It is also noticed that
the contribution of the confined LO phonons to the inter
tion energy comes mainly from the phonons with small wa
vectorkm . The larger the quantum numberm the smaller the
coupling of the phonon with electrons.

With the expression of the polaron energies, we stu
numerically the polaronic effects in the QW’s. All the ph
non modes in the well are taken into consideration. The c
ve
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centration dependences of the polaron energies in the ca
W53Rp of the QW’s are shown in Fig. 4. The contribution
due to the confined LO phonons and the IO phonons are
plotted in the figure. Because there are no suitable data
the electron band masses of the mixed crystals, the lin

FIG. 1. ~a! Concentration dependences of IO-phonon frequ
cies (k50) in GaAs/GaxAl12xAs QW’s. ~b! Dispersion relations of
IO phonons in GaAs/Ga0.4Al0.6As QW’s.

FIG. 2. ~a! Concentration dependences of IO-phonon frequ
cies (k50) in ZnxCd12xSe/ZnSe QW’s.~b! Dispersion relations of
IO phonons in Zn0.4Cd0.6Se/ZnSe QW’s.
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interpolation method is used to estimate the masses from
two end members of the mixed crystals.

It may be interesting that, as shown in Fig. 4~b!, although
the well of ZnxCd12xSe/ZnSe QW’s is made of a one-mod
mixed crystal and the contribution of the LO phonon main
comes from the main LO-phonon mode, another weak L
phonon mode also makes a small contribution to the pola
energy, which is about one-tenth of the contribution of t
main LO mode in the composition region of 0.1,x,0.6 and
goes to zero whenx goes to 1 or 0. In the case o
ZnSxSe12x/ZnS QW’s the well is made of a two-mod
mixed crystal, its behavior is very different from the prev
ous one. The importance of the two LO-phonon modes
pends on the composition ratiox. The contribution of one
LO-phonon mode increases with increasingx, while on the
contrary, the other decreases with increasingx.

The polaron energy contributed by the IO phonons
large in the narrow well case and reduces slowly to zero w
increasing well width. All the antisymmetric IO-phono
modes almost have no interaction with electrons in the w
In the case of GaAs/GaxAl12xAs QW, the contributions to
the electron–IO-phonon interaction are mainly from tw
symmetric IO-phonon modes,v13 and v12, which corre-
spond to the AlAs-LO-like and GaAs-LO-like modes of th
GaxAl12xAs alloy. The contribution of thev12 mode in-
creases and goes to its largest value as the compositix
increases from 0 to 1; at the same time, that of thev13 mode
decreases from its largest value to zero. In the case ofBTB
QW’s, the feature of the IO phonon is very meaningful. T
contribution comes almost completely from one symme
IO-phonon mode (v13). The frequency of this IO-phonon
mode in thek˜0 limit is the LO-phonon frequency of th
barrier material which is a binary crystal. This fact impli

FIG. 3. ~a! Concentration dependences of IO-phonon frequ
cies (k50) in ZnSxSe12x/ZnS QW’s.~b! Dispersion relations of IO
phonons in ZnS0.4Se0.6/ZnS QW’s.
he

-
n

e

e-

s
h

ll.

c

that, as is shown clearly in Figs. 4~b! and 4~c!, the effective
electron–IO-phonon interaction inBTB QW’s is indepen-
dent of the composition ratiox of the well material and will
show the feature of the barrier materials. We think this th
oretical result is useful for the explanation of some expe
mental phenomena.

We have also calculated the total polaron energies a
function of the well width and found that the qualitativ
features are not much different from the results11 by using
the effective-phonon approximation. The reason is sim
that the total polaron energy is a sum of the interaction
ergies of the electron with all of the phonon modes, so t
the multimode effects of the phonons are mixed and av
aged in this physical quality. This theoretical result seems
be reasonable.

In conclusion, a theory of electron–optical-phonon inte
actions in QW’s consisting of mixed crystals is reported. T
number of optical phonon modes, the concentration dep
dence of phonon frequencies, and the dispersion relation
all IO-phonon modes, and the electron–LO-phonon inter

-

FIG. 4. Electron-phonon interaction energies as functions of
concentrationx in the case ofW53Rp in ~a! GaAs/GaxAl12xAs
QW’s, ~b! ZnxCd12xSe/ZnSe QW’s, and~c! ZnSxSe12x/ZnS QW’s.
The solid line corresponds to the total polaron energy. Dashed l
represent the contributions from the confined LO phonon, and
ted lines are the contributions from the IO phonon.



e
d
fr
e
ri

st
th
ie

ed

ent
is-

PRB 60 4943ELECTRON–OPTICAL-PHONON INTERACTION IN . . .
tion Hamiltonian of the system are obtained. Expressions
electron-phonon interaction energies in the QW’s are giv
As applications of the present theory, the concentration
pendence and the dispersion relations of the IO-phonon
quencies and the interaction energy of an electron with ev
optical phonon mode in infinite QW’s are calculated nume
cally. The properties of the polaronic effect in QW’s consi
ing of mixed crystals are discussed. On the basis of
present work, more detailed studies on optical propert
s

ns
of
n.
e-
e-
ry
-
-
e
s,

such as Raman scattering, of the QW’s consisting of mix
crystals can be done in the future.
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