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Urbach tail for ferroelectric materials with an order-disorder-type phase transition
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~Received 4 November 1998!

We present a model describing the Urbach tail of exciton absorption spectra in ferroelectric materials with
order-disorder-type phase transition. In addition to the thermal effect of exciton-lattice interactions, the internal
Stark effect by the local electric field due to the displacement of protons is taken into account. The random
distribution of the direction of local electric field induces a random polarization of the lowest exciton state.
This results in an additional randomness of the exciton band in the disordered phase. The anomalous tempera-
ture dependence of the steepness parameter for the Urbach tail observed in PbHPO4 is reproduced by a
numerical simulation within the present model.@S0163-1829~99!03128-8#
ta
ph

he
nc

-
s
e

rn
z-
is
th
-
is
nd
e
it
h

e

n
en
g
is
ib

nu

pe

tin
g
U
ly
ou

en-
aid,

of

n

olar-

ble
is
re
cor-

ionic

ous
tem-

-
lt

lose

the
ls
es-
t is
on

ls.
he
gh

m

the
at
r-

ed,
r-

am-
In many insulators, the low-energy tail of fundamen
absorption edge depends exponentially on the energy of
tons. Since the first report by Urbach,1 this rule has been
widely observed in many kinds of materials. The tail of t
spectra called the Urbach tail is empirically given as a fu
tion of photon energyE,

F~E!5A expS 2s
E02E

kBT D , ~1!

where the convergence energyE0 and the steepness param
eters are almost constant at sufficiently high temperature2

In order to explain the origin of the Urbach tail, a numb
of theoretical studies have been carried out.3–12 Among
them, two types of theories seem to be worth mentioning
present. One is the theory based on the model of the inte
Stark effect.4,7,11 In this theory, it is asserted that the Fran
Keldysh effect by the microfield due to lattice vibrations
responsible for the appearance of the exponential tail in
absorption edge. Dow and Redfield11 have made a compre
hensive survey of Urbach’s rule from the viewpoint of th
microfield model. On the other hand, Toyozawa a
co-workers3,8–10 developed a theory of Urbach’s rule on th
basis of the model of short-range interaction of phonons w
the center-of-mass motion of excitons. According to t
theory of Sumi and Toyozawa,9 thermal fluctuations of lat-
tice systems result in an adiabatic modulation of site en
gies, which can be described by a Gaussian distribution
random potentials. It was shown that the optical transitio
to the exciton state momentarily trapped by this local pot
tial gives rise to the exponential tail at the absorption ed
By applying Einstein’s relation to the absorption and em
sion spectra, they succeeded in deriving a criterion descr
in terms of the steepness parameters, which determines
whether the exciton is self-trapped or not. Furthermore,
merical simulations by Schreiber and Toyozawa13 have
clearly demonstrated that the model of momentarily trap
exciton reproduces well the line shape given by Eq.~1!, in-
cluding its temperature dependence. At least for insula
materials with relatively strong electron-phonon couplin
this model gives the most reasonable explanation of the
bach tail. It should be noted that the Urbach tail is wide
observed also in the absorption spectra of amorph
PRB 600163-1829/99/60~7!/4418~4!/$15.00
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materials:14–16The steepness of the exponential tail is ess
tially independent of temperatures in this case. It can be s
therefore, that we detect various kinds of randomness
crystals through the measurement of the Urbach tail.

PbHPO4 is a ferroelectric material containing hydroge
bonds. The ferroelectric transition occurs atTc5310 K. This
transition is a second-order one, and the spontaneous p
ization Ps slowly rises belowTc .17–19 It is known that the
one-dimensional ordering of protons between the two sta
configurations of O—H—O bonds is a primary cause of th
phase transition.18 Although displacements of heavy ions a
also observed, its temperature dependence is not directly
related with that ofPs. Recently, Kidaet al.20 studied ex-
perimentally the optical-absorption spectra of PbHPO4. The
first exciton peak has been assigned as due to the cat
excitation of 6s˜6p in Pb21 ions. They found that the Ur-
bach tail of the absorption spectra exhibits an anomal
temperature dependence. It was pointed out that, as the
perature is lowered belowTc , the steepness parameters
increases from the value aboveTc , and this increment be
haves similarly toPs as a function of temperature. This resu
strongly suggests that the ordering of protons has a c
relation with the anomalous behavior ofs.

In the present study, we propose a simple model for
Urbach tail of exciton absorption in ferroelectric materia
with order-disorder-type phase transition. Our theory is
sentially based on the model of the internal Stark effect. I
quite natural to expect that strong electric fields are acting
the internal motion of excitons in ferroelectric materia
Generally it is difficult to make a precise evaluation of t
strength of microscopic fields in crystals. As a very rou
estimation for PbHPO4, we take the electric fieldE52.4
3107 V cm21 at low temperatures, which is calculated fro
the saturated value ofPs52.1 mC cm22.17 This is an order
of magnitude larger than those estimated in Ref. 11 for
field strength induced by the LO phonons in alkali halides
room temperature. Such an electric field will strongly pola
ize the excitons as shown in Ref. 11. It should be not
however, that the conventional microfield model of the U
bach tail will lead to the prediction that the steepness par
eter s becomessmaller below Tc since the effective-field
strength increases belowTc . This is in contradiction with the
experimental observation, in whichs becomeslarger below
4418 ©1999 The American Physical Society
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Tc . We would like to point out that it is not the change
averaged field strength but the change of degree of rand
ness in the local field that is the main cause of the anomal
s.

We assume there is a microscopic polarization accom
nied with the displacement of protons for each unit cell; T
polarization itself will be simply called ‘‘proton’’ hereafter
It is assumed that a proton has two degrees of freedomr j at
the j th unit cell,r j511 and21, corresponding to its stabl
positions. In completely ordered phase,r j takes an identica
value 11 or 21 at every unit cell; while in completely
disordered phase,r j takes the values11 and21 randomly
with the expectation value of 0. In order to explicitly d
scribe the Stark effect of excitons, we consider the inter
degrees of freedom of the exciton, namely, ans state and ap
state of the relative motion. The electric field associated w
the proton displacement will mix these two states. This
nothing but the field-induced polarization of excitons. T
point is that the phase ofs-p mixing depends on the sign o
r j . Therefore, in the disordered phase, the lowest exc
state has a random orientation of polarization at each
cell. Then, the exciton must travel the crystal with a rand
flip-flop motion of its polarization orientation. It should b
noted that, if we adopt the tight-binding picture, the trans
integral of the exciton depends on the relative phase betw
the state vectors of the nearest-neighbor cells. Therefore
randomness of the orientation of polarization will affect t
effective transfer integrals, and the exciton motion will
modulated randomly.

The Hamiltonian is given by

H5(
j

(«susj&^sj u1«pupj&^pj u!

2t(
^ i , j &

~ usj&^si u1usi&^sj u1upj&^pi u1upi&^pj u!

1(
j

D j~ upj&^sj u1usj&^pj u!

2c(
j

qj~ usj&^sj u1upj&^pj u!, ~2!

D j[Dr j . ~3!

Hereusj& andupj& represent thes andp states of the exciton
with the energy«s and «p at the j th unit cell. The transfer
integral between nearest-neighbor unit cells is denoted bt.
D represents the intensity of the hybridization of the exci
states caused by the local electric field. The last term in
~2! represents the thermal effect of lattice vibrations, wh
has been introduced in the theory of momentarily trapp
excitons.9,10,13 It is assumed that the local potentials by la
tice distortion act on the center-of-mass motion of the ex
ton with the coupling constantc. The transition dipole opera
tor M is simply given by

M5(
j

~ usj&^gu1ug&^sj u!, ~4!

aside from constant factors, whereug& is the ground state o
the crystal.
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At temperatureT, the amplitude of the lattice distortionqj
at the j th unit cell has the thermal distribution given by th
probability

P~qj !} expS 2
qj

2

2kBT*
D .

HereT* is the effective temperature, which incorporates t
effect of zero-point vibration of phonons and is given by

kBT* 5
1

2
\vcothS \v

2kBTD , ~5!

where \v is the effective energy of phonons. It has be
shown both analytically9 and numerically13 that this Gauss-
ian distribution of the local potential gives rise to the exp
nential tail of the absorption edge. Mahr21 pointed out that,
by taking into account the zero-point vibration,s in the for-
mula ~1! is written as

s5
2kBT

\v
tanhS \v

2kBTDs0 , ~6!

wheres0 is a constant that agrees withs at high tempera-
ture. Usually, experimental data of the temperature dep
dence of the Urbach tail are fitted well by this equation. It
known thats0 is related with the dimensionless couplin
constantg through the steepness indexs as s05s/g,9,13

whereg is given byg5c2/2nt in which n is the configura-
tion number.

We do not go into details of the theoretical treatment
order-disorder transition in the proton system22 here. In the
present study, we fix the expectation value^r j& proportional
to the observed value ofPs(T) as a function of temperature
The random variablesr j (561) are generated numericall
under the condition̂r j&5Ps(T)/Ps(0), wherePs(0) is the
saturated value. This procedure entirely neglects the clus
ing effect and probably overestimates the disordered na
nearTc . However, it will be sufficient for our purpose here

Actual calculations of the absorption spectra have b
done for a simple cubic lattice system with 21321321 lat-
tice points. The absorption spectra have been calculated a
average over 20 000 samplings of the two types of rand
variables$qj% and $r j%. Since little is known about the pa
rameter values of excitons in PbHPO4, we have tentatively
chosen«p2«s50.1 eV, D50.5 eV with the bandwidth of
the exciton (512t) 1 eV. These values correspond to
strong hybridization between thes and p states. From the
fitting of the experimental data below 180 K, we set\v
511.3 meV ands050.79.20 The steepness indexs was de-
termined to be 1.10 by our separate calculation of the Urb
tail for the same lattice system. This value is a little smal
than the value determined by Schreiber and Toyozawa.13

In order to display the effect of disorder in the proto
system, we show in Fig. 1 the absorption spectra calcula
for two fictitious cases where~a! the proton system is fixed
to be completely ordered and~b! completely disordered, ir-
respective of temperatures. The temperature effect is o
included in thermal fluctuations of the lattice distortionqj .
In Fig. 1~a!, r j is fixed to be11 for every unit cell. Because
of the Stark shift, the absorption edge is lowered from
band edge (520.5 eV! of the system without protons. It ca
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FIG. 1. Calculated absorption spectra in the low-energy tail for~a! completely ordered proton system,^r j&51.0 and~b! completely
disordered proton system,^r j&50.0, irrespective of temperatures. The effect of temperature is included only in the lattice vibration th
exciton-lattice interaction.
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be easily shown that the absorption spectra in this c
should be identical with those given by the model
Schreiber and Toyozawa13 except for the Stark shift ofE0. In
fact, our numerical results agree well with those given
Ref. 13. The fitting by the straight lines in logarithmic plot
good, but the low-energy part of the spectra deviates fr
the straight line and shows a concave shape at low temp
tures. This tendency has already been pointed out in Ref

In the calculation of Fig. 1~b!, r j is assumed to take th
values11 and 21 randomly irrespective of temperature
with the expectation valuêr j&50. As can be seen from th
figure, the absorption spectra still exhibit exponential deca
but the steepness is obviously diminished as compared
the spectra at the same temperatures in Fig. 1~a!. This means
that the additional randomness in the proton system wo
cooperatively with the Gaussian randomness of the local
tential by the lattice distortion. We have also calculated
absorption spectra in the case where only the interaction
protons exists. In this case, the absorption spectra exhib
broadening, but the tail part cannot be fitted by exponen
functions.
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In order to analyze the experimental data of PbHPO4, we
have carried out numerical calculations by taking into a
count the temperature dependence ofr j as mentioned earlier
in addition to the Gaussian randomness ofqj . The absorp-
tion spectra were plotted in a logarithmic scale, and
steepness parameters was determined as a function of tem
perature. In Fig. 2, the obtained temperature dependenc
s is shown by the open diamonds connected by the s
line. We have also plotted the values ofs for the case in
which the proton system is in completely ordered state
solid circles and in completely disordered state by so
squares. In the inset of Fig. 2, the experimentally obtain
values ofs for PbHPO4 ~Ref. 20! are also shown. It can be
seen from the figure that, if one chooses this set of param
values, the theoretical result reproduces the character
features of the observed data fairly well. Thus, the anom
lous increase ofs below Tc can be explained in this mode
as a result of decrease of randomness due to orderin
protons. Experimentally, it has been observed that the c
vergence energyE0 shifts to the low-energy side as the tem
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perature is lowered acrossTc .20 This is also consistent with
our model as shown in Figs. 1~a! and 1~b!.

Although the present model can explain the experime
tendency qualitatively, there still remain some problems.
order to describe the internal Stark effect of excitons,
have adopted a two-level model. This is a crude approxim
tion of real systems because, for Wannier excitons, there
quasicontinuous spectrum of excited states above 2p state. A
more realistic treatment of the internal degrees of freedom

FIG. 2. The temperature dependence of the steepness para
s for the completely ordered proton system~solid circles! and the
completely disordered proton system~solid squares! and the realis-
tic system wherê r j& is assumed to vary in accordance with t
temperature dependence ofPs ~solid line!. The inset shows the ex
perimental data for PbHPO4, which is reproduced from Ref. 20.
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excitons will affect the estimations of the parameter valu
Secondly, the temperature dependence ofs in the case of
exciton-lattice interaction alone does not exactly agree w
the formula~6!. At low temperatures, it is difficult to fit the
log plot of calculated results definitely by straight lines b
cause of the concave nature of the calculated spectra, w
becomes salient in the low-temperature limit. Even at h
temperatures, the calculated value ofs increases gradually
with temperature instead of approaching a constant value
shown in Fig. 2. This is not in agreement with the expe
mental data obtained in many materials. We have confirm
that this discrepancy is not resolved by increasing the sys
size. This indicates some refinement is needed in the the
of the Urbach tail by the model of momentarily trapped e
citon.

In conclusion, we would like to point out the possibility t
use the exciton absorption or emission spectra as a prob
ferroelectric phase transitions. AboveTc , the internal field-
induced polarization of exciton is smeared out because
randomization. BelowTc , however, it is expected that a ne
polarization appears, implying that the inversion symme
of the exciton is broken. This may be confirmed by som
nonlinear optical techniques.23 The coupling constantg is
estimated asg51.4 for PbHPO4. This value indicates tha
the self-trapped state is stabilized for the excitons in t
material. Bausa´ et al. observed a broad luminescence ba
around 450 nm under band-to-band excitation.24 Recently,
Ohno investigated this luminescence spectrum in detail
assigned it to the transition from the self-trapped exci
state.25 This is in agreement with the above estimation. T
investigation of the effect of interaction of self-trapped ex
tons with the surrounding proton system at aroundTc is also
an interesting subject.

We would like to thank Professor N. Ohno and N. Kid
for helpful discussions and for sharing the experimental d
before publication.
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