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Spontaneous emission rate of an electric dipole in a general microcavity
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A simple method to obtain the spontaneous emission rate of a dipole placed in a general microcavity is
proposed and demonstrated. In our approach, Maxwell's equations are solved directly in real space instead of
k space by the finite-difference time-domain method with a free-space boundary condition. It is advantageous
that allowed eigenmodes need not be calculated and the total radiation rates to all the allowed modes are
obtained from the beginning. All the localized modes, guided modes, and extended modes are inherently
included in this formulation. The validity of the method is tested for a dipole placed in an ideal planar
microcavity and the calculated results agree well with the closed-form analytic solutions. The enhancement and
the inhibition of the spontaneous emission rate in several photonic band-gap structures are studied. Point dipole
analyses show three-dimensional effects in two-dimensional in-plane photonic band gaps and the effects of
localized, guided and extended modes on radiation re$€H.63-18209)03931-4

[. INTRODUCTION a specified mod&® In these two approaches, the spontaneous
emission rate for a dipole is represented by the summation of
In 1946 Purcell predicted that the probability of sponta- the radiation rate for each allowed mode at a given fre-
neous emission could be altered by the existence of differerquency. The field distributions of all the allowed modes and
electromagnetic mode distributions from the mode distributhe dispersion relation are needed. For the dipole in an infi-
tions of free space. Since then marked progress has beeiite three-dimensional photonic crystal, allowed modes and
achieved in controlling spontaneous emission with the use ahe dispersion relation are obtained by use of the plane-wave
wavelength-sized cavities. This research field is now calleéxpansion method and the tetrahedkespace integratiol’
cavity quantum electrodynamiés. Prominent examples of However, these requirements are practically difficult to sat-
these microcavities can be made with photonic cry$t s, isfy in the actual microcavities. So the application range of
where spontaneous emission can be enhanced, attenuatedtifése approaches in calculating the spontaneous emission
even suppressed by changing the density of electromagnetiate is limited to simple structures or a specified mode whose
states or the orbital angular momentum of the emitteceigenfrequency is isolated from the frequencies of other
photon’ The ability to control spontaneous emission canmodes:®~?° Therefore, a more general method applicable to
have profound consequences on many opto-electroniageneral geometry and frequency distribution is needed.
deviced'%Several investigators have tried to calculate how  In this paper we directly solve inhomogeneous Maxwell’'s
spontaneous emission changes with more realistic optical mequations for general finite microcavities in real space with a
crocavity structures made by dielectric materiais’?°  finjte-difference time-domain methdd and a perfectly
However, further progress in the theoretical work is needednatched layer free-space boundary condffarithout using
for a better understanding of the real world microcavities. the Green'’s function to calculate spontaneous emission rates.
The spontaneous emission enhancement factor of an eBy solving Maxwell's equations in real space insteadkof
cited atom in a microcavity is estimated roughly for a local-space, the summation of the radiation rate to each allowed
ized resonant mode by the ratio of the density of electromagmode can be avoided for finite microcavities. The spontane-
netic modes available for the emitted photon to the density ofus emission rate—the summation of the radiation rate to all
free-photon stateQ/8m(Q/\3), whereQ is the quality fac-  the allowed modes at a given frequency—can be obtained
tor of the cavity,() is the effective spacial volume of the from the beginning. The field distributions of the allowed
resonance, anil is the wavelength of light.In simple struc- modes and the dispersion relation are not needed. All the
tures, such as a planar microcavity*? or a cylindrical  localized modes, guided modes, and extended modes are in-
waveguidé analytic solutions can be easily found. How- herently included in this formalism. This approach can be
ever, for complex microcavities, such as vertical cavityapplied to cavities of arbitrary geometry that contain com-
surface-emitting lasers, proper approximations are assumgilex electromagnetic mode distribution.
to obtain mode profile§® For photonic crystals, the relative In Sec. Il we briefly describe the method used for the
changes of the spontaneous lifetime in the photonic crystatalculation of the radiation rate of spontaneous emission. In
were estimated by simply taking the ratio of permitted solidSec. Il we applied our formalism to an ideal planar micro-
angles ink space to the total solid angler** However, this  cavity to test the validity of this approach. Then our method
approach is oversimplified. Rigorously, the radiation rate to ds applied to calculate spontaneous emission in finite dielec-
specified mode is derived by the use of Maxwell’s equationgric structures with and without a defect in square lattices.
with an electric dipole, a dyadic Green'’s function, and Poyn-Emission characteristics of a point dipole are compared with
ting theorem> Another group also formulated a Green’s- those of a line dipole. Through this comparison, two-
function method to calculate the radiation rate by a dipole taimensional2D) and three-dimensionéBD) points of view
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are discussed. Finite triangular lattice dielectric sidBsare
also analyzed. In Sec. IV we summarize the results. y»/
‘I‘ \\\\\\ y

Il. METHOD OF CALCULATION zT_’X

2y
L «zt p
In our approach the spontaneous emission enhanceme ,&(( ZI xvy/ PMIL
factor is the ratio of the radiation rate of a dipole in a micro- N NN

structure to the radiation rate of a dipole in a homogeneou (a)
medium. The radiation rate by a dipole is given by the sur-
face integral of the normal component of the Poynting vectol

Q 30 *
on the closed surface containing the dipole. The Maxwel "é I
equations that describe the radiation field of our problem ar ¢ 5 5| o parallel
given by o - e normal
& ;
% 20k analytic
V- {e(r)E(r,t)+Py(r,t)} =0, oy é Tl
= 15}
V-H(r,t)=0, 2 L 7
% 1.0+
J - L
VXE(r,)=—u(r) - H(r.1), (€ S o5}
:.Q-B' l
J 5 00 (b)
VXH(rt)= —{e(r)E(r,t) + Py(r,t)}. 4 T - ' : : : ' :
at X 00 0.5 1.0 15 2.0
Here e(r) and u(r) are the position-dependent permittivity Mirror spacing / Wavelength

and permeability, respectivel\Ry(r,t) is the polarization

from a dipole source. These equations are solved with the £ 1. (5 Schematic diagram of the computational cell of a
finite-difference time-domain m"jth&a-To deal with finite  gipole at a distance from the bottom plane with a top view of the
microcavities in free space or infinite but not periodic micro- gomain at the right sideb) Radiation rate of a point dipole at the
cavities we use the perfectly matched layeML) boundary  center of an ideal parallel-plate waveguide relative to the rate in
condition? This boundary condition faithfully simulates in- free space. The abscissa is the spacing between the plates relative to
finite space filled with the same materials as the materialthe wavelength of the radiation in free space. Boxed dots represent
near the boundary. Therefore, this PML condition is useful tahe ratioy, /y, for a point dipole parallel to the plates and circular
represent finite structures in infinite uniform space or wave+ots represent the ratigr,/y, for a point dipole normal to the
guide structures with uniform extensi®h.To obtain the plates. Lines represent the radiation rates from analytic solutions.
spontaneous emission rate at different frequencies in a single

simulation run, Gaussian pulse excitation is analyzed by dissatisﬁesﬂ,ﬁzyk =c?(k2+ ki) and any direction ok, is pos-
crete Fourier t.rar?sformaltm?ﬁ.The symmetry of the COMPU- gjhje in plane. The radiation rate for a point dipole normal to
tational domain is considered to reduce calculation loadsyq mirrorsy, is

The validation of this classical approach for cavity-induced z

changes of the spontaneous emission rate that are of a purely 2

. - : 3\ (2L nA nmwz
quantum electrodynamical origin—a direct consequence of y,= v, a0 1+ > 21— CTh cos’ - )
the existence of the vacuum field fluctuations—had been pre- n=1

H 2,15 Lo i . .
viously argued. and the radiation rate for a dipole parallel to the mirggris
[2L/\] 2
Ill. RESULT AND DISCUSSION nA . [nmz
Yo~ Yo 2 1+ Z Slr'l2 T (6)
A. Planar microcavity n=1

We begin by applying this approach to a point dipole in ain which[2L/\] indicates the largest integer less thdn/ 2,
planar microcavity consisting of two infinite-plane perfecti.e., the largest allowed value of v, is the free-space ra-
conductors. The spontaneous emission rate in this cavity haliation rate andz is a distance from surface of the bottom
analytic expression and the enhancement and inhibition anairror.
verified in several experiments}'22°The schematic dia- The spontaneous emission enhancement facigrsy,
gram of the setup is shown in Fig(al. The PML encloses andy,/y, for a point dipole at the center of the cavity ver-
the domain, as can be seen from the top side view at thsus the normalized plate separatlof are calculated by our
right-hand side. The infinite perfect mirror boundary condi-approach and shown with those of analytic solutions pre-
tion limits the possible value of normal components of wavesented by solid lines from Ed5) and(6) in Fig. 1(b). Note
vectork, to k,=n/L, wheren is zero or a positive integer that the field distributions of the allowed modes are not ex-
andL is the spacing between the mirrors. On the other handplicitly solved in our calculation. For a point dipole parallel
the magnitude of the parallel component of wave ve&tor to the mirrors the complete inhibition of radiation when the
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spacing is less thaih/2 and discontinuities each time the
spacing is an odd multiple af/2 are shown. For a point
dipole perpendicular to the mirrors, the rate has similar dis- © 6 6 06 0O
continuities whenever the spacing is an even multiple/af © © 00 O
The discontinuities are related to resonances of the cavity y
Figure Xb) shows good agreements between the calculatec @ 0 zt,xo @)
radiation rates and analytic values. This agreement also derr g=89¢g,
onstrates the performance of the PML in representing infinite @ 0 06 0 O
free space. rella

In our calculation of the radiation rates of a point dipole, Qi@ © 6 o
the infinite planes are represented as finite-size planes er

closed with the PML. The domain is divided into 26@0
X161 cells to reduce numerical dispersion at the high-
frequency regimé® And somewhat thick 20 layers of PML
are used to reduce the unwanted reflection at the low-
frequency(long wavelengthregime?’ The half-wavelength-
spacing mirror cavity are simulated with the 0.5\
X2\ domain and the results agree well with those of the
analytic solution fore X 0.5\ X .

B. Finite square lattice

The 2D photonic band-gap structure based on the squar K _ﬁ X
lattice made of circular dielectric rods of infinite length is o r (b)
studied next. Concentrating on the propagation in the plane 0.0 ’
normal to the rods, the waves can be decoupled into twc r X M r
transversely polarized modes, transverse elec¢¥E) and
transverse magnet{d@M), depending on whether the electric ~ FIG. 2. (a) Schematic diagram of the computational cell for a
or magnetic field is normal to the rods due to the transla5x5—1 cavity based on a square latti¢®) The photonic band
tional symmetry along their axé8.This structure has an diagram for a square array of dielectric columns with0.2a. A
in-plane band gap for TM modes, but none for TE modes irsolid line represents TM modes and a dotted line represents TE
the low-frequency regiof A line dipole parallel to the rods modes. The inset shows the Brillouin zone, with the irreducible
conserves this translation symmetry and we can expect th&one shaded light black.
complete inhibition of spontaneous emission in the TM in-

plane band gap. However, for a point dipole, it is no longery g and 7x 7 structures in Fig. @). The dipole is located in
the case. For off-plane propagation the TM band gap doe§1e air for the 6x6 structure but in a dielectric rod for the

not remain open. At certain propagation angles the band g ¥ ; ; ; ;
becomes closed and a point dipole can radiate through t@ 7 structure, Comparing with the corresponding photonic

S and diagram in Fig. ®), the spontaneous emission shows
out-of-plane direction at angles larger than that aRyl& very strong inhibition in the TM in-plane band-gap region

Since we are interested in finite cavities rather than periodic
P nd enhancement near the band edge. The enhancement of

crystals, we choose the system consisting of a finite numb ; . h ticeable d d h
of rods. Later, we introduce a defect in this structure to makegPOMNaneous emission Shows noliceable dependence on the

a microcavity with a resonance mode. It is worth pointing position of the dipole._ln fact, the rate at which atoms decay
out that all the previous methods experience nontrivial diffi-dePends on the coupling between the atom and the photon as
culties in handling this kind of finite-size structure with con- Well as on the density of electromagnetic modes available for
tinua of frequency spectra. the emitted photon. It can also be seen in the analytic expres-
The schematic diagram of the setup fox5—1 is shown  sions of Eqs.(5) and (6) derived for a planar microcavity.
in Fig. 2a). The first 5 indicates five rods along theaxis, = However, the inhibition of radiation in the band gap is
the second 5 mean five rods along thaxis, and—1 indi-  clearly shown in both cases.
cates a single defect at the center of the structarand r The results ofE,-polarized point dipoles located at the
represent the lattice constant and the radius of the rods, reenter of 6Kx6 and 7<7 structures are shown in Fig(13.
spectively.e, and e, denote the permittivity of circular rods The inhibition of radiation in the TM in-plane band gap and
and free space, respectively. The size of the structure is afhie enhancement near the band edge are found but not large
sumed to be finite in the,y plane and infinite along the  compared with the results for aB,-polarized line dipole.
axis. PML encloses the structure and simulates this assumpHhis is ascribed to the allowed off-plane propagation.
tion well>2 For numerical calculatiom,=0.2a, €,=8.9, For anEy-polarized point dipole, the radiation rates are
is used. Figure @) shows the photonic band diagram of the calculated and shown in Fig.(@. The dependence of the
regular square lattice of the circular rods by means of theadiation rate on the position of the dipole can be observed.
plane-wave expansion meth8tiA band gap for TM modes In this case, the enhancement and inhibition of the radiation
is observed between frequencies @/Z2and 0.44/a. rate related to the band gap is not found and this result is
The spontaneous emission enhancement factors are calatensistent with the nonexistence of the TE in-plane band
lated byE,-polarized line dipoles located at the center of 6 gap.

frequency [@a/2rc]
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8 16 FIG. 4. Radiation rate of a dipole at the center of the defect of
% 14l the 7xX7—1 structure(a) An E,-polarized point dipole parallel to
é ’ the rods. The inset shows the radiation rate for a line dipole parallel
o 120 to the rods(b) An E,-polarized point dipole normal to the rods.
10}
=
2 08 e nic lattices with defect modes are selected and studied
o 06} e 7x7 mainly because of the difficulties in fabricating 3D structures
® o4l in the optical region. Previously the radiation rate of an
S o2f E,-polarized point dipole in a square lattice shows the inhi-
% ool (c) bition of spontaneous emission in the TM in-plane band gap
g 0 ; . ; -35
I e S Ry region. Now a defect is introduced in the structfiré*>and
&’ ) ) ’ ’ ’ ) : the radiation rate of arf,-polarized point dipole is calcu-

Frequency(oa/2xc) lated as shown in Fig.(d). For comparison, the result of a
line dipole is included as an inset. Significant enhancement
of the radiation rate for the point dipole due to the in-plane
relative to the rate in uniform space, & 8.9,). The TM band gap t.)and 9ap 1S observed near the defect-mode frequen.cy'. For_ a
for the corresponding infinite structure exists between frequenciegne dipole, the enhancement of s_pontaneous emission 1S
0.32c/a and 0.44/a. (a) A line dipole parallel to the rodgb) An even larger because a defect mode is strongly localized in the

E_-polarized point dipole parallel to the rods) An E,-polarized ban_d gap. Since no band_gap e>_(ists_for the TE mod_e the
point dipole normal to the rods. radiation rate for af,-polarized point dipole, shown in Fig.

4(b), is not much different from that placed in free space.

FIG. 3. Radiation rate of a dipole at the center of the @
(dipole in the aiy and 7X7 (dipole in the dielectrig structures

C. Finite square lattice with a defect

The localized defect mode inside the photonic band gap D. Finite triangular lattice slab

has been suggested to be useful for the concept of the single- So far 2D photonic crystals with infinite length are
mode light-emitting diode microcavif}?° Here 2D photo- treated. However, in real situations these structures are im-
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possible to realize. Therefore, 2D slab structures of finite ® 10
thickness are drawing practical attention. A 2D triangular g 20 ; 109
lattice with circular air holes in an infinite dielectric material 8 108 >
is known to have a large in-plane band gap for both TEand % 15} {07 S
TM polarizations’® Moreover, the triangular lattice of air 3 106 ®
holes patterned on the dielectric slab was also reported to & ol los s
have a frequency region without a guided mode. This struc- 5 — 104 S
ture, shown in Fig. &), has been proposed as a high extrac- 3 >— Radiation E:
tion efficiency light-emitting diode by Faet al® In the light- § %°[ | ——Extraction 13 s
emitting structure that has a large surface, area such as th¢ ¢ 102 5
patterned slab, the total radiative recombination rate and the & o.of (c) {01
extraction efficiency need to be considered in addition to the % ' : : . . . 0.0
residual nonradiative recombination. g 00 0 02 03 04 05 06 07

Parameters used for our calculation are the same as Ref Frequency(ea/2rc)
g(.):;ilr?[otl)?sthhea\t/r? ai ;L:?; (;t:ar;;f .Iq?]t&m%(enaelssstgﬁtlﬁ glg;b is FIG. _6. R_adiation rate_of a dipole at tht_e cent_er of the structure
g . shown in Fig. 5(a) relative to the rate in uniform spaceey(
0.5a and the permittivity of the slab is 12.25. The photo- —12.2%,). () An E,-polarized point di . -

; . - . . 25,). y-polarized point dipole with output efficiency
hic band dlagrf_;lm for the_ cor.respondlng slab Wlt.h an Inflnlte‘along thez direction. (b) An E,-polarized point dipole(c) An
a”aY of hOIES is plotted in Fig.(5). _The gray region above E,-polarized point dipole with output efficiency along thalirec-
the light line corresponds to a continuum of extended modes;,,,

The extraction efficiency is defined as the fraction of emitted

flux through the top and bottom surfaces of the slab to the The radiation rate and the extraction efficiency for an
total emitted flux® This efficiency is obtained by the ratio of E,-polarized point dipole at the center of the slab is shown in
the z component of the Poynting vector integrated over aFig. 6@). The radiation rate is enhanced near the band edge
rectangular parallelepiped to the normal component inteof the lowest band and reduced inside the TE-like band gap,
grated over the same surface. The height of the parallelepwhile the extraction efficiency is small near the band edge
ped is slightly larger than that of the slab and the width anccomposed of the guided modes and large inside the TE-like
the length is long compared with the height to maximize theband gap. The radiation rate for &p-polarized point dipole
collecting angle of the extracted light. is shown in Fig. €b). The radiation rate is small compared to
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that of anEy-polarized point dipole. It is due to the low
coupling at that position. The radiation rate is proportional to
the square of the amplitude of the electric field. The radiation
rate for anE,-polarized point dipole is shown in Fig(@. A
localized mode is introduced in the TM-like band gap com-
pared to the photonic band diagram in Figb)s In the real
experiment, the multiplication of the radiation rate and the
extraction efficiency is related to the measured light emitted
from the slab, depending on the excitation and measuring
scheme. We define this multiplication as the effective extrac-
tion rate from now on. In Fig. 7, we draw the effective ex-
1} traction rate for the etched slab normalized to that of the
[ uniform slab for ang,-polarized point dipole. The spatial
dependence of the radiation rate is not included in this figure.
o1 02 03 o4 o5 o6 o7 However forthe most frequencies, the effective extraction
rate for the etched slab is larger than that of the uniform slab
Frequency(wa/2xc) for a point dipole located at the center. Especially, the effec-
tive extraction rate is largest near the band edge. Here the
low extraction efficiency is overcome by the larger enhance-
ment of the radiation rate. However, this does not necessarily
mean the band-edge region is better for light-emitting diodes.
In this frequency region more light is guided inside the slab.

-
o
T

Normalized effective extraction rate

e
=]

FIG. 7. The effective extraction rate for dfy-polarized point
dipole normalized to that of the uniform slab.
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E. Finite triangular lattice slab with a defect o
The triangular slab with defecfsis more interesting be- 2 50l
cause it has the potential for a low threshold laser or a light-§ ]
emitting diode with the high extraction efficiency and the -3
enhanced spontaneous emission rate. The radiation rate i® 40 |
the triangular slab with a defect as in FigaBis shown in %
Fig. 8b). With an E -polarized point dipole located in the g 30
center of the defect, the inhibition of the radiation rate is > I L
found in the TE-like band gap and the enhancement of theg 20} ]
radiation rate near the band edge is observed. However, th§=’

emission related to the localized defect mode is not notice-@ 10

able in the TE-like band gap. This can be explained by theg
fact that electric-field distributions for the defect modes have N
very small amplitudes at the center of the defe€b verify

this overlap factor, the position of thE -polarized point
dipole is shifted to 0.4% along thex axis. As shown in Fig.
8(c), several emission lines associated with defect modes ar- Frequency(ma/2rc)
observed inside the TE-like band gap. The radiation rates are . . . .
enhanced at the defect-mode frequencies. The extraction ef: FIG. 9. The effective extraction rate for &f-polarized point

ipole normalized to that of the uniform slab. The position of the

ficiencies are also high at the defect-mode frequencies. Th&pole is shifted from the center of the defect to G:4Bong thex

result for anE,-polarized point dipole also shows similar ...
behavior. For ar,-polarized point dipole, the defect modes
were found in the TM-like band gap as shown in Figd)8  included. The agreement between this approach and analytic
The effective extraction rate for the shift&q-polarized ~ solutions in a planar cavity was good for a continuum of
point dipole is shown in Fig. 9. The results are normalized to'esonance modes. For photonic band-gap structures, the fre-
those of the uniform slab for the same polarization. One cafluency regions of the inhibition and enhancement of the
see that the effective extraction rates are large at the defeciPontaneous emission agree well relative to the photonic
mode frequencies compared to those of the uniform sla?@nd diagram. A comparison between the line dipole and the
This result is attributed to the enhanced spontaneous emig2int dipole is made for the square lattice, where the effects
sion and the high extraction efficiency. These characteristic®’ @n Off-plane propagation in the in-plane band gap on the
are important to light-emitting diodes. Further studies ar adiation rate are shown in a continuum with localized states.

needed to extend these results to the case of stimulated em]S-2 riangular slab with and without a defect, the spontane-
sion ous emission rates are calculated. The triangular slab with a

defect shows the enhanced spontaneous emission rate and
the high extraction efficiency at the defect-mode frequencies
IV. CONCLUSION compared with those of the uniform slab.

The spontaneous emission rate of a dipole in the micro- Quite recently, the method of calculating the spontaneous

cavity is calculated by directly solving the inhomogeneousemiSSiOn Iifetir_nes of the dipole was indepen_dently_ deyel-
Maxwell's equation in real space with the finite-difference oped and applied to a slab waveguide and a dielectric micro-

time-domain method to deal with general geometries an&iSk by another group with the use of the finite-difference

frequency distributions. The spontaneous emission which igme-domam method?
the summation of the radiation rate to all the allowed modes
is obtained all at once without summing the radiation rate of
each mode. This approach dose not need the field distribu- We thank A. Scherer for useful discussions. This work
tions of the allowed modes and dispersion relation. Localizedvas supported by the research project for basic science of the
modes, guided modes, and extended modes are inherentorea Advanced Institute of Science and Technology.
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