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Effect of magnetoexciton correlations on the coherent emission of semiconductors
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Mean-field, Hartree-Fock theory has been successful in explaining many nonlinear optical experiments in
semiconductors. But recently experiments have shown important cases where the mean-field theory~the semi-
conductor Bloch equations! fails. One such case is bulk GaAs in a strong magnetic field. Here the exciton-
exciton interaction can be tuned by varying the magnetic field, providing an excellent method for studying the
transition from a regime where mean-field theory is valid to a regime where exciton-exciton correlations must
be taken into account. We perform ultrafast time-resolved four-wave mixing on bulk GaAs in a magnetic field,
and compare our experimental results with theoretical calculations which go beyond Hartree-Fock theory. We
find excellent qualitative agreement. Furthermore, because of the strong correlations that are present, GaAs in
a magnetic field presents an excellent opportunity to study the exciton-exciton correlations themselves. We
investigate the coherence of the exciton-exciton correlations as the temperature and free-carrier density are
varied, and find a surprising sensitivity of the exciton-exciton correlation coherence to these parameters.
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I. INTRODUCTION

Nonlinear spectroscopy of quantum-confined heterost
tures has led to the discovery of important effects of ma
body interactions on the optical response
semiconductors.1–4 In most cases the interactions have be
treated in a mean-field approximation where the mean-fi
approximation is made at the two-particle level. Highe
order correlations, beyond the two-particle correlation t
leads to the exciton, are neglected. Four-particle correla
effects, such as the bound biexciton resonance are us
treated phenomenologically.5–7 In the past few years exper
ments have pointed to failures of the mean-field theory
explain the polarization dependence of the nonlinear opt
response,8–11 pump-probe measurements,12 and biexciton ef-
fects. Theories based on different techniques have been
veloped to go beyond the mean-field approximation.13–19

Recently we have reported on results of experiments d
on the lowest-energy excitons in bulk GaAs in high magne
fields and in a polarization configuration (s2/s2) where no
bound biexciton is formed in the absence of a magnetic fi
In these measurements there are strong signatures of exc
exciton ~four-particle! correlations in the continuum of un
bound biexciton states.20,21 We have taken advantage of th
strong four-particle correlation signal to investigate the
herence properties of these four-particle correlations, obj
rarely accessible to direct measurement.22 In this longer pa-
per, we report in more detail on that work, provide furth
experimental evidence for four-particle correlations, a
present a detailed treatment of the theory, including res
on the effect of the continuum and the equations for trea
the presence of an incoherent exciton population. Appli
tion of a magnetic field also results in a series of Fano re
nances arising from the quantum interference between h
PRB 600163-1829/99/60~7!/4731~18!/$15.00
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lying excitonic states and lower-energy continua. The
resonances have been studied elsewhere.23–26

One motivation for this work is to study how magnet
confinement affects the interactions between strongly
torted hydrogenlike systems. A magnetic field confines el
trons and holes in the plane perpendicular to the field, so
applying a magnetic field to a bulk sample of GaAs results
a transition from three-dimensional motion of free electro
and holes to one-dimensional motion. This restriction in m
tion affects the internal structure of the lowest-lying ex
tons: the Bohr radius contracts}A(uBu) in the plane perpen-
dicular to B, and } ln(uBu) in the direction parallel toB.27

Thus the exciton will develop a quadrupole moment as
magnetic field is increased.28 These effects are expected
become important at fieldsB.Bc , where Bc is the field
strength at which the cyclotron radius equals the zero-fi
excitonic Bohr radiuslc5a0 . For hydrogen, whereBc
'104 T such fields are only found at the surface of neutr
stars, and thus currently out of reach of experiments. C
versely, for GaAs,Bc'3.5 T, and theB;Bc regime can be
easily studied. For magnetic fieldsB!Bc , the magnetic field
can be treated as a perturbation on the hydrogen prob
and forB@Bc the Coulomb interaction is a perturbation o
the electronic Landau levels. The structure of the fo
particle bound and unbound states also changes significa
as the ratioB/Bc increases from 0.29 The regimeB;Bc is
interesting both because of the computational difficulty a
the changes in the exciton-exciton ground state that occu
this regime. An important experimental advantage of stu
ing magnetic confinement rather than quantum confinem
in heterostructures is that all measurements, for varying
grees of confinement, can be made in one high-qua
sample of bulk material.

The dynamics of excitons in magnetic fields have be
4731 ©1999 The American Physical Society
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4732 PRB 60P. KNERet al.
studied previously,30–35 but we believe this is the first stud
in which strong four-particle correlations have been detec
Two of the previous studies dealt with strongly inhomog
neously broadened systems in which interaction effects
washed out.32,33 In quantum wells the strong correlation e
fects we discuss are not seen. A reduction in exciton in
actions has been seen for the lowest-lying exciton state
pump-probe measurements.35 Interactions between the low
est excitons and higher-energy excitons have been meas
by a four-wave-mixing measurement, and explained usin
multilevel system model.34 Also, the nonlinear optical re
sponse has been calculated within a Hartree-Fock theo30

Jianget al.31 performed a four-wave mixing measurement
the frequency domain on bulk GaAs, and saw an increas
the nonlinear signal with increasing magnetic field whi
they attributed to reduced exciton diffusion.

II. BACKGROUND

The technique we used to study the exciton interacti
was four-wave mixing~FWM!. Two pulses of light with fre-
quencyv, resonant with the exciton, and wave vectorskW1

~pulse 1! andkW2 ~pulse 2!, are focused on the sample, sep
rated by a time delayDt, and the FWM signal is detected i
the 2kW22kW1 direction ~see Fig. 1!. The FWM signal is ana-
lyzed in three ways. The total energy in the signal as a fu
tion of time delay,Dt, is the time-integrated FWM~TI-
FWM!. At a given time delay, the signal can be measured
the frequency domain, the FWM power spectrum~FWM-
PS!, or the time domain, time-resolved FWM~TR-FWM!.

For an atomlike multilevel system without interaction
the only nonlinearity is due to Pauli Blocking~PB!, and the
FWM vanishes forDt,0, i.e., pulse 2 arriving first. Fo
Dt.0, both the TI-FWM and TR-FWM decay with a tim
constant T2/2, where T2 is the dephasing time.36 The
FWM-PS is a Lorentzian peak with a width 2\/T2 . In a
model of the semiconductor in which the Coulomb intera
tion is ignored, the semiconductor is an inhomogeneou
broadened set of atomlike two-level systems indexed by
crystal momentumkW .

FIG. 1. Four-wave mixing experimental configuration. Tw

pulses with wave vectorskW1 andkW2 are focused on the sample, an

the signal emitted in the 2kW22kW1 direction is measured.
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The next level of approximation is to treat the Coulom
interaction in the time-dependent Hartree-Fock approxim
tion. This leads to the well-known semiconductor Blo
equations~SBE’s!.1 These have been used to explain a
predict many experimental results in semiconductors, incl
ing the ac Stark effect,1,38 TI- and TR-FWM in quantum
wells,39,40phase measurements,3 and photon echoes from th
continuum states,41,42 to name a few.

We will not go into the details of the SBE’s which hav
been discussed in numerous places,37,40,43except to empha-
size that the SBE’s are a mean-field theory by which
mean that the polarization of each exciton only interacts w
an effective electric field due to the external applied field a
the average polarization field created by all the other ex
tons. In this case the order parameter is the two-particle d
sity matrix which comprises the polarization and the elect
and hole occupations. In the stationary limit, the SBE’s sh
many features with the BCS theory of superconductivit1

The SBE’s are most frequently used in the relaxation-ti
approximation, in which processes beyond the Hartree-F
approximation which contribute to dephasing are appro
mated by simple exponential decays. The Hartree-Fock
proximation does not change quasiparticle lifetimes
dephasing rates. Correlations beyond the two-particle co
lation between the electron and hole are not taken into
count, so that both bound and unbound biexcitons, which
correlated states of four particles, are not included.

The SBE’s were able to explain experiments2,40 in which
a FWM signal was measured forDt,0. The Coulomb inter-
action between electron-hole pairs results in an interac
term between polarizations. This term produces a signal
Dt,0 which rises twice as fast as the decay, as was s
experimentally. The prediction of a rise time ofT2/4 is a
very general result of the SBE’s, and is not dependent on
details of the excitation or the material, assuming homo
neous broadening. Inhomogeneous broadening in the sa
results in a weaker signal forDt,0.44

Different approximation schemes have been used to
tend the SBE’s beyond the relaxation time approximati
One well-known scheme is the inclusion of excitatio
induced dephasing~EID!.11,45 Here the density dependenc
of the dephasing is calculated.g5g01g8Dn, whereg8 is
calculated within the screened Hartree-Fock approximat
The change in dephasing appears in the EID theory at
order in the electric field.

EID has been able to explain some experimental res
which the SBE’s in the relaxation time approximation cou
not explain. Beyond the simple density dependence of
dephasing, EID has also been able to explain the experim
tal fact that the strength of the FWM signal in GaAs stru
tures is strongly dependent on the relative polarization of
two beams. EID does not affect the rise time predicted by
SBE’s.46

Since we are interested in processes requiring a the
beyond the SBE’s, it is instructive to know the prediction
that theory. Figure 2 shows a calculation of the SBE’s in
relaxation-time approximation for TI-FWM for bulk GaAs i
a magnetic field in the same configuration as our experim
~see below and Ref. 20!. Here we see the characteristic ris
and decay times of 1/4g and 1/2g, whereg is the dephasing
rate. There are oscillations in the signal at the frequency
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the energy splitting between the light-hole exciton~lh-X! and
the heavy-hole exciton~hh-X!. In the configuration of our
experiment in which both beams ares2 polarized, the two
excitons do not share a band so there is no PB nonlinea
There is no Coulomb interaction between them because
matrix element of the Coulomb interaction between th
states is zero due to the orthogonality of the spin part of
wave functions.47 Thus the oscillations in the total signal a
polarization interference and not quantum beats, and th
are only small oscillations in the signals emitted by the in
vidual excitons. These small oscillations are due to the sp
tral overlap of the two exciton lines.48

III. EXPERIMENTAL SETUP

We performed degenerate four-wave mixing in the se
diffraction configuration~FWM! on a sample of high-quality
bulk GaAs in a magnetic field. The excitation pulses we
co-circularly polarized (s2) 100-fs pulses from a Ti-
sapphire laser. The TI-FWM measurements were made
sending the FWM into a GaAs photomultiplier tube. T
FWM-PS were taken with a 0.25-m spectrometer and opt
multichannel analyzer. And the TR-FWM were made by u
converting the FWM with a reference pulse in a 1-mm BB
crystal.

The samples we studied are 0.25-mm-thick crystals of
molecular-beam-epitaxy~MBE! grown GaAs glued toc-axis
sapphire substrates and etched for transmission experim
To avoid any band bending effects, the bulk GaAs layers
sandwiched between two AlxGaAs1-x layers. In addition, the
samples are antireflection coated on both sides. Due to
chanical strain induced by the substrate, the heavy- and li
hole bands are split, resulting in two distinct exciton spec
~the hh-X and lh-X!.49 The samples are kept in a magnet
optical cryostat,B50˜12 T. We studied two sample
grown in different MBE machines which we will refer to a
sample Nos. 1 and 2.

We have done experiments on samples of different th
ness and checked that these samples are optically thin

FIG. 2. Calculation of the TI-FWM for bulk GaAs in a magnet
field using the SBE’s. The lh-X and hh-X contributions are the a
under the lh-X and hh-X emission peaks in the spectrum of
FWM. Note that the rise time is twice as fast as the decay time,
that there are almost no oscillations in the individual lh-X and hh
contributions.
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optically dense samples, propagation effects can also re
in a signal forDt,0 with a rise time ofT2/4 and nonlinear
beating in the TR-FWM and TI-FWM signals.50,51 More im-
portantly, propagation also leads to reabsorption of the FW
which shows up in the FWM-PS as a dip in resonance pe
We see reabsorption effects in samples with thickness
and 1mm, but not in the 0.25-mm samples which were se
lected for our experiments.

The cocircular polarization configuration was chosen
minimize the effect of bound biexcitons on the FWM r
sponse. In this configuration hh-X/hh-X and lh-X/lh-X sin
glet states~the bound state atB50 T! cannot be formed
because the lh-X electrons all have the same spin (s52 1

2 )
as do the hh-X electrons (s51 1

2 ). In the exciton basis, to
lowest order, there is no interaction term between the lh
and hh-X52 so the attractive interaction leading to bound l
X/hh-X states is weak and their oscillator strength is sm
We do not consider them in our analysis. Figure 3 shows
band structure, emphasizing the fact that the lh and hh t
sitions do not share a conduction band in this configurati
For the majority of the measurements, we have keptI k1

'I k2
in order to keep the excitation density roughly consta

asDt is varied. And we have keptT51.6 K to avoid dephas-
ing due to phonons. Also for most of the measurements,
laser was tuned so that its center frequency was appr
mately between the lh-X and the hh-X. AsB was varied, the
laser was tuned to keep the overlap the same, keeping
excited exciton density roughly constant. These were the
perimental conditions except for measurements atB510 T,
where we varied the temperature and the laser detuning~Sec.
VII !.

IV. EXPERIMENTAL RESULTS

We begin discussing the experimental results by exam
ing the linear spectra. Linear absorption spectra of the G
sample are shown in Fig. 4 for a few different magnetic-fie
strengths applied perpendicular to the plane of the sam
The lowest-lying resonances are the Lorentzian magn
excitons which are under study in this paper. While there
diamagnetic shift of the excitons asB is changed from 0 to
10 T, the changes in the oscillator strength and linewidth
small. The measurements were made with a light bulb, so
excitation density is extremely low. Both the lh-X and hh-
can be fit fairly well with Lorentzians. At 0 T, for the lh-X
GFWHM52g lh50.35 meV, and for the hh-X, 2ghh50.48
meV. At 10 T, 2g lh50.36 meV, and 2ghh50.31 meV. In
addition we have made photoluminescence measuremen
these samples to verify that the impurity concentration

a
e
d

FIG. 3. Schematic band diagram of bulk GaAs, showing thes2

optical transitions. The degeneracy of the lh and hh bands atk50
has been lifted by stress. Band mixing has not been taken
account.
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4734 PRB 60P. KNERet al.
low. From the linear spectra we then expect a decay tim
T2/25 \/2g '1.65ps for the TI-FWM.

Figure 5 shows a series of TI-FWM measurements
sample No. 1 for different magnetic-field strengths. The
FWM at B50 T has an exponential decay with oscillatio
for Dt.0. The decay time,td , is 1.48 ps, in reasonabl
agreement with the linewidths of the linear spectra.
course, the density,N'531015cm23, is much higher than
the density excited in the linear measurements, so the d
time is shorter. The oscillation period corresponds to the
X/hh-X energy splitting. ForDt,0, there is a much smalle
signal with a rise time,t r , of 0.25 ps. This signal—which
does not follow the rise of the laser pulse—is clear evide
of exciton-exciton interactions. There is also a large fast s
nal aroundDt50, the coherent peak. The decay of the sig
for Dt.0 gives the exciton dephasing time. TheDt,0 sig-
nal is a result of the Coulomb interaction between the ex
tons and is in reasonable agreement with the SBE’s. The
that the rise time is not twice as fast as the decay time is m
likely due to the influence of excited and continuum sta
with faster dephasing times. A small inhomogeneous bro
ening in the sample might also contribute to the faster
time. The oscillations are quantum beats between the l
and hh-X,53 which will be conclusively demonstrated wit
the FWM-PS and the TR-FWM data later in the paper.

As the magnetic field is increased, the positive time s
nal, STI

1 [STI(Dt.0), changes only slightly:td remains
about 1.5 ps while the signal magnitude increases slig
and the depth of the quantum beats diminishes. But qua
tively, the signal does not change.td is determined by a fit of

FIG. 4. Linear absorption of the 0.25-mm sample of GaAs at
B50, 6, and 10 T. Typical laser spectra for the measurements
also shown. For each measurement, the laser is tuned to reso
with lh-X and hh-X.
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1 to Ae2Dt/td@11C cos(vDt1f)#.

The negative time signalSTI
2 [STI(Dt,0), on the other

hand, changes drastically as the magnetic field is increa
The magnitude of the signal changes by more than two
ders of magnitude atDt52500 fs. In contrast, atDt50, the

re
nce

FIG. 5. ~a! TI-FWM on sample No. 1 for magnetic fields from
~bottom! to 10 ~top! T every 1 T. The curves are plotted on
logarithmic scale and displaced for clarity. For these measureme
N'531015 cm23. ~b! t r and td vs B. As the magnetic field is
increased,STI

2 increases while there are only minor changes inSTI
1 .
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change is only about a factor of 4.t r goes from 0.25 to 3.0
ps. We have estimatedt r with a simple exponential fit to the
negative time signal for20.4.Dt.25 ps. Clearly, the rise
of the signal is not a simple exponential, which suggests
non-Markovian processes are important. From the slow
time of the TI-FWM (@1/4g) it is evident that, at high mag
netic field, effects that are not included in the SBE’s beco
important. The rise and decay times of the TI-FWM vsB are
plotted in Fig. 5~b!, showing that above about 4 T,t r be-
comes greater thantd . It is interesting to compare this valu
with Bc'3.5 T.

Figure 6 shows the measurements from sample No. 2.
see exactly the same behavior on the second sample as w
on sample No. 1. The rise and decay times for the sam
are quite similar. This, and the narrow linewidths of bo
samples, indicate that both samples are high quality, and
the effects we are measuring are intrinsic and not sam

FIG. 6. ~a! TI-FWM vs B on sample No. 2 for magnetic field
from 0 T ~bottom! to 10 T ~top! every 2 T.~b! t r and td vs B.N
'1016 cm23. Sample No. 2 shows the same behavior with magn
field as sample No. 1 demonstrating that the effect is not sam
dependent.
at
e

e

e
do

es

at
le

dependent. The differences in dephasing time between
two samples are partly due to different excitation density a
partly due to the larger linewidth of sample No. 2. AtB
50 T, from the linear spectra for sample No. 2, 2g lh
50.58 meV and 2ghh50.53 meV. The excitation densitie
for the measurements on sample No. 2 are roughly 1.6 ti
higher than for sample No. 1.

We have calculated the density of excited excitons a
excited free carriers from the measured laser spectra and
measured absorption spectra. The calculated densities
sample No. 1 are shown in Fig. 7. Due to the change in
continuum absorption, the number of free carriers exci
decreases as the magnetic field is increased although th
ser is tuned to keep the number of excitons excited roug
constant. Thus, at high magnetic fields, there are fewer
carriers available to screen the Coulomb interaction, and
interactions between the excitons are stronger. This ag
with the experimental result thatSTI

2 , which is due to inter-
actions, grows withB.The increase in the strength of th
Coulomb interaction cannot fully explain the change inSTI

2

with B becauseSTI
2 does not simply grow withB but also

changes qualitatively.
The results of TR-FWM and FWM-PS measurements

also in clear contradiction to the predictions of the SBE’s.
series of TR-FWM measurements at differentDt are shown
in Fig. 8. The inset is the corresponding TI-FWM. There a
very pronounced beats in the TR-FWM for allDt, consistent
with the FWM-PS which shows two peaks, even though
STI

2 is smooth. In fact the oscillations in theSTI
1 are also not

very pronounced. In SBE calculations, there are beats in
TI-FWM corresponding to the beats in the TR-FWM. Th
delayed rise in the TR-FWM is due to interaction effec
which have been explained within the framework of t
SBE’s.39

The TR-FWM also provides unambiguous evidence t
the sample is homogeneously broadened, and we are loo
at a free-induction decay and not a photon echo. If we p
the TR-FWM maximum vsDt ~Fig. 9!, for Dt.0, the emis-
sion time does not increase withDt. ~The fluctuations in
peak position are due to changes in the TR-FWM sig

ic
le

FIG. 7. The number of excitons and freee-h pairs excited by
one pulse vs magnetic field. This plot corresponds to the meas
ment in Fig. 5. As the magnetic field is increased, the numbe
excited excitons remains roughly constant, whereas the numbe
excited free carriers decreases.
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4736 PRB 60P. KNERet al.
which make it difficult to identify the arrival time.! For Dt
,0 the emission time increases in direct proportion toDt,
i.e., the slope of the line is 1, not 2 as it would be for
photon echo. Thus the TR-FWM is emitted immediately
ter the second pulse as a free-induction decay.

The SBE predict that the lh-X signal is smaller than t
hh-X signal because of the smaller oscillator strength of
lh-X. If we look at the FWM-PS atDt50 as a function of
magnetic field, we also see the transition from a regime
low-magnetic field consistent with the mean-field theory~at
0 T the lh-X signal is about a factor of 3.5 smaller than t
hh-X signal! to a regime at high magnetic field where th
lh-X signal is stronger than the hh-X signal. This is shown
Fig. 10.

Within the SBE’s~Fig. 2! the beating between the lh-X
and hh-X is polarization interference, but the oscillations
our data are quantum beats. The emission of the TR-FWM
a free-induction decay~Fig. 9! is evidence that the beating
quantum beating.53 The quantum beats can also clearly
seen as a function ofDt at the lh-X and hh-X resonances
a plot of the FWM-PS vsDt ~Fig. 11!. As a last piece of
spectrally resolved data, Fig. 12 shows a set of FWM-PS
different time delays showing clearly that the relati
strength of the lh-X and hh-X signals changes as a func
of Dt. This is further evidence of the strong interaction b
tween the lh-X and hh-X which is beyond the mean-fie
predictions.

FIG. 8. TR-FWM atB510 T. The inset is the correspondin
TI-FWM. Clear oscillations are seen at all delays in the TR-FW
but, in the TI-FWM, oscillations are only seen forDt.0. For these
measurementsI k2

'4I k1
andN'1016 cm23.
-

e

at

as

at

n
-

V. THEORY

The shape ofSTI
2 , the relative size of the lh-X and hh-X

signals, the quantum beats and the exchange of oscill
strength between the lh-X and hh-X withDt at high mag-
netic field all cannot be explained by the SBE’s. To expla
these results, we have to go beyond the mean-field the
We do this in a systematic way by employing the coheren
controlled truncation scheme~CCTS!,54 which was proposed
in Ref. 55 and worked out in detail in Refs. 16 and 56. Th

FIG. 9. The time of the TR-FWM maximum vsDt. The solid
line has a slope of 1. This indicates that the FWM signal is emit
immediately after the second pulse which proves both that the
citons are homogeneously broadened and that the oscillations
quantum beats.

FIG. 10. FWM-PS atDt50 vs.B. These measurements corr
spond to the TI-FWM from Fig. 5. As the magnetic field is in
creased, the strength of the lh-X emission relative to the hh-X em
sion increases, indicating a transition from a regime in agreem
with the SBE’s to a regime, at high magnetic field, where the SB
fail.

,
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theory was motivated by the properties of coherently driv
electron-hole pairs, which are realized for off-resonant ex
tation conditions in the optical Stark effect, and offers
elegant method to introduce coherent exciton-exciton co
lations. In this formalism, when calculating the optical r
sponse of the semiconductor at a given order in the la
field, one only retains a finite number of correlation fun
tions of electrons and holes that contribute to that order. T
is possible because, in an intrinsic semiconductor initially
the ground state, eache-h pair is created by one photon
Therefore, higher-order correlation functions are prop
tional to higher powers of the exciting laser electric field a
only contribute to higher-order nonlinearities. Although th

FIG. 11. FWM-PS vsDt at B510 T. N'531016 cm23. Here
quantum beats can clearly be seen on the hh-X emission.

FIG. 12. FWM-PS for differentDt at B56T. There is an ex-
change of signal strength between the lh-X and hh-X with ti
delay that is beyond the predictions of the SBE’s.I k2

'4I k1
. N

'531015 cm23.
n
i-

e-

er
-
is
n

-

approach is exact in the ideal, but unrealistic, coherent li
where there are absolutely no dephasing processes, any
tering, producing incoherent contributions to the particle d
tribution functions, destroys this property. Effects associa
with bound biexcitons are automatically included in t
CCTS theory.

The CCTS has been successfully applied to FWM a
pump-probe experiments that cannot be explained by
SBE’s.10,12,52,57In particular, the CCTS explains the pola
ization dependence of the FWM signal, and should be c
trasted with phenomenological multi-level models that ha
been proposed to describe this dependence, but that ar
derived rigorously from the semiconductor Hamiltonian.5,6,58

EID is included in the CCTS via the interference due to t
coupling to the biexcitonic continuum. The importance
this coupling has also been emphasized in a recent paper59 It
is also responsible for antibound states recently observe
ZnSe quantum wells.60 The CCTS limited to third-order pro
cesses in the laser field, is known as thex (3)-truncation
scheme. Although the structure of the theory is well know
the very special aspects of the Coulomb interaction in a m
netic field produce specific features that deserve a discuss
Furthermore, we will comment on an important extension
the x (3)-truncation scheme to account for incoherent p
cesses. Our starting point is the Hamiltonian of electrons
holes in the lowest Landau-level, coupled by the dipo
matrix elementmk

eh to the external laser fieldsE.

H5(
ke

«k
eêk

†êk1(
kh

«k
hĥk

†ĥk1(
keh

~mk
ehEêk

†ĥk
†1mk

heEĥkêk!

1
1

2 (
kk8q

H vq
ky2ky81qyF(

ee8
êk1q

† êk82q
† êk8êk

1(
hh8

ĥk1q
† ĥk82q

† ĥk8ĥkG2vq
ky2ky8(

eh
@ êk1q

† ĥk82q
† ĥk8êk

1ĥk1q
† êk82q

† êk8ĥk#J . ~1!

The single-particle energies are given by

«k
e,h5«0

e,h1
\2

2me,hl 2
1

\2kz
2

2me,h
, ~2!

where l is the magnetic length,l 5A\/eB, and kz is the
momentum along the directioniBW . For electrons and holes in
the lowest Landau level, the Coulomb interaction in the La
dau gauge is given by

vq
ky5

e2

2p«0L2E2`

`

dqx

e2 l 2(qx
2
1qy

2)/2

qx
21q2

eil 2kyqx, ~3!

and êk
† and ĥk

† are the Fermi operators for electrons a
holes, with two-dimensionalk vectors in theky-kz plane.
The optical properties are determined by the polarizationPW

5(ehkmW ehPk
eh , where Pk

eh5^êk
†ĥ2k

† &, is the transition am-
plitude between an electron in bande and a hole in bandh
with respective wavevectorsk and2k. Pk

eh obeys the equa-
tion

e
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S 2 i\
]

]t
2«k

e2«k
h2 i\gPD Pk

eh1(
q

vq
0Pk1q

eh

5(
h8

mk
h8eE~dh,h82 f k

hh8!2(
e8

mk
he8Ef k

e81
]

]t
Pk

ehU
int

,

~4!

where the interaction contribution is given by

]

]t
Pk

ehU
int

5(
k8q

vq
ky2ky8H(

e8
@^êk1q

† ĥ2k
† êk8

† êk81q&

2^êk
†ĥ2k2q

† êk81q
† êk8&#

1(
h8

@^êk
†ĥ2k2q

† ĥ2k8
† ĥ2k82q&

2^êk1q
† ĥ2k

† ĥ2k82q
† ĥ2k8&#J . ~5!

Within the x (3)-truncation scheme we make use of partic
number conservation, which allows the introduction, in E
~5!, of six-point instead of four-point correlation function
according to the relation

^êk1

† ĥk2

† êk3
êk4

&5(
k,h8

^êk1

† ĥk2

† êk3
ĥ8k

†ĥ8kêk4
&

2(
k,e8

^êk1

† ĥk2

† êk3
ê8k

†ê8kêk4
&. ~6!

The second contribution on the right-hand side of Eq.~6! is
at least fifth order in the excitation field and neglected at
x (3) level. The resulting six-point functions are factorize
into all possible products of two-point and four-point fun
tions. This procedure allows us to split the interaction co
tribution @Eq. ~5!#, into a Hartree-Fock contribution and
correlation contribution. The Hartree-Fock contribution is

]

]t
Pk

ehU
HF

5 (
q,e8h8

vk2q
0 @Pq

eh8 f k
h8hde,e81Pq

e8hf k
ee8dh,h8

2Pk
e8hf q

ee8 dh,h82Pk
eh8 f q

h8hde,e8#. ~7!

The one-particle distribution function is the sum of a coh
ent and an incoherent contribution

f k
ee85(

h8
Pk

eh8Pk
eh8* 1(

q,h8
Nk,q,k,q

eh8e8h8, ~8!

where we introduce the pair-density correlation function

Nk1 ,k2 ,k3 ,k4

ehe8h8 5^êk1

† ĥk2

† êk3
8 ĥk4

8 &2^êk1

† ĥk2

† &^êk3
8 ĥk4

8 &, ~9!

which determines the incoherent part of the one-particle
tribution function. The correlation contribution to Eq.~5!
consists of two parts. One is incoherent, and determined

the pair-density correlation functionNk1 ,k2 ,k3 ,k4

ehe8h8 , and the

second one is due to the biexcitonic correlation function
-
.

e

-

-

s-

y

Bk1 ,k2 ,k3 ,k4

ehe8h8 5^êk1

† ĥk2

† êk3
8†ĥk4

8†&

2^êk1

† ĥk2

† &^êk3
8†ĥk4

8†&1^êk1

† ĥk4

† &^êk3
8†ĥk2

† & .

~10!

This correlation function has a very straightforward interp
tation. The operators in the first term of Eq.~10! create two

e-h pairs, and thusBk1 ,k2 ,k3 ,k4

ehe8h8 corresponds to a two photo

transition for excitation at the band edge. Two factoriz
terms are subtracted off the first term, and correspond
uncorrelated creation of the twoe-h pairs, including the sign
change in front of the third term that results from the re

rangement of the Fermi operators. Therefore,Bk1 ,k2 ,k3 ,k4

ehe8h8

represents the coherent part of the two photon transition
vanishes if the generated excitons are not coherent with e
other. When all these elements are collected, the correla
contribution to Eq.~5! takes the form

]

]t
Pk

ehU
corr

5 (
k8q,e8h8

vq
ky2ky8$@Pk8

e8h8* 2Pk81q
e8h8* #@Bk1q,k,k8,k81q

ehe8h8

1Bk,k1q,k81q,k8
ehe8h8 #1Pk

e8hNk,k8,k1q,k81q
e8h8eh8

2Pk1q
e8h Nk1q,k81q,k,k8

e8h8eh8 1Pk
eh8Nk81q,k,k8,k1q

e8h8e8h

2Pk1q
eh8 Nk81q,k1q,k8,k

e8h8e8h
1@Pk8

e8h82Pk81q
e8h8 #

3@Nk81q,k8,k1q,k
ehe8h8 1Nk8,k81q,k,k1q

ehe8h8 #%. ~11!

The biexcitonic correlation function contributes to the li
ear dephasing of the polarization in contrast to Green
functions theory, as shown already in Ref. 52. The equa
of motion of the pair-density correlation function has t
form

S 2 i\
]

]t
2«k1

e 2«k2

h 1«k3

e81«k4

h8DNk1 ,k2 ,k3 ,k4

ehe8h8

2(
q

vq
0~Nk11q,k21q,k3 ,k4

ehe8h8 2Nk1 ,k2 ,k31q,k41q
ehe8h8 !

5
]

]t
Nk1 ,k2 ,k3 ,k4

ehe8h8 U
source

1
]

]t
Nk1 ,k2 ,k3 ,k4

ehe8h8 U
scatt

. ~12!

In its simplest version the source term is proportional

gP Pk1

eh* Pk3

e8h8dk1 ,k2
dk3 ,k4

, i.e., the decay of the coherent po

larization. The scattering contribution drives the pair-dens
correlation function toward its quasi-equilibrium value.
principle a x (3)-truncation theory cannot account for the
processes. Since this is an incoherent contribution to the
namics, the CCTS is not well suited, and one should refe
other methods of many-particle theory. If the Coulomb p
tential is treated perturbatively, one can reduce these in
herent dephasing contributions in Eq.~4! in the Markovian
approximation to the result known from nonequilibriu
Green’s-functions theory.61,62

The equation of motion of the biexciton correlation fun
tion is
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S 2 i\
]

]t
2«k1q

e 2«k81q
h8 2«k8

e82«k
h2 igBDBk1q,k,k8,k81q

ehe8h8 2(
q8

@v
q8

ky2ky81qy82qyBk1q1q8,k,k82q8,k81q
ehe8h8

1v
q8

ky82ky1qy82qyBk1q,k1q8,k8,k81q2q8
ehe8h8 2v

q8

ky2ky8Bk1q1q8,k1q8,k8,k81q
ehe8h8 2v

q8

ky82kyBk1q,k,k81q8,k81q1q8
ehe8h8

2v
q8

qyBk1q1q8,k,k8,k81q1q8
ehe8h8 2v

q8

2qyBk1q,k1q8,k81q8,k81q
ehe8h8 #

52vq
ky2ky8~Pk

eh2Pk1q
eh !~Pk81q

e8h8 2Pk8
e8h8!1v

k2k8

qy ~Pk81q
eh8 2Pk1q

eh8 !~Pk
e8h2Pk8

e8h
!1O~E6!. ~13!
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At low excitation intensities and for times small compar
to the dephasing times, the coherent limit captures the es
tial physics of the nonlinear emission. In this case the p
density correlation function,Nk1 ,k2 ,k3 ,k4

ehe8h8 , vanishes and only
the biexcitonic correlation function contributes.~Recently,
Bartelset al.described experiments in which the pair dens
correlation function plays an important role.63! This function
fulfills the fundamental anticommutation relations of Fer
particles, which are taken into account in an expansion of
form

Bk1q,k,k8,k81q
ehe8h8 5(

nm
@Bnm

ehe8h8~q!wn
eh~k1b̂q,qy!wm

e8h8

3~k81âq,2qy!6Bnm
eh8e8h~k2k8!wn

eh8

3~ b̂k1âk81q,ky2ky8!wm
e8h

3~ b̂k81âk,ky82ky!# , ~14!

where we assume the most general case of anisotr
masses in they and z directions. In that caseâ and b̂ are
diagonal matrices witha i i 5mei /Mi , b i i 5mhi /Mi , and
Mi5mei1mhi . Finally we take the physical limitmey
5mhy˜`. The expansion in terms of these eigenfunctio
is performed in two steps. In the first step after insertion
Eq. ~14! into Eq. ~15!, we multiply by the phase facto
exp@il2qx(ky2ky8)# which appears in Eq.~14! from the Cou-
lomb potential in the Landau gauge@Eq. ~3!#, and we per-
form theky andky8 summations. This allows us to express t
wave functions in Eq.~14! in the form,

wn
eh~k1aq,p!5(

ky

exp@ i l 2qx~ky1ayyqy!#wn
eh~k1âq,qy!,

~15!

which are solutions of the Wannier equation,

\2k2

2meh
wn

eh~k1aq,p!2(
k8

V(1)~p,k2k8!wn
eh~k81aq,p!

5«n
eh~pq!wn

eh~k1aq,p!, ~16!

with

V(1)~p,k2k8!5
e2

2p«0LE0

`

dp8p8

3
exp@2 ~1/2! l 2p2#

p821~k2k8!2
J0~ l 2pp8!. ~17!
n-
r-

i
e
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s
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In the second step, we project Eq.~13! onto the basis se
of these eigenstates; this results in the following equation
motion for the polarization,

S 2 i\
]

]t
2«n

eh~0,0! D Pn
eh

5mehEw̃n
eh~0!2(

ml
(
e8h8

@~me8hEbnml
eh8e8h8

1meh8Ebnml
e8he8h8!Pm

e8hPl
e8h8* #

1 (
mn8m8

(
e8h8

Vnm,n8m8
st Pm

e8h8* Pn8
eh8Pm8

e8h

1 (
mn8m8

(
e8h8

(
q

Pm
e8h8* @Vnm,n8m8

c
~q!Bn8m8

ehe8h8~q!

7Vnm,n8m8
xc

~q!Bn8m8
eh8e8h

~q!#, ~18!

whereq now labels the two-dimensional vector (qi ,qz). In
Eq. ~18!, bnml are the Pauli blocking matrix elements,Vst is
the static Coulomb interaction,Vc is the random-phase
approximation Coulomb interaction, andVxc is the corre-
sponding exchange contribution. The definitions of the va
ous matrix elements as well as those appearing Eq.~15! are
summarized in the Appendix. The final form of the equati
of motion of the biexcitonic correlation function is

S 2 i\
]

]t
2«n

eh~q!2«m
e8h8~q! DBnm

ehe8h8~q!

2 (
n8m8

(
q8

Hnm,n8m8~q,q8!Bn8m8
ehe8h8~q8!

52(
n̄m̄q̄

(
n8m8

~12S!nmq,n̄m̄q̄
21 $Vn8m8,n̄m̄

c
~ q̄!Pn8

ehPm8
e8h8

2Vn8m8,n̄m̄
xc

~ q̄!Pn8
eh8Pm8

eh8%, ~19!

whereH is the interaction matrix andS is the overlap inte-
gral. It is worth noting that the real-space representation
Eq. ~19!, written for infinite hole masses and with only th
1S-exciton contributions retained, is nothing but the Heitle
London expansion.

Since the solution of Eqs.~18! and~19! is very time con-
suming, up to now only partial solutions of the problem ha
been performed. Most calculations have been performe
the second order Born approximation. The energies dep
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only weakly onqi . Therefore, it is possible to simulate th
dependency by a coarse grid, as long as the delayDt is not
too small. ForDt close to zero, interference effects in th
continuum associated withqi become important, and, eve
in the second-order Born approximation, it is not trivial
achieve convergence with respect toqi .

If contributions beyond this are taken into account,STI
2 is

expected to increase, sinceSTI
2 originates from the four-

particle correlations. The interference of the differentqi con-
tributions also damps out the structure forDt,0. This means
that the second-order Born approximation is well justified
only underestimates the contribution forDt,0.

Figure 13 shows the results of the calculation for the
FWM ~solid curve!. The results of the calculation withou

four-particle correlation effects—settingBk1k2k3k4

ehe8h8 50—are

also shown for comparison~dashed curve!. The theory cor-
rectly reproduces the slow rise time seen experimentally
contrast to the calculation without four-particle correlation
The theoreticalSTI

2 , however, has pronounced oscillatio
that are not seen in the experimental data.

These oscillations are smoothed out if theqi dependency
is taken into account more carefully, as shown in Fig.
This should be even more pronounced if contributions
yond the second-order Born approximation are accoun
for. The coupling to the continuum associated withqi cor-
rectly reproduces the coherent peak atDt50 seen in the
experimental data.

The theory also agrees well with the experiment for
relative contributions of the lh-X and hh-X. This can be se
in the FWM-PS in Fig. 15 and in the inset to Fig. 13 whi
shows the area in the lh-X and hh-X peaks as a function
Dt. In contrast to the SBE calculation, the lh-X and hh
contributions are of the same order of magnitude and
quantum beats are clearly seen at both frequencies. The
change of oscillator strength between the lh-X and hh-X
also be seen in Fig. 15.

We have calculated the TI-FWM for a few differen

FIG. 13. TI-FWM for bulk GaAs in a high magnetic field ca
culated from thex (3) truncation scheme. The SBE result~dashed
line! is shown for comparison. Inset: hh-X and lh-X contribution
Thex (3) truncation scheme correctly yields the slow rise time of
TI-FWM and the quantum beats in the lh-X and hh-X signals.
t

-

in
.

.
-
d

e
n

f

e
ex-
n

magnetic-field strengthsB. As seen in Fig. 16, the increas
of STI

2 with B is well reproduced. For these calculations, t
four-particle correlation rategB50 and the rise times are
determined by the memory kernel of the correlation functio

The structure of the unbound biexcitons which is co

tained in the quantityBk1k2k3k4

ehe8h8 clearly changes as the mag

netic field is increased. The problem of the hydrogen m
ecule in strong magnetic fields, which is formally the sam

.

FIG. 14. TI-FWM for bulk GaAs in a high magnetic field ca
culated taking theqi dependence of the biexcitonic correlatio
function into account~solid line!. The calculation without theqi

dependence~dashed line! is shown for comparison. Including theqi

dependence smooths the oscillations forDt,0 and reproduces the
coherent peak.

FIG. 15. TR-FWM and FWM-PS for different delays for bul
GaAs in a high magnetic field calculated from thex (3) truncation
scheme, showing the quantum beats and exchange of oscil
strength induced by the four-particle correlations.
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as that of the biexciton, has been studied by many auth
~see Refs. 28 and 29, and references therein!. For the situa-
tion, B;Bc , which we are investigating, the magnetic e
ergy and the Coulomb energy are of comparable strength
there is no straightforward perturbative solution for findi
the energy states of the hydrogen molecule, but the prob
has been solved for the case of a magnetic field paralle
the molecular axis using a numerical Hartree-Fo
approach.29 For the regime 0.18,B/Bc,;14, the ground
state of the biexciton is the unbound state3Su and the exci-
tons can interact weakly via their quadrupole moments. I
possible that this quadrupole-quadrupole interaction is
sponsible for the strong four-particle correlations which b
come more pronounced as the quadrupole moment of
exciton grows with the magnetic field.

VI. AVERAGE POLARIZATION MODEL

Equations~18! and ~19! can be reduced to a simple on
dimensional model by averaging over the lowest excito
contributions.21,52 The result is a set of equations in whic
there is only one polarization variableP(t) and one four-
particle correlation variableB(t). The advantages of thi
simple model are that it captures the essential physics
yet is computationally much simpler. In fact it can be solv
analytically in powers of the electric field for the case
d-function excitation. In this ‘‘average polarization model
the exciton-exciton scattering state continuum is modeled
a single resonance at twice the exciton frequency, i.e., at
edge of the biexciton continuum. We consider first the c
of a single exciton. The equations are

F2 i
]

]t
2 igP2V0GP~ t !52m–E1m–E

uP~ t !u2

Ps
2

1nP~ t !uP~ t !u21B~ t !P~ t !*

~20!

and

FIG. 16. TI-FWM for different magnetic-field strengths calc
lated from thex (3) truncation scheme, showing the increase inSTI

2

with magnetic field. All these curves are for high magnetic fields
the increase is not as dramatic as that seen in the experimental
rs

nd

m
to
k

is
-

-
he

c

nd

as
he
e

F2 i
]

]t
2 igB22V0GB~ t !5aP~ t !2. ~21!

Equation ~20! has the structure of a single resonan
driven by four terms. The first term is simply the drivin
electric field and is responsible for the linear response of
polarization. The second term,}EuP(t)u2, is the effect of
Pauli blocking~PB!, or phase-space filling, on the excitatio
The third term comes from the Coulomb interaction betwe
the excitons in the Hartree-Fock approximation. This ter
referred to as the bare Coulomb interaction~BCI! term, is
responsible for theDt,0 signal which, as mentioned befor
has a rise time of 1/4g.

The last term in Eq.~20! is the contribution of four-
particle correlations to the polarization. HereB is the effec-
tive four-particle correlation whose equation of motion is E
~21!. The parametera is the strength of the exciton-excito
correlation~XXC!, i.e., the coupling ofB to P. Figure 17
shows the results of a calculation of the model with the
rametersPs , n, anda chosen to reproduce the line shape
the experimental curves~absent the quantum beats,
course!. The three other curves are the contributions to
total signal from PB, BCI, and XXC. The nonexponenti
curvature at smallDt,0, and the very long rise time ofSTI

2

are easily understood by formally integrating Eq.~21! to ex-
press the XXC source term of Eq.~20!,

B~ t !P~ t !* } a P~ t !* E
2`

t

dt8P~ t8!2e( i2V02gB)(t2t8).

This term is obviously of the same order as the PB and B
contributions. However, it has a completely different tim
dependence. It grows first as the integral of the square of
polarization before exhibiting an exponential decay det
mined bygB , the dephasing rate ofB. It is the dominant
source of the FWM signal forDt,0, and characterizes
coherent memory stored in the four-particle correlatio
Thus B can be viewed as a non-Markovian source for t
polarization. It is interesting to note that all three contrib
tions decay at the rate 2gP for STI

1 . Therefore, although one

o
ata.

FIG. 17. Calculation of Eqs.~20! and~21!. This model captures
the essential physics of the full calculation and shows thatSTI

2 is
dominated by the signal due to four-particle correlations. For th
curves, Ps51.12, n50.05, a51024, gP50.001 fs21, and gB

50.001 fs21.
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cannot distinguish between PB, BCI, and XXC inSTI
1 , the

decay of STI
1 unambiguously yieldsgP . By construction,

Eqs.~20! and ~21! only account for a single resonance, a
thus do not include quantum beats. However, they reprod
the trends of the experimental observations.

Extending the model to include both the lh-X and hh
for s2 excitation is straightforward.

F2 i
]

]t
2 igP2VhhGPa~ t !

52mhh–ES 12
uPa~ t !u2

Ps
2 D 1nPa~ t !uPa~ t !u2

1Pa~ t !* Baa~ t !1Pb~ t !* Bab~ t !, ~22!

F2 i
]

]t
2 igP2V lhGPb~ t !

52m lh–ES 12
uPb~ t !u2

Ps
2 D 1nPb~ t !uPb~ t !u2

1Pb~ t !* Bbb~ t !1Pa~ t !* Bab~ t !, ~23!

and

F2 i
]

]t
2 igB22VhhGBaa~ t !5VaaP

a~ t !2, ~24!

F2 i
]

]t
2 igB22V lhGBbb~ t !5VbbP

b~ t !2, ~25!

F2 i
]

]t
2 igB2Vhh2V lhGBab~ t !5VabP

a~ t !Pb~ t !.

~26!

The superscripta refers to the hh transition from themJ5
13/2 valence band to thems511/2 conduction band, and
the superscriptb refers to the lh transition from themJ5
11/2 valence band to thems521/2 conduction band.Bab

refers to the four-particle correlation between the lh-X a
hh-X.

Figure 18 gives some of the TI-FWM results showing th
the quantum beats are due solely to the four-particle corr
tions and that the strength of the lh-X signal is increased
the four-particle correlations. Figure 18~a! shows the lh-X
and hh-X contributions to the signal in which the increase
the lh-X signal due toBab is evident. In Fig. 18~b! the dif-
ferent contributions to the TI-FWM from the different non
linearities are plotted. Only the XXC signal shows stro
oscillations, but very weak oscillations due to polarizati
interference are seen in the PB contribution. Figure 19 gi
some of the TR-FWM results. Figure 19~a! shows the con-
tributions of the different nonlinearities to the TR-FWM si
nal. Note that each nonlinearity has a different rise tim
Figure 19~b! shows the TR-FWM signals at different delay
In all these calculations the values of the various parame
have been adjusted to reproduce the overall experimenta
sults whereas the curves of Figs. 13, 14, 15, and 16
obtained from first principles. Nevertheless the model is
ce

d

t
a-
y

n

s

.

rs
re-
re
l-

most trivial to solve numerically, and gives a direct insig
into the PB, BCI, and XXC contributions to the FWM.

VII. PROPERTIES OF THE FOUR-PARTICLE
CORRELATIONS

Althoughn-particle correlations play an important role
many-body theory, experimentally these objects are ra
accessed directly. Most of the time they are inferred from
changes brought about in a linear response by external
straints. The magnetic-field enhancement of the four-part
correlations and the possibility of selecting the time de
where their contribution to the FWM is dominant provide
with a rare opportunity to study these objects directly. He
we are dealing with unbound four-particle correlations wh
are not revealed by a resonance in the spectrum as are b
biexcitons, and whose decoherence has never been inv
gated before, to our knowledge. In this section we disc
three experiments done at high magnetic field (B510 T!
where there is a strong signal due to four-particle corre
tions and where, by changing other parameters of the sys
we can study their nature and properties.

By changing the exciton density, the length scales o
which four-particle correlations persist can be studied as
their sensitivity to density. Figure 20 shows a series of
FWM curves for different densities betweenN'1017 and

FIG. 18. TI-FWM calculated from Eqs.~22!–~26! for the pa-
rameter values Ps51, n51023, Vaa5Vbb5Vab51026, gP

50.0005 fs21, and gB50.0005 fs21. In ~a! the dotted line is the
lh-X contribution and the dashed line is the hh-X contribution. T
solid line is the total signal. In~b! the dotted line is the PB contri
bution, the dashed line is the BCI contribution, and the thin so
line is the XXC contribution. The heavy solid line is the total sign
Here we see that the quantum beating is due entirely to XXC.
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N'531014cm23. We change the density by changing t
laser intensity, so, in all cases, we are dealing with an
tially coherent population. At the lowest density~the lowest
curve in Fig. 20!, STI

2 .STI
1 and has the slow rise time, bot

of which indicate the presence of four-particle correlatio
At this density the average separation between exciton
;9a0 , wherea0 is the zero-field exciton Bohr radius. Be
cause the correlations are in scattering states~not bound
biexcitons!, it is reasonable to assume that the exciton dis
bution is uniform and the excitons are correlated over d
tances of'9a0 . It is remarkable that the four-particle co
relations exist over such large distances.

At high densities,STI
2 has a shape consistent with th

mean-field theory.STI
2 ,STI

1 andt r5td/2. In fact, it is inter-
esting to note that the data at high density and high magn
field are in better agreement with the mean-field theory t
the data atB50 T and low density. At high densities, th
excitons are close together, so that each exciton is abl
interact with many of its neighbors over the time scale of
experiment. This is exactly the regime in which mean-fie
theory is valid. As the density is increased, we also exp
the screening to increase, but~i! here we are dealing mainl
with an exciton gas for which screening is weaker and can
treated as wavevector independent;64 and ~ii ! the nearest
neighbor distancer}N21/3 decreases faster than the intera
tion length which, even for Thomas-Fermi screening,

FIG. 19. TR-FWM calculated from Eqs.~22!–~26! for the same
parameters as in Fig. 18. In~a! the dotted line is the PB contribu
tion, the dashed line is the BCI contribution, and the thin solid l
is the XXC contribution. The heavy solid line is the total signal.~b!
TR-FWM for various time delays. The curves in~a! show that the
different contributions to the signal~PB, BCI and XXC! have dif-
ferent rise times.
i-
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tic
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ct
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lTF}N21/6. Therefore, what is observed is indeed the est
lishment of the mean-field regime. We see that the transi
occurs at an average exciton-exciton separation of;2a0 .
Below this density, the mean free time for exciton-excit
scattering is of the order of the rise time of the FWM sign
Not enough scattering events occur over the time span of
experiment for the mean-field conditions to be establish

FIG. 20. ~a! TI-FWM for different densities atB510 T. The
curves are plotted on a logarithmic scale and displaced for cla
From top to bottom the densities areN'1017 cm23,N/2, N/3, N/6,
N/20, N/63, andN/200. ~b! t r ~triangles! and td ~squares! vs N.
N0'1017 cm23. At high density the curves are in agreement w
the SBE, but at low densities the XXC signal dominates forDt
,0.
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Thus what is observed in that case are the deviations f
the mean-field theory, i.e., the fluctuations in exciton-exci

scattering which are accounted for byBk1k2k3k4

ehe8h8 .

As is clear from Fig. 20, we are not in thex (3) regime
whereSTI(Dt50)}I 3. This is shown more clearly in Fig
21, whereSTI(Dt50) is plotted against the input intensity
This is in agreement with recent work65 that showed that in
bulk GaAs~at zero magnetic field! at densities as low as 2
31014 cm23 the FWM signal is still not in thex (3) regime.
Many-body effects which cannot be well described by
expansion in powers of the electric field play an importa
role even at densities where the excitons are very far ap

Another important question about four-particle corre
tions is their coherence. In almost all experiments perform
thus far, only the coherence of the excited electron-hole p
have been measured, but there is coherence associated
the higher-order correlations as well. From the TI-FWM w
can obtain information about the coherence of both the e
ton and the four-particle correlations. As we have seen
previous sections, the exciton dephasing time can alway
determined from the decay ofSTI

1 , and the four-particle co-
herence influencesSTI

2 . Determining the four-particle
dephasing time is not as simple because the rise time ofSTI

2

is a function of both the exciton dephasing time and
four-particle dephasing time as well as the strengths of
BCI and XXC nonlinearities. Nevertheless, we can still e
tract information about the coherence of the four-parti
correlations from the behavior ofSTI

2 .
One test of the coherence of the four-particle correlati

is carrier density. By changing the detuning of the laser,
can change the relative excitation density of bound excit
and freee-h pairs as well as the total excitation dens
excited by the laser. In this way we can study how both f
carriers and bound excitons affect the four- and two-part
coherences. In this case we are always studying initially
herent populations. The effect of incoherent populations
the two-particle coherence has been investigated by Sch
eis et al.66,67 Three curves are shown in Fig. 22. The midd
curve is for approximately zero detuning, i.e., the center
quency of the laser tuned between the lh-X and hh-X. T
top curve is for negative detuning, laser tuned to lower
ergy, and the bottom curve is for positive detuning.

FIG. 21. Intensity of the FWM atDt50 vs input laser intensity,
showing that, at these densities, we are not in thex (3) regime.
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At zero detuning the signal is pretty much the same as
the previous figures.STI

2 is large and has only about on
oscillation nearDt50. At negative detuningSTI

2 becomes
significantly larger in comparison withSTI

1 . Also, there are
large oscillations inSTI

2 . As we discuss in Sec. V, the lack o
oscillations inSTI

2 for zero detuning is due largely to exciton

FIG. 22. ~a! TI-FWM for ~i! negative,~ii ! zero and~iii ! positive
detunings of the laser pulse.B510T insets: laser spectrum an
absorption spectrum.~b! t r andtd vs free-carrier density. Vertica
lines correspond to the three measurements shown in~a!. The top
axis gives the exciton density. Solid lines are guides for the eye
these curves, we see a decrease in the rise and decay times
increasing free carrier density.
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exciton correlations withqiÞ0. At negative detuning, the
coupling to the continuum associated withqiÞ0 becomes
less important, and the oscillations inSTI

2 become more pro-
nounced. It is also remarkable that the maximum ofSTI

2 is
larger than the coherent peak atDt50. At positive detuning
the coherent peak dominates the signal and the magni
and rise time ofSTI

2 are much diminished, although the ris
time is notT2/2, indicating that we are not in the mean-fie
regime.

Here we are clearly seeing the effects of free carriers
the four-particle coherence. For the negative detuning@ Fig.
22~a!, part ~i!#, there are only,Neh'231014 cm23 free car-
riers excited, whereas for the case of positive detuning th
are Neh'731015 cm23 free carriers excited. In Fig. 22~b!
we plot the rise and decay times verse the free carrier d
sity. The vertical lines show the three measurements fr
Fig. 22~a!. On the top axis, the corresponding exciton dens
is shown. Note that the exciton density is not linear w

FIG. 23. ~a! TI-FWM for temperatures 2, 16, 29, and 44
~from top to bottom! for sample No. 1.~b! t r ~squares! and td

~circles! vs T. Solid symbols are for sample No. 2. As the tempe
ture is increased,t r decreases, buttd remains roughly the same
indicating that the coherence of four-particle correlations is
stroyed more rapidly with temperature.
de

n

re

n-
m
y

respect to thex axis and that it changes by less than a fac
of 5 while the free-carrier density changes by more tha
factor of 50. Clearly the rise and decay times are m
strongly dependent on the free-carrier density than on
exciton density. The detuning experiment is difficult to inte
pret because the detuning affects the strength of the non
earities in addition to affecting the dephasing parameters
the ‘‘average polarization’’ model it is, however, possible
reproduce the overall shape of Fig. 22 with the signal ma
mum atDt,0 by adjusting the strength of the XXC nonlin
earity and the four-particle dephasing time.

Studying the effect of temperature on the dephas
should be easier to interpret because the only parame
affected by temperature are the dephasing parameters w
account for all phonon interactions. Figure 23 shows a se
of TI-FWM curves for four different temperatures between
and 44 K. The magnetic field was kept atB510 T. The laser
was again tuned between the lh-X and hh-X. As the tempe
ture is increased, the band edge shifts to lower energy
the laser is retuned to keep the overlap with the exci
peaks roughly the same. The density of excitede-h pairs is
roughly N'1016 cm23, corresponding to an average di
tance between pairs of 40 nm'3.3a0 . Between 2 and 44 K,
td changes only slightly. In contrastt r changes by more than
a factor of 3. We estimatet r from the slope ofSTI

2 between
Dt522 and20.5 ps, andtd from the slope ofSTI

1 between
Dt50.5 and 2 ps. The rise and decay times are shown p
ted against temperature in the inset to Fig. 23. The la
change inSTI

2 compared withSTI
1 shows that the four-particle

correlation is more strongly affected by temperature than
two-particle correlation.

The theory does not include explicitly phonon intera
tions, so that all temperature effects are included in
dephasing parameters,gP andgB . Thus, to model the effects
of temperature shown in Fig. 23, we have made a calcula
of the full theory with gB52gP . In fact, because of off-
diagonal contributions to the microscopic decoherence

-

-

FIG. 24. Calculation of TI-FWM in thex (3)-truncation scheme:
the solid line is forgB52gP and the dashed line is forgB50.
Increasing the dephasing rate of the four-particle correlations
stroysSTI

2 in the same manner as increasing the temperature.
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Bk1k2k3k4

ehe8h8 , it is always the case thatgB<2gP . The resulting

TI-FWM is shown in Fig. 24. For comparison, the curve wi
gB50 is also shown. We see that increasinggB reducesSTI

2

in the same manner as increasing the temperature doe
perimentally. We have also calculated the effects of both
and acoustic phonons on the four-particle correlation dep
ing from the microscopic theory. We found that the calc
lated effect of phonons on the dephasing is two orders
magnitude too small to account for the observed chan
although the phonons affect the four-particle correlat
dephasing more than that of excitons. We have also con
ered the possibility that increased continuum absorption
responsible for the dephasing due to a temperat
dependent shift in the continuum edge, but this is also not
case. At present the temperature effect remains unexpla

VIII. CONCLUSION

We have studied exciton-exciton correlations~four-
particle correlations! in bulk GaAs in magnetic fields from 0
T, where no correlations are seen, to 10 T where strong
relations are seen. To our knowledge, this is the first ti
that exciton-exciton correlations in the scattering state c
tinuum have been studied. We have shown that the magn
ex-

s-
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f

e,
n
id-
is
e-
e

ed.

r-
e
-

tic

field strongly enhances these correlations, and have stu
the exciton-exciton correlations under a variety of con
tions, demonstrating the long range of the correlations
the sensitivity of the exciton-exciton coherence as compa
to the exciton coherence.

Furthermore, the exciton-exciton correlations repres
deviations from the mean-field regime and, as such, are
inherent interest in condensed-matter physics where m
field theories have been a powerful tool for explaining ma
phenomena. This work shows the power of nonlinear sp
troscopy for investigating many-body physics beyond me
field theory and other questions of interest that are inacc
sible to linear-response theory.
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APPENDIX: MATRIX ELEMENTS

For better readability we representq as (p,q). The Pauli blocking matrix element is given by

bnml
eh8e8h85(

k
wn

eh~k,0!wm
eh8~k,0!w l

e8h8~k,0!. ~A1!

The static Coulomb interaction in the equation of motion for the polarization reads as

Vnm,n8m8
st

5(
k,q

V(1)~0,k2q!wn8
eh8~k! wm8

e8h
~q,0!@wn

eh* ~k,0!2wn
eh* ~q,0!#@wm

e8h8* ~q,0!2wm
e8h8* ~k,0!#. ~A2!

The two other Coulomb matrix elements in the mentioned equation, the random-phase-approximation-likeVc and exchange-
type Vxc are defined as

Vnm,n8m8
c

~q,p!5v0~q,p!Mnn8
eh

~q,p!Mmm8
e8h8~q,p! ~A3!

Vnm,n8m8
xc

~q,p!5(
kk8

v0~q,p!wn
eh* ~k1aq,0!wm

e8h8* ~k1bq,0!@wn8
eh8~k,p!2wn8

eh8~k8,p!#@wm8
eh8~k81q,p!2wm8

eh8~k1q,p!#,

~A4!

where we made use of the Coulomb interaction

vp8~q,p!5
e2

2p«0L2
p

exp@~1/2! l 2p2#

p21q2
J0~ l 2pp8!, ~A5!

and the overlap matrix elements

Mnn8
eh

~q,p!5(
k

wn
eh* ~k,0!@wn8

eh
~k1aq,p!2wn8

eh
~k2bq,p!#. ~A6!

The overlap matrix is defined by
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Snmq,n8m8q85(
k

wn
eh* ~k1q81bq,p!wm

e8h8* ~k1aq,p!wn8
eh8~k1q1bq8,p8!wm8

e8h
~k1aq8,p8!J0~ l 2pp8!. ~A7!

The interaction matrixH in Eq. ~19! is obtained by applying (12S)21 to a matrixH̃:

Hnm,n8m8~q,q8!5(
n̄m̄

(
q̄

~12S!nm,n̄m̄
21 ~q,q̄!H̃n̄m̄,n8m8~ q̄,q8!. ~A8!

This is finally given by

H̃nm,n8m8~q,q8!5V(2)~q2q8,p,p8!$M̄nn8
eh

„b~q2q8!,p,p8…M̄mm8
eh

„a~q2q8!,p,p8…1M̄nn8
eh

„a~q2q8!,p,p8…

3M̄mm8
eh

„b~q2q8!,p,p8…%2V(3)~q2q8,p,p8!$M̄nn8
eh

„b~q2q8!,p,p8…M̄mm8
eh

„b~q82q!,p,p8…

1M̄nn8
eh

„a~q82q!,p,p8…M̄mm8
eh

„a~q2q8!,p,p8…%6(
kk8

wn
eh* „k1b~q2q8!,p…wm

e8h8* „k81a~q1q8!,p…

3@V(1)~p,q82k8!J0~ l 2pp8!$wn8
eh8~k8,p8! wm8

e8h
„k81b~q2q8!1a~q1q8!,p8…1wn8

eh8~k,p8!

3wm8
e8h

„k1b~q2q8!1a~q1q8!,p8…%2V(4)~q2q8,p,p8!$wn8
eh8~k8,p8!

3wm8
e8h

„k81b~q2q8!1a~q1q8!,p8…1wn8
eh8~k,p8!wm8

e8h
„k1b~q2q8!1a~q1q8!,p8…%#, ~A9!

whereM̄ is given by

M̄nn8
eh

~q,p,p8!5(
k

wn
eh~k,p!wn8

eh
~k1q,p8!, ~A10!

and the various Coulomb matrices are defined according to

V(2)~q2q8,p,p8!5
e2

2p«0LE0

2pdf

2p

exp@~1/2! l 2~p21p8222pp8 cosf!#

p21p8222pp8cosf1~q2q8!2
, ~A11!

V(3)~q2q8,p,p8!5
e2

2p«0LE0

2pdf

2p

exp@~1/2! l 2~p21p8222pp8 cosf!#

p21p8222pp8 cosf1~q2q8!2
cos~ l 2pp8 sinf!, ~A12!

V(4)~q2q8,p,p8!5
L2

2pE0

`

dp9p9V(3)~q2q8,p,p9!J0~ l 2p9p8! ~A13!
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