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Two-photon Rabi splitting and optical Stark effect in semiconductor microcavities
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We have studied two-photon nonlinear optical effects arising in a microcavity geometry from resonant
two-photon absorption or second-harmonic generation. The transmission spectrum of the cavity is shown to
depend on light intensity according to a simple two-level picture with an intensity-dependent coupling: at
resonance the system exhibits a two-photon Rabi splitting. The absorption spectrum of a weak probe beam in
a pumped cavity is found to strongly depend on pump intensity and detuning; the resulting effect is a sort of
two-photon analogue of the usual optical Stark effect. For moderate pump intensities a two-level picture with
a pump-dependent coupling can account for the main results, while at higher intensities new unexpected
features show up; in particular, we predict the appearance of gain in well-determined spectral regions due to
hyper-Raman processes. Finally, we have shown how the coupling coefficients appearing in our formalism can
be obtained from a detailed knowledge of the material and geometrical properties of a specific system. For
illustrative purposes, we have estimated the required light intensities using realistic data for a GaAs-based
semiconductor microcavity.@S0163-1829~99!00932-7#
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I. INTRODUCTION

The recent progress of semiconductor technology
made possible the actual realization of solid-state optical
vices that allow for the observation of both quantum a
nonlinear optical effects. The investigation of fundamen
effects in light-matter interaction has had an enormous
velopment thanks to the use of laser sources, which pro
light fields of remarkable monochromaticity and intensi
Most experiments were carried out on gaseous sample
order to have optical transitions with a linewidth very clo
to the natural radiative one.1,2 In this way it is possible to
perform the experiments of interest without being disturb
by collisional and disorder-induced damping effects. Ve
recently, laser cooling and trapping techniques have allow
to overcome even Doppler broadening effects: it is in f
possible now to cool the atoms down to temperatures
which the Doppler linewidth is much smaller than the natu
one.3

However, all these kinds of experiments require an ap
ratus that is far from being simple and portable: they nee
fact several laser sources to manipulate the atoms and
alignment can be problematic. Since the recent progres
growing semiconductor samples with optical features su
ciently sharp and free from unwanted damping effects, th
has been much interest in trying to export all the nonlin
and quantum optics formalism to the description of opti
effects in solid-state samples. From the experimental poin
view it is in fact much simpler to work with a solid-stat
sample: once it has been grown, in fact, there is no need
complicate manipulations but for its cooling down to a fe
Kelvin. Also for applications, it would be very useful to hav
optical elements as little and as portable as semicondu
ones; light-emitting diodes, harmonic generators, bistable
PRB 600163-1829/99/60~7!/4907~13!/$15.00
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ements are in fact widely applied in all sort of devices.
Also from a fundamental point of view the study of opt

cal properties of solid-state materials can bring to a dee
understanding of the physics of both the underlying mate
and the electromagnetic field, which can be made to inte
with material excitations of various kinds. In this sense h
erostructures made up of different semiconducting mater
allow for the possibility of having a quantization of carrie
motion and thus open up the possibility of studying syste
of reduced dimensionalities~quantum wells, wires and
dots!.4 Nonlinear optical properties of such eminently qua
tum devices are very pronounced, since the confinemen
carriers makes the excited electron-hole pairs to inte
more strongly among them; in this way, it has been poss
to observe sharp excitonic features in the susceptibilities
also a strong dependence of the response on the excit
level.5,6

Another possibility that has been opened up by the de
opment of semiconductor structures consists in the modifi
tion of the structure of photonic modes in order to act eith
on the radiative linewidths of the transitions or, more r
evantly, on the photonic eigenfunctions. In this way, it
possible to have either forbidden regions or sharp peak
the photonic density of states, corresponding respectivel
the gaps of a photonic band-gap crystal or to localiz
states.4

The realization of high finesse microcavities is a typic
example of such techniques: the distributed Bragg reflec
~DBR! are in fact grown by epitaxial methods and consist
stacks ofl/4 layers of different refraction indices. In thi
way, the coupling of the material degrees of freedom to
radiative ones can be made strong enough to allow, e.g.
observation of exciton-photon strong coupling effects.7 Both
4907 ©1999 The American Physical Society
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the light and the carrier confinement, in fact, enhance
light-matter interaction.

Much of the published literature deals with the linear o
tics of semiconductor microcavities; only recently nonline
and quantum effects in such structures have been studied
observed.8–14 This field obviously deserves a greater atte
tion, both because it can provide new informations on
dynamics of carriers in heterostructures and because the
cific nonlinear properties of the material may allow for ne
effects.

The present paper is devoted to a detailed analysis
pair of different systems, the mathematical description
which is however exactly identical. The first of them consi
in a microcavity supporting two photonic modes at freque
ciesv1 andv2'2v1; assuming an appreciablesecond har-
monic generation~SHG! in the material medium, the two
photonic modes result nonlinearly coupled one to the ot
by a term that corresponds to efficient14–17 mutual conver-
sion of two fundamental photons into an harmonic pho
and vice-versa. The second system consists in a microca
supporting one photonic mode at a frequencyv1 approxi-
mately equal to half the frequencyv2 of an excitonic transi-
tion; if this latter allowes fortwo-photon absorption~TPA!,
the excitonic mode and the photonic mode result coupled
a term that converts two photons into an exciton and vi
versa.

After the general discussion of the model contained
Sec. II, Sec. III is devoted to the analysis of transmiss
spectra through our system when it is illuminated at a f
quency approximately equal to the frequency of the low
mode. At linear regime the spectra are characterized b
single peak at the exact frequency of the lower modev1,
while at high intensities the main effect is either the appe
ance of a new peak at half the higher mode frequencyv2/2
or to a two-photon Rabi splittingin the resonant case (v1
.v2/2).

Section IV is devoted to the linear optical response of
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system when it isdressedby a strong pump beam; such
case is much similar to the usual optical Stark effect,
which an atomic transition is driven by a pump beam a
probed by a weak probe beam.18–20 Differently from that
case, in which the nonlinearity was intrinsic in the two-lev
structure of the material excitation, we are now dealing w
a pair of linear oscillators interacting with each other
means of a two-photon coupling term; for this reason
shall refer to it as atwo-photon optical Stark effect~TPOSE!.

Because of this similarity, our results are physically mo
interesting in the two-photon absorption case; hence we s
concentrate on the absorption spectra in the case the sy
is driven at a frequency near the lower photonic mode a
probed near the upper excitonic mode. The main feature
we shall discuss is the strong dependence of probe abs
tion spectra on pump intensity. When the intensity of t
pump is low enough, the spectra show a single excito
peak; at moderate intensities, the dressing gives origin
another peak in addition to this one. At even higher inten
ties, the response is characterized by a more complex be
ior and at particular frequencies the system gives even ris
some gain by means of stimulated hyper-Raman scatte
processes.

To make the discussion complete, it is necessary to g
an explicit expression for the coupling coefficient betwe
the modes, starting from the experimentally accessible n
linear optical susceptibilitiesx (2) and x (3). This is done in
Sec. V, together with a numerical estimate of the light inte
sity needed for the actual experimental observations of t
photon Rabi splitting or two-photon optical Stark effect.

II. THEORETICAL MODEL AND GENERAL
RESULTS

Consider a system with two bosonic degrees of freed
nonlinearly coupled by cubic interaction terms and driven
classical external fields:
H5\v1b1
†b11\v2b2

†b21\bb2
†b1

21\b* b1
†2b21\k1E1~ t !b1

†1\k1* E1* ~ t !b11\k2E2~ t !b2
†1\k2* E2* ~ t !b2 . ~2.1!
for

nic
ks
ir-
nal
t at
the

e

ra-
nite
Such a Hamiltonian,21–25 supplemented by phenomenolog
cal damping terms, can describe a few different nonlin
optical effects: our attention will be concentrated upon
two cases of resonant two-photon absorption~TPA! and of
doubly resonant second harmonic generation~SHG! inside a
microcavity. In the TPA case one boson is a cavity pho
and the other is an exciton, while in the SHG both bosons
cavity photons. The nonlinear coupling is supposed to
nearly resonating, i.e., 2v1 is supposed to be close tov2;
apart from the inclusion of phenomenological dampi
terms, all other modes of the system will be neglected.

The intensity of the coupling, given by theb coefficient,
is related to the second-order susceptibil
x (2)(22v1 ;v1 ,v1) in the SHG case, or to the third-orde
one x (3)(2v;v,2v,v) in the TPA case. In Sec. V, we
r
e

n
re
e

shall give an explicit expression forb and a rough estimate
of its magnitude in the simplest physical configurations
GaAs-based microcavities.

The \kiEi(t)bi
†1\ki* Ei* (t)bi terms describe the driving

of theb1 andb2 modes by external classical fieldsE1(t) and
E2(t), e.g., laser beams incident on the cavity: a photo
mode can be driven by the external light field which lea
into the cavity through the nonperfectly reflecting front m
ror, while an excitonic mode can be driven by an exter
radiation provided the cavity mirrors are nearly transparen
its frequency, in order for the photonic mode structure of
cavity not to affect the~linear! coupling of the external ra-
diation to the exciton. In the following, we shall simplify th
notation by lettingFi(t)5kiEi(t).

Because of the coupling to the continuum of external
diative modes, the eigenmodes of our system have a fi
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PRB 60 4909TWO-PHOTON RABI SPLITTING AND OPTICAL STARK . . .
lifetime and their energy is radiated out of the cavity as f
photons. Since these effects are dissipative, they are no
cluded in the Hamiltonian above, but they can be introdu
phenomenologically in the equations of motions for the fi
amplitudes@see the2g ibi terms in the Eqs.~2.2! and ~2.3!
below#. But radiative broadenings are not the only possi
ones: free pair absorption for photonic modes, phonon
disorder scattering or ionization for excitonic modes g
additional contributions to the broadening parametersg i .
Other possible forms of damping terms, which can ar
e.g., from two-photon free pair absorption or quantum coh
ence effects,26 will not be considered in the following; how
ever they could be necessary for a refined fit of experime
data.

In the classical limit̂ b1
†b1&,^b2

†b2&@1 all operators can
be replaced by their mean values~i.e., the mean value of an
product of operators equals the product of the mean val!
and the equations of motion for the field amplitudes can
written as:

ḃ152 iv1b12g1b122ib* b2b1* 2 iF 1~ t ! ~2.2!

ḃ252 iv2b22g2b22 ibb1
22 iF 2~ t !. ~2.3!

Such a description clearly does not take into account
those effects that arise from the quantum nature of the fi
and their quantum and thermal fluctuations.27,28

Leaving aside subharmonic generation effects23,29 that
take place when the system is driven on the harmonic mo
we shall concentrate our attention on the case in which
driving is only on the fundamental mode and it is monoch
matic at frequencyvL: F1(t)5Foe2 ivLt and F250. It is
convenient to introduce the slowly varying variabl
a15b1eivLt and a25b2e2ivLt; putting dM5(v222v1)/2
anddL5vL2v1, the evolution of the system will be give
by
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ȧ15 idLa12g1a122ib* a2a1* 2 iF o ~2.4!

ȧ252i ~dL2dM !a22g2a22 iba1
2 . ~2.5!

A great deal of information about the physical behavior
our system can be obtained by looking for stationary so
tions of the system of differential Eqs.~2.4! and ~2.5!; the
system being dissipative, it can, in fact, be expected to g
erally converge to a stationary solution at least for we
drivings. In any case, the stability of the solution found c
be verified by means of the usual linearization technique

The stationary solutions (A1 and A2) are given by the
equations

A1FdL1 ig12
ubA1u2

dL2dM1 ig2/2G5Fo ~2.6!

A25
bA1

2/2

dL2dM1 ig2/2
~2.7!

and the stability can be determined from the eigenvalues
the linearized system21

d

dt
daW 5M•daW , ~2.8!

where we have introduced the displacement from the stea
state solution

daW 5~a12A1 ,a1* 2A1* ,a22A2 ,a2* 2A2* !T

5~da1 ,da1* ,da2 ,da2* !T ~2.9!

and the linearized evolution matrix
M5S 2g11 idL 22ib* A2 22ib* A1* 0

2ibA2* 2g12 idL 0 2ibA1

22ibA1 0 2g212i ~dL2dM ! 0

0 2ib* A1* 0 2g222i ~dL2dM !

D . ~2.10!
t
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III. TRANSMISSION AND SECOND HARMONIC
GENERATION SPECTRA: TWO-PHOTON

RABI SPLITTING

Such a simple theory can predict exactly the transmiss
properties of the structure: to visualize their behavior, in F
1 we have reproduced a few spectra of the internal inten
parameterV25ubA1u2 ~which is proportional to the interna
intensity as well as to the transmitted one! as function of the
driving frequencydL , for different values of incident~driv-
ing! intensity: the left panel refers to the exact resona
dM50 case, the right panel to the detuned casedM54g. The
whitened regions correspond to unstable behavior. We h
supposedg15g25g.
n
.
ty

e

ve

In the latter case (dM54g), the transmitted intensity a
low-incident intensity, i.e., in the linear regime limit, is cha
acterized by a single peak atdL50 ~i.e., at vL5v1); at
higher intensities, a new peak appears close todL5dM ~i.e.,
at vL.v2/2) and for growing intensities the peaks bend
the external direction repelling each other and tend to h
the same strength. In thedM50 case, the transmitted inten
sity shows initially a single peak atdL50, which at higher
intensities splits in two; for growing intensities the two com
ponents bend again towards the external direction, th
strengths staying equal.

Thanks to the bending of the transmission peaks w
growing intensity, dispersive optical bistability can b
obtained:23 a multiple intersection of the vertical straight lin
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FIG. 1. Internal intensity parameter (V25ubA1u2, proportional to the internal as well as to the transmitted intensity! for different values
of ~constant! incident intensity as a function of the detuning of the incident fielddL . Left panel: exact resonance casedM50. Right panel:
dM54g. The grey scale corresponds to the incident intensity: lighter shadowing means higher intensity; white regions corres
unstable behavior.
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corresponding to a givendL with the transmission spectrum
at a given incident intensity has the physical meaning
optical multistability.10,30 The instability region present un
der the bended peak correspond to the central unst
branch of the hysteresis loop. The instability predicted in
region between the two peaks correspond instead to a
called hard-mode transition: the eigenvalues of the stab
matrix M having a nonvanishing imaginary part at th
threshold, the system goes from a stable solution to a l
cycle, which physically corresponds to selfpulsing of t
transmission with time.21,23,25

The intensity of the generated harmonic field is prop
tional to I h5uA2u2; from Eq. ~2.7! it follows that it is pro-
portional to the square of the fundamental mode inter
intensity times a temporal phase-matching factor
f

le
e
o-
y

it

-

l

(dL2dM1 ig2/2)21, whose physical meaning will be clari
fied in the following. In Fig. 2 we have represented the sp
tra of harmonic intensity as function of the incident fr
quencydL , for different values of incident intensity; agai
the left panel corresponds to the exact resonancedM50
case, while the right panel to the detuneddM54g case. As
done previously, instability regions have been whitened. T
principal features are analogous to the previously analy
transmission case: optical bistability and self pulsing can
observed also by looking at the harmonic-field intensity; t
last remark is most important in the SHG case, where
efficiency of the harmonic generation can be affected
these effects~see, e.g., Fig. 3 of Ref. 17!.17 Notice the typical
quadratic dependence of the harmonic intensity on theinter-
nal fundamental intensity: all the bistability and selfpulsin
regions

FIG. 2. Second harmonic intensity spectra for different values of~constant! incident intensity. Left panel: exact resonance casedM50.

Right panel:dM54g. The grey scale corresponds to the incident intensity: lighter shadowing means higher intensity; white
correspond to unstable behavior.
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effects are in fact due to the coupling of the incident be
with the cavity mode at the fundamental frequency.

A. Physical interpretation of the results

The relatively simple structure of Eq.~2.6! allows for a
clear physical interpretation of the spectra of Fig. 1; since
transmittivity of the systemt is proportional to the ratio of
the internal amplitudeA1 and the incident amplitudeFo , we
can focus our attention on its rescaled version

t̃5
A1

Fo
5FdL1 ig12

V2

dL2dM1 ig2/2G21

. ~3.1!

The dependence of the transmittivityt on the transmitted
intensity V2 is a typical signature of nonlinear effects: fo
the moment we shall considerV as an independent param
eter and we shall study the behavior of the transmiss
spectrum at fixedV.

Neglecting for the sake of simplicity the damping term
g1,2, the transmitivity~as function of laser frequencydL) has
two closely spaced poles located at

d1,25FdM

2
6S dM

2

4
1V2D 1/2G ; ~3.2!

whose weights are redistributed according to the equatio

f 15
d12dM

d12d2
~3.3!

f 25
d22dM

d22d1
, ~3.4!

the total strengthf 11 f 2 being constant and equal to 1.
These results are easily interpreted in the two-level s

tem framework29 as a nonlinear Rabi splitting of two qua
siresonant states, detuned of 2dM and coupled to each othe
through the intensity dependentV term. We refer to it as
two-photonRabi splitting because it is due to the cubic i
teraction term\bb2

†b1
21H.c. At linear regime, i.e., when th

coupling is vanishing, one eigenstate corresponds to a pa
photons in the fundamental mode and the other to a sin
boson on the harmonic mode; clearly only the former
bright in a transmission experiment at low intensity. A
higher intensities, when the nonlinear interaction begins
be important, the modes are mixed up and the bright com
nent is redistributed among them. Thanks to such a redi
bution, the spectrum start to show a pair of peaks: the st
ger one is initially atv1, while the weaker one appears
v2/2 ~the factor 1/2 accounts for the fact thattwo fundamen-
tal bosons must be destroyed to create an harmonic one!. For
growing couplingV their mutual interaction make them re
pel in energy and equalize in strength; at very high inten
ties, the detuningdM becomes small as compared with t
coupling V and thus we have a doublet of equally stro
peaks with a splitting equal to 2V @we can neglectdM in Eq.
~3.2!#. WhendM50 the poles are equally bright at any in
tensity, since the resonance condition guarantees an e
distribution of the bright component. Moreover the tw
peaks are symmetrically placed with respect tov15v2/2
with a splitting equal to 2V.
e

n

s

s-
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So far, we have studied the transmittivity spectrum as
depends on the parameterV: in physical terms we have stud
ied the transmission properties at fixed transmitted intens
The experimentally relevant spectra are however the one
which the incident intensity is kept constant; this calculati
requires an inversion of the functional relation between
incident intensity and the transmitted intensity. The curves
Figs. 1 and 2 have been plotted after performing such
inversion, the sawtooth appearance of the instability be
due to finite numerical resolution.

B. Comparison with another quadratically nonlinear system

The Eqs.~2.4! and ~2.5!, which describe the time evolu
tion of our system, are very similar to the ones describ
spatial propagation of a monochromatic wave through a s
ond harmonic generating medium when the undepleted pu
approximation is not made. If we denoteEv and E2v , the
slowly varying field amplitudes respectively of the fund
mental and the harmonic field,nv and n2v the refraction
indices andDk the wave-vector mismatch 2kv2k2v and we
switch to the new variableÊ2v5(1/A2)E2ve2 iDkz, the
propagation equations in the so-called slowly varying en
lope approximation~SVEA! have the form6

]

]z
Ev5

ivA2

2nvc
@x (2)~22v;v,v!Ev* Ê2v#2g1Ev ~3.5!

]

]z
Ê2v5

ivA2

2n2vc F1

2
x (2)~22v;v,v!,Ev

2 G
2 iDkÊ2v2g2Ê2v , ~3.6!

which have the same formal structure as Eqs.~2.4! and~2.5!,
apart from the forcing termEo ; in particular the wave-vecto
mismatchDk plays the role of the mode detuning 2dM ; for
this reason the factor (dL2dM1 ig2/2)21 above is respon-
sible for the temporal phase matching: at a given fundam
tal ~internal! intensity, the amplitude of the generated ha
monic field is proportional to the inverse of the mismatc
i.e., the coherence time. Of course, despite the mathema
similarity of the equations, the physical informations whi
have to be extracted is different: in the present case, we
looking for the steady state in presence of driving term
while in the case of Eqs.~3.5! and ~3.6! the driving term is
absent and boundary conditions at the interfaces of the n
linear slab have to be imposed.

IV. TWO-PHOTON OPTICAL STARK EFFECT: PROBING
THE DRESSED SYSTEM

In the previous section we have described the steady-s
response to a monochromatic strong driving and we h
focused on stable equilibria, at the expense of other featu
like selfpulsing. The stability of such solutions has been ve
fied checking that all the eigenvalues of the linearized e
lution matrix M have negative real part. But the linearize
theory can also give a lot of other information on the d
namical behavior of the system when it is illuminated by
strong beam: besides quantum fluctuation effects in the s
tra of transmitted and sub/second harmonic light, which h
been already studied in detail by Drummondet al.,24 the lin-
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4912 PRB 60I. CARUSOTTO AND G. C. LA ROCCA
earized evolution can be used to determine the~linear! re-
sponse of thisdressedsystem to weak additionalprobe
fields; the response of our system to the probe will in fact
different according to the intensity of the pump beam. Su
an analysis is clearly restricted to pump intensities and
quencies that lie inside the stability region. The result
shall obtain are strictly related to Drummond’s ones, sin
the general linear response theory connects the response
system to its fluctuations~fluctuation-dissipation theorem31!.

Calling againdaW the displacements of the slowly varyin
field amplitudes from the steady-state~in the absence of the
probe! andM the linearized evolution matrix in the rotatin
frame @see Eqs.~2.9! and ~2.10!#, the equations of motion
can be written as

d

dt
daW 5M•daW 1 fW~ t !, ~4.1!

where thefW(t) term accounts for the probe field~again in the
rotating frame! and corresponds to additional driving term
in Eqs.~2.4! and ~2.5!.

The solution of Eq.~4.1! is immediately obtained in the

most simple case of a monochromatic driving termfW(t)

5 fWoe2 ivt. PuttingdaW (t)5daW oe2 ivt, it is easy to verify that

daW o52@M1 iv1#21
• fWo , ~4.2!

in this way the eigenvalues ofM get the physical meaning o
frequencies of thedressedmodes of the system as driven b
the pump beam: sinceM depends on the pump intensityFo
via the fieldsA1 andA2 that the pump generates inside t
structure, the energies of the dressed modes and their we
~i.e., their oscillator strengths! will depend on the pump in-
tensity as well. So the spectral features of the response to
probe beam will suffer remarkable qualitative changes w
the pump intensity is varied. Without the cubic interacti
term\bb2

†b1
21H.c. in the Hamiltonian, this effect would no

be present and the response would be independent o
presence of the pump beamFo .

Effects of this kind, which involve nonlinear interaction
between a strong dressing~pump! beam and a weak prob
have been the subject of active study for a couple of deca
but the interest has been for the greatest part focused on
intrinsic nonlinearities of two- or three-level atoms. Th
Mollow triplet of fluorescence32,33 and the stimulated emis
sion and absorption line shapes of nearly resonantly dri
two-level atoms~optical Stark effect, OSE! ~Refs. 18–20!
are among the most celebrated examples. Very rece
there has been much interest on excitonic Mollow spectr
semiconductor microcavities: both experimental12 and
theoretical13 work has been devoted to the observation
changes in the probe absorption spectrum when the exc
is resonantly dressed. Such an effect stems from the fe
onic nature of the electron-hole pair forming the exciton,
the sense that at high-excitation densities the exciton ca
be considered a true boson anymore.5,34 In the present pape
we are considering a somewhat different case: instead
dealing with an intrinsically nonlinear material excitatio
the nonlinearity is now concentrated in the mutual inter
tion between two rigorously bosonic modes. The predic
effect in the TPA case, in particular, does not require a
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deviation of the exciton from bosonic behavior,13 but only
the possibility of two-photon absorption excitation; for th
reason it will be calledtwo-photon optical Stark effect
~TPOSE!.

A most interesting quantity which can be calculated
means of this linear response theory is the excitonic po
ization created in a TPA configuration by a weak-probe~test!
field at a frequencyv t close tov2: depending on the inten
sity Fo and the frequencyvL of the pump, its spectral fea
tures can be radically different. For simplicity, we shall su
pose that the cavity mirrors do not confine light atv2, so that
the coupling of the exciton to the incident probe beam is
affected by the photonic mode structure of the cavity.
experimental observation of such effects clearly requi
some violation of parity selection rules, in a way to make t
excitonic transition allowed for both one-photon and tw
photon absorption: a single quantum well under a stro
static electric field perpendicular to the quantum w
layers35 or an asymmetric quantum well36–38structures could
be good choices.

In the slow variables, the additional driving term corr
sponding to the probe has the form

fW~ t !5 iF tS 0

0

1

0

D e2 i (v t22vL)t2 iF t* S 0

0

0

1

D ei (v t22vL)t,

~4.3!

we have setFt5ktEt whereEt is the amplitude of the probe
beam andkt is a coupling coefficient proportional to th
dipole matrix element of the one-photon transition. In t
following we shall also use the reduced probe frequency
fined asd t5v t22vL . The polarization of the system is de
termined by the third element of the responseda2. Since the
additional driving term contains two different frequenci
6d t , the response of the system will also have two spec
components

daW ~ t !5daW (1)e2 id tt1daW (2)e1 id tt, ~4.4!

which result in an actual excitonic polarization oscillating
both v t and 4vL2v t

Pexc~ t !5$da2
(1)e2 id tt1da2

(2)eid tt%e22ivLt1H.c.

5$da2
(1)e2 iv tt1da2

(2)e2 i (4vL2v t)t%1H.c.

~4.5!

The first term derives from the linear polarization of th
~dressed! system and has the same frequencyv t as the forc-
ing field; the second term instead describes a polarizatio
a frequency, which is symmetrical ofv t with respect to the
oscillation frequency 2vL of the dressing fieldA2. This last
term, which is present in atomic systems as well, arises fr
nonlinear wave-mixing effects of the~weak! probe with the
~strong! pump beam.

The expression~4.5! for the polarization can be rear
ranged as

Pexc~ t !5e2 iv tt$da2
(1)1da2

(2)e2id tt%1H.c.; ~4.6!
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physically this means that the resulting polarization can
seen as an oscillating polarization atv t amplitude modulated
at d t . Since the modulation frequencyd t is generally rather
high, the most relevant quantity is themeanabsorption suf-
fered by the probe beam, and then only the first term
bracketsda2

(1) must be retained. The susceptibility is the
given by xexc}da2

(1)/Et and probe absorption is propo
tional to its imaginary part.

Its most peculiar physical features can be predicted i
rather simple way by looking at the explicit form of th
equation of motion for the actual~not the slowly varying!
displacements of the fields from equilibriumdb1 ,db1* ,db2,
anddb2* @cf. Eqs.~2.2! and ~2.3!#

dḃ152 iv1db12g1db122ib* A1* eivLtdb2

22ib* A2e22ivLtdb1* ~4.7!

dḃ252 iv2db22g2db222ibA1e2 ivLtdb1

1 iF te
2 iv tt ~4.8!

dḃ1* 5 iv1db1* 2g1db1*

12ibA1e2 ivLtdb2* 12ibA2* e2ivLtdb1 ~4.9!

dḃ2* 5 iv2db2* 2g2db2* 12ibA1* eivLtdb1* 2 iF t* eiv tt;
~4.10!

two different sorts of time-dependent coupling terms
present: the first one, whose intensity is proportional toV
5ubA1u, connects thedb1 anddb2 fields to each other; the
other one, whose intensity is instead proportional toubA2u
and thus toV2, connects thedb1 field to its complex conju-
gatedb1* .

For moderate pump intensities only the former one will
important and thus the pair of fieldsda1,2 will be decoupled
from the complex conjugate fieldsda1,2* . From the numerical
calculations, it results that the fields and their conjugates
effectively decoupled only for pump intensities below t
instability regions. If we neglect the latter coupling~i.e., the
one }ubA2u), the system can be described as a pair of
early coupled oscillators atv1 andv2 with a time-dependen
coupling term22ibA1e2 ivLt; by settingdb̃15e2 ivLtdb1,
the time dependence of the coupling term can be elimina
in this way, the equations of motion~4.7! and ~4.8! can be
simply rewritten as

d ḃ̃152 i ~v11vL!db̃12g1db̃122ib* A1* db2
~4.11!

dḃ252 iv2db22g2db222ibA1db̃11 iF te
2 iv tt.

~4.12!

The eigenmodes of this system depend on the bare freq
ciesv11vL andv2 and the coupling22ibA1 in the usual
way for a two-level system: a pair of modes at frequenc
va andvb that start respectively atv11vL andv2 and tend
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to mix and repel as the intensity of the coupling grows u
Since the driving is only on the second mode, at lo
coupling intensity the brightness is concentrated in t
mode, while for growing intensity it tends to redistribu
equally among both eigenmodes. The probe absorption s
tra will show peaks at the oscillation frequencies of t
modes and the intensity of each peak will be proportiona
its brightness.

Figures 3 and 4 contain two series of spectra that di
from each other for the choice of detuning parametersdL and
dM : in each series the absorption spectra are plotted a
function of probe frequency at growing dressing intensit
A1 ~and hence couplings!; the frequency zero has been set
the excitonic frequencyv2. Consider the first spectrum, re
produced in the upper left panel of Fig. 3 (dM /g522 and
dL /g58): at very low-dressing intensity~a!, we recover the
linear spectrum, with a single peak at the frequency of
bare excitonic modev2; at slightly higher intensity~b! a new
peak appears at a frequencyv t5v11vL @i.e., (v t2v2)/g
5(dL22dM)/g512#; as intensity grows up~c! and ~d! the
strengths of these two peaks tend to equalize and their e
gies to repel each other. This is a clear signature of mix
and repelling of two~one dark and one bright! coupled
modes in a two-level system.

The physical meaning of the peak atv11vL instead of
2v1 can be understood if we think at the nature of the os
lating coupling; this is in fact due to the dressing fie
A1e2 ivLt and in quantum terms it converts an exciton in t
harmonic (v2) mode into a photon in the fundamental (v1)
mode plus one more photon in the dressing field. Differ
from the previously analyzed single beam nonlinear opt
the coupling is now linear in the fieldsdb1,2, so that the
spectral features do not depend on the intensity of the pr
beam, provided this is weak enough not to perturb appre
bly the system. This is again due to the fact we are
dealing anymore with the conversion of one harmonic bo
in two fundamental ones, as we were doing in the one-be
case, but with a conversion of a harmonic exciton into
single fundamental photon plus a dressingA1 photon (vL).

Analogous considerations can be repeated in order to
plain the structure of the spectrum reproduced in the up
left panel of Fig. 4 (dL /g56 and dM /g53), though the
resonance conditionv25v11vL makes the spectra loo
somewhat different: the bare modes atv2 andv11vL are in
fact resonant and hence the coupling does not introduc
new peak, but only split the existing one in a symmet
doublet of peaks. This is still centered atd t50 and its spac-
ing grows with growing dressing field intensity.

As it can be observed in the upper right panels of Figs
and 4, at higher pump intensities the22ib* A2e22ivLt cou-
pling terms start to be relevant as well. In particular, its
fect begins to be dramatic when one of the absorption pe
~the upper one atva , in our specific cases! is close to 2vL
~i.e., v t2v252dL22dM), frequency at which it resonates
This is verified when the dressing intensity is close to
lower edge of the bistability unstable region. In this case,
peak narrows~the threshold corresponds to the vanishing
the real part of one eigenvalue ofM ), its shape is modified
and some gain~i.e., negative absorption! appears@see spectra
~e!# at a frequency just above the resonance frequency 2vL .
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FIG. 3. In the two upper frames, probe absorption spectra at different dressing intensities. Absorption has been normalized to
exciton absorption. Dressing intensity grows from~a! to ~h!; instabilities are between~e! and ~f! and above~h!. Notice the change of
frequency scale. Nonresonant casev11vL2v2512g, 2vL2v2520g: dM /g522, dL /g58. In the lowest frame, schematic plot of th
energy levels involved in the optical processes: the frequenciesva andvb of the dressed states shift with increasing pump intensity.
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Increasing the dressing intensity above the bistability
stable region, i.e., in the upper branch of the hysteresis cu
the spectra result radically different. The two absorpt
peaks are still present at frequenciesva andvb and keep on
repelling themselves as the pump intensity grows up. At
same time, a gain peak is present at a frequency 4vL2va ,
which is the symmetric of the upper absorption peak f
quencyva with respect to the resonance frequency 2vL .
For growing pump intensity, as the absorption peak f
quencyva shifts towards higher frequencies because of
coupling term22ibA1e2 ivLt, the gain peak shifts toward
lower frequencies in order to satisfy the symmetry condit
with respect to 2vL . Near the threshold of the self-pulsin
instability, the other absorptive peak atvb begins to have a
gain counterpart at 4vL2vb as well: in Fig. 3 this gain peak
is hardly visible near (v t2v2)/g.60, while in Fig. 4 it is
located near (v t2v2)/g.20.

Such qualitatively new features, are stable with respec
-
e,

e

e

-

-
e

n
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variations of detunings and linewidths as we have verified
analogy to the gain appearing in the classical OSE,1,19,20 a
simple physical interpretation can be put forward in terms
stimulated hyper-Raman scattering39 in a dressed system pic
ture; the main effect of the22ib* A2e22ivLt coupling term
is in fact to induce conversion of a few quanta of the dress
fields A1 andA2 ~for a total frequency 4vL) into a dressed
excitation~at va or vb) plus one more photon in the prob
beam~at v t), which thus results amplified. Indeed, for such
process, energy conservation imposes thatv t54vL2va,b :
in this way it is possible to explain the symmetry conditio
empirically found in the calculated spectra.

In order to understand why the hyper-Raman proc
takes place involving the 4vL frequency, it is useful to re-
formulate the dynamics of the dressed system in the u
Hamiltonian formalism of quantum optics; in terms of th
field displacementsdb1 and db2, the effective Hamiltonian
of the ~dressed! system can be written as
Hd5\v1db1
†db11\v2db2

†db212\bA1e2 ivLtdb2
†db112\b* A1* eivLtdb1

†db21\ktEte
2 iv ttdb2

†1\kt* Et* eiv ttdb2

1\b* A2e22ivLtdb1
†21\b A2* e2ivLtdb1

2 . ~4.13!
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FIG. 4. In the two upper frames, probe absorption spectra at different dressing intensities. Absorption has been normalized to
exciton absorption. Dressing intensity grows from~a! to ~h!; instabilities are between~e! and ~f! and above~h!. Notice the change of
frequency scale. Resonant casev11vL5v2 , 2vL2v256g: dM /g53, dL /g56. In the lowest frame, schematic plot of the energy lev
involved in the optical processes: the frequenciesva andvb of the dressed states shift with increasing pump intensity.
le
hi
he

ca
g

du
ne

-
es

he
ad

i-

n
ri

in
is

m
e

or
ta-
n
rp-
p

e-
in

d ab-

te

n-
r
eat
er

in-
err
ra-

te-
t, in
If we neglect for the moment the last two terms, we are
with two bosonic modes, linearly coupled to each other; t
approximation is valid at low pump intensity, i.e., when t
A1 coupling is much greater than theA2 coupling. As previ-
ously described, the probe absorption spectra are in this
characterized by a pair of absorptive peaks correspondin
the dressed modes atva andvb , which result from diago-
nalization of the Hamiltonian.

The appearance of gain at higher pump intensities is
to the last two terms, which allow for the conversion of o
harmonic dressing excitonA2 at 2vL into a pair of quanta of
the fundamental modedb18 and db19 of frequencies respec
tively equal tov18 andv19 . One of these quanta then merg
with a A1 dressing photon atvL into an excitation atva or
vb , which is left inside the system; the other one, toget
with a A1 dressing photon, is instead converted into an
ditional photon in the probe beam atv t . In conclusion, two
A1 dressing photons and oneA2 dressing exciton~for a total
frequency equal to 4vL) are converted into a dressed exc
tation atva or vb , plus a probe beam photon atv t : this
kind of optical process, in which some quanta of a stro
pump beam are scattered into an excitation of the mate
system plus an escaping photon, is calledhyper-Raman
scattering;6 furthermore, since the emission of the escap
photon is stimulated by the probe beam, we shall say it
stimulatedhyper-Raman scattering.

As a final remark, it is interesting to notice that the su
rules demonstrated at all orders of perturbation theory in R
ft
s
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r
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40 are well verified even by our model, which allows f
non-perturbative nonlinear optical effects, like optical bis
bility and optical selfpulsing; in particular the absorptio
sum rule, which states that the integral of the probe abso
tion coefficient over all frequency is independent of pum
intensity, has been numerically verified in the stability r
gions. According to this sum rule the appearance of gain
some spectral region must compensates for an increase
sorption in other spectral regions.

V. DISCUSSION OF MATERIAL AND GEOMETRICAL
PARAMETERS

Until now, we have not paid attention to the absolu
value of the nonlinear couplingb; all the effects described in
the previous sections depend only on the productV
5ubA1u. Indeed it seems theoretically possible to compe
sate for a smallb by the use of high intensities; howeve
very high-light intensities are not handy because of high-h
production inside the structure and the possibility of oth
competing nonlinear effects. A highb would thus allow for
the observation of our specific two-photon processes at
tensities at which other processes, like nonresonant K
nonlinearities, exciton bleaching or higher harmonic gene
tion are negligible.

An explicit calculation of the parameterb can be per-
formed starting from the usual optical constants of the ma
rials forming the structure; as we have already pointed ou



th
tiv

in
th

en
th
r

o
ium

ch
od
c
t

en
ta
by
m
t
a
w
a

on

f
e
n

th

re
ea

a

r

ng
on

can

y
the

f
nic
g
t
the
du-
be-
the
on-
d
abi
e

tum

the
n
in

ur-
arent
nts
c-

ear
-
r a

re

4916 PRB 60I. CARUSOTTO AND G. C. LA ROCCA
the SHG configurationb is related to thex (2) susceptibility
of the materials, while in the TPA case it depends on
generalized oscillator strength of the two-photon absorp
transition, or, in other words, on thex (3) susceptibility. In
the following, we limit our attention to planar structures,
which all the equations reduce to one-dimensional ones;
general case does not introduce in principle new differ
features, apart from the geometrical complications due to
vectorial character of the fields and the tensorial characte
the susceptibilities.

If we expand the electromagnetic field in eigenvectors
the wave equation in a linear refractive background med
of dielectric constante(x)

E~x,t !5(
i

$Ei~x!e2 iv i tai~ t !1Ei* ~x!eiv i tai
†~ t !%

~5.1!

and we perform the so-called SVEA approximation, whi
correspond to supposing the temporal variation of the m
amplitudes to be much slower than the oscillation frequen
we get to the explicit expression for the coupling constanb
in the SHG case17

bSHG52
1

\E E2~x!* x (2)~x!E1~x!2dx. ~5.2!

The physical interpretation of such an expression is evid
it is the overlap integral of the square of the fundamen
wave function with the harmonic wave function weighted
thex (2) nonlinear susceptibility of the material; in a quantu
field theoretical language, this expression corresponds to
matrix element of a three-photon vertex in which two fund
mental photons annihilate into a harmonic photon. Since
are dealing with planar structures, the wave-function norm
ization has been chosen to be the natural one-dimensi
one, i.e.,

E e~x!

2p
Ei~x!* Ej~x!dx5d i , j\v i ; ~5.3!

in this way the mode intensitiesubi u2 have the meaning o
mean photon density per unit surface. From this choic
follows that the photonic wave function has the dimensio
of an electric field times a length whileb is the product of a
frequency times a length. From Eq.~5.2! it is evident how
the arbitrariness in the definition of the global phase of
wave functions reflects on the nonlinear couplingb ~and
analogously on the external couplingsk1,2): a change in the
phase definition of the wave functions must in fact cor
spond to a change in the system parameters in a way to l
the Hamiltonian invariant.

In the presence of an isolated two-photon absorption tr
sition, thex (3) susceptibility can be written as6

x (3)~2v;v,2v,v!5
f (3)

\~v222v2 ig2!
; ~5.4!

because of its similarity with the well-known oscillato
strength of a linear transition, the quantityf (3) can be called
generalized oscillator strength of a~two-photon! transition.
The nonlinear excitonic polarization can be written as
e
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PNL~x,t !53e2 ivLtx (3)~x!uE1~x!u2E1~x!ua1u2a1 . ~5.5!

Inserting this result in Maxwell’s equations and performi
the SVEA approximation as previously, we get to a moti
equation for the field amplitude of the form

]a1

]t
52g1a12 iF oe2 i (vL2v1)

1 i
3ua1u2a1

\2~vexc22vL2 igexc!
E uE1~x!u4f (3)~x!dx.

~5.6!

Comparing these term with the analogous equation that
be derived from our Hamiltonian formalism

]a1

]t
52g1a12 iF oe2 i (vL2v1)1 i

2ubu2

v222vL2 ig2
ua1u2a1

~5.7!

we get to the final result

ubTPAu25
3

2\2E uE1~x!u4f (3)~x!dx; ~5.8!

the phase ofb, which is still undetermined, is not physicall
important, since it determines only the relative phase of
fundamental and harmonic fields@see, e.g., Eq.~2.7!#; when
we are driving the system on both modes, the phase ob
fixes the phase of the amplitude oscillations in the excito
polarization ~4.6!. The physical meaning of the remanin
indetermination in the phase ofbTPA depends on the fact tha
we have used as input only the oscillator strength of
two-photon transition, which correspond to the square mo
lus of the effective matrix element; the phase difference
tween this matrix element and the one resulting from
one-photon transition is thus not determined. The proporti
ality of the couplingb to the square root of the generalize
oscillator strength is analogous to the classical vacuum R
splitting, in which the Rabi frequency is proportional to th
square root of the density of resonant atoms or quan
wells.41

After having determined the general expressions for
coupling constantb in both the SHG and TPA cases, it ca
be interesting to present a few examples of its evaluation
specific cases of experimental interest. For illustrative p
poses, the configurations chosen are amenable to transp
analytical calculations. Better experimental arrangeme
would require a careful numerical optimization of the stru
tures.

We shall at first concentrate our attention on the nonlin
Rabi frequencyV5ubB1u as function of the internal inten
sity on the fundamental mode in a SHG configuration. Fo
simple metallic planar cavity of lengthL and dielectric con-
stant e(v), the wave function of the photonic modes a
given by the expression

Ej5A4p\v j

Le~v j !
sin@Ae~v j !v j x/c#; ~5.9!

where thev j have to satisfy the resonance condition
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v j5
pc j

LAe~v j !
. ~5.10!

As function of the field amplitudeA1, the internal light in-
tensity in each propagation direction of the fundamen
mode can thus be written as

I int5
cAe

4p
uE1b1u25

\v1c

LAe~v1!
uA1u2, ~5.11!

whereE1 has been taken at an antinode of the cavity mo
According to the considerations worked out by Berge14

second harmonic generation in a metallic mirror microcav
is most effective when the cavity lengthL is close to the
second harmonic generation coherence lengthLcoh of the
nonlinear material; for GaAs at the technologically use
wavelength of 10.6mm the slight difference betweene(v1)
and e(v2) gives a coherence length equal to 108mm. In
this specific geometrical arrangement, explicit integration
Eq. ~5.2! brings to the result:

bSHG54x (2)A2p\v1

Le3
v1 , ~5.12!

where we have sete5e(v1).e(v2).
Using Eqs.~5.11! and~5.9!, the nonlinear Rabi frequenc

V5ubA1u can be written in terms of the internal light inten
sity I int as

V

v1
54A2pI int

e5/2c
x (2). ~5.13!

The experimental value ofx (2) for GaAs at 10.6mm is
about 2.431027 esu.16,42 So, in order to observe the spli
ting, assuming that the cavity quality factor isQ5104, it is
necessary to haveV/v1 at least equal to 1024; this is satis-
fied provided the internal power is about 1 GW cm22. As
long as the nonlinear material fills the entire cavity, a chan
in the cavity length does not affectb; to increaseb we thus
have to increasex (2) shifting the operating frequency close
to the gap edge or changing the nonlinear medium.

The present calculation has considered metallic mirr
mainly because of analytical convenience, however it co
be generalized to the case of a dielectric microcavity w
DBR mirrors optimized for reflection at both the fundame
tal and at the harmonic frequency~FASH mirrors14!. Such
mirrors, giving much more freedom in the choice of the
flection phase should facilitate the achievement and the
bility of the double resonance condition, but at the same t
the optical modes would penetrate inside the mirrors and
active material concentrated in the cavity layer would not
the best alternative any more; in this case it may be bette
distribute the nonlinearity along the whole effective length
the cavity mode. Although such an arrangement has reve
to be useful for optical bistability and optical ‘‘transistor
effect,10,11 it has not been studied yet for optimizing seco
harmonic generation.

Two-photon absorption spectroscopy has been an im
tant tool for the characterization of electron-hole states
quantum wells: the two-photon absorption spectra taken
l
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v.EG/2 show in fact sharp features due to subband qua
zation and excitonic effects.43–45 In particular it has been
possible to clearly resolve some excitonic peaks. Provi
their linewidth is sufficiently small, these transitions see
to be a good candidate for the observation of our cohe
two-photon effects. Since the sharpest features are prese
TM polarization (êi ẑ), it is necessary to work at obliqu
incidence. This is not a problem, indeed it gives the pos
bility of tuning the photonic fundamental mode with th
angle, while the excitonic frequency stays nearly constan
detailed calculation of the two-photon absorption cro
section in GaAs/AlxGa12xAs heterostructures has been pe
formed by Shimizu.35 For example, conversion of his resul
for the c1lh2,1S exciton into generalized oscillator strength
brings to the result of aboutf 2D

(3).2310229 cm4. It can be
interesting to notice that, if we assume a linewidth of 1 m
for the exciton and a well spacing of 10 nm, this value c
responds to a resonantx (3) of 1.231028 esu. Moreover,
under a strong static-electric field parallel to the growth ax
some excitonic transitions can be allowed for both one- a
two-photon absorption because of parity symme
breaking.35 But an externally applied static-electric field
not the only solution: several papers have appeared w
investigate the problem of breaking the symmetry of a m
terial system in order to make some optical susceptibi
nonvanishing. In particular, asymmetrically grown quantu
wells36,37 and indirect excitons in polytype double-quantum
well structures38 have recently received much interest.

We consider a microcavity of effective mode lengthLe f f
~Ref. 46! and dielectric constante bounded by dielectric mir-
rors containingNw identical quantum wells situated at pos
tions x1 . . .Nw

all corresponding to antinodes of the electr

field; in this case the generalized oscillator strengthf (3)(x) is
given by

f (3)~x!5(
i 51

Nw

f 2D
(3)d~x2xi !. ~5.14!

Explicit integration of Eq.~5.8! then brings to the result

bTPA.
pv1

Le f fe
A24f 2D

(3)Nw. ~5.15!

Using again Eqs.~5.11! and~5.9!, the Rabi frequency can b
written as function of internal light intensityI int as

V

v1
.A24Nwf 2D

(3)p2I int

Le f fe
3/2\v1c

. ~5.16!

As previously, we can quantify the effect in terms of th
internal intensity needed in order to haveV/v15Q21

.1023.47 Inserting the numerical values for the quantu
well excitonic transition and supposingNw /Le f f.5/l, we
obtain an internal intensity of about 1.2 GW cm22.

While in the SHG case the main limitation on light inte
sity comes from unavoidable heating effects, in the TPA c
it is necessary to pay attention also to the fact that excit
behave in a bosonic way only at low densitiesnexc!nsat ,

34

i.e., when their mean spacing is much larger than their
dius. At higher densities, in fact, both screening effects a
the fermionic nature of the underlying electrons and ho
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contribute to bleach the excitonic transition. Remember
that the total population of excitons per unit area is given
uA2u2 and assuming the excitons are equally distribu
among the wells, it follows from Eq.~2.7! that the excitonic
density in each well has the expression

nexc5uA2u2/Nw5U V2

2vL2v21 ig2
U2 1

Nwubu2
; ~5.17!

inserting in this expression a realistic value forb in GaAs
structures, it results that the two-photon Rabi splitting sho
be observable in GaAs structures before the exciton
bleached, while for the instabilities and the TPOSE gain
required excitonic density turns out much higher than
typical saturation density of aboutnsat5331011 cm22.
However, in order to obtain a given value of the nonline
effects ~i.e., the minimum observable one:V/v1.1/Q) an
increased nonlinear couplingb or a larger number of wells
Nw could be employed giving rise to a lower excitonic de
sity nexc.

Finally, we remark that in all cases the relevant physic
determined by the internal intensity of the fundamen
mode. For a given experimental arrangement, the co
sponding pump incident intensity mainly depends on the
flectivity R of the mirrors@through the coefficientsg1.c(1
2R)/2Le f f andk1.Acg1/2 in Eqs.~2.1!–~2.3!# and on the
detuning from the dressed modes of the cavity@see Eq.~2.6!#
as can be observed in Fig. 1.

VI. CONCLUSIONS

We have studied nonlinear optical effects arising in a m
crocavity geometry from doubly-resonant second harmo
generation ~SHG! and resonant two-photon absorptio
~TPA!. In particular, we have discussed the effect of a n
linear cubic coupling between two bosonic modes on b
the transmission spectrum of the cavity and pump-and-pr
experiments.

Recovering and completing some early results, we h
found that the transmission spectrum of the cavity is cha
terized by a doublet of peaks the position and relative we
of which depends on light intensity; a physical interpretat
of the results in terms of a simple two-level model wi
intensity-dependent coupling~two-photon Rabi splitting! has
been put forward.

In analogy to classical papers on the optical Stark effec
d

g
y
d

d
is
e
e

r

-

is
l
e-
-

-
ic

-
h
e

e
c-
t

n

driven two-level systems, we have studied how the opti
response of our system to a weak probe beam is modifie
the presence of a strong pump beam, giving rise to a t
photon optical Stark effect~TPOSE!. For moderate pump
intensities a simple two-level picture with intensity
dependent coupling can again account for the features re
ing from the calculations. At higher pump intensities inte
esting new features are predicted: in particular, the analo
of stimulated hyper-Raman scattering can give rise even
some gain in well-determined spectral regions. Even in s
a case, the nonlinear absorption sum rule is satisfied inde
dently of pump intensity.

We have also investigated the feasibility of the propos
experiments in realistic GaAs-based systems: in both
SHG and the TPA cases, the required internal intensity
sults of the order of 1 GW cm22. While in the SHG case
the most stringent limitation on light intensity comes fro
the optical damage threshold of the structure, in the T
case it is also necessary to pay attention to the possibilit
bleaching the excitonic oscillator strength at high-excito
densities. In any case, the continuous improvement
sample quality is expected to enhance the sharpness o
spectral features, so that a better resolution of line-splitti
and absorption-gain signals will allow for the observation
such nonlinear effects at lower light intensities and low
excitonic densities.

Even if the numerical estimates refer only to the case
GaAs-based microstructures, they illustrate how to evalu
the coupling coefficients appearing in our model Ham
tonian for a given experimental arrangement. Our theoret
approach is in fact completely general and can be applie
a variety of other interesting systems, e.g., orga
microcavities;48 the use of such materials can be conveni
because of stronger second harmonic generation49 and larger
oscillator strength and saturation density of the excito
resonance of molecular semiconductors.50
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