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Inhomogeneity of the superconducting state and consequent diamagnetism aboveTc :
Application to the cuprates
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The inhomogeneity of a superconducting system gives rise to an interesting situation when atT.Tc
res (Tc

res

is characterized by a relatively sharp resistive transition! one can observe an anomalously large diamagnetic
moment. Here we focus on the case when the sample can be described as containing a nonuniform distribution
of magnetic impurities and, as a consequence, by an inhomogeneous distribution of critical temperatures. The
analysis is in good agreement with experimental data on overdoped cuprates.@S0163-1829~99!01030-9#
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I. INTRODUCTION

The present paper is concerned with magnetic prope
of inhomogeneous superconducting systems. High-Tc oxides
represent an important example of such systems, and th
particularly true for samples with nonstoichometric comp
sitions such as overdoped cuprates.

Inhomogeneity leads to the situation whenTc becomes
spatially dependent. This case was studied, for example
A. Larkin and one of the authors.1 In this paper we have
explored the case when the sample contains small reg
~r!d, d is the penetration depth! with a localTc higher than
the average valueT̄c . In other words, atT.T̄c , the super-
conducting grains are embedded in a normal matrix. A ty
cal example of such a situation occurs when the sample
tains magnetic impurities which are distributed in
nonuniform way. As is well known,2,3 magnetic impurities
act as pair breakers and their presence depressesTc . As a
result, the inhomogeneous scenario we just described ca
perfectly realistic.

The present paper is directly related to a recent exp
mental study of overdoped Tl-based cuprates.4 According to
Ref. 4, aboveTc>15 K one measures a noticeable diama
netic response. Such response was also observed in the
ence of a strong magnetic field; thenTc[Tc(H). The experi-
mental data4 will be discussed below~Sec. III! in detail; one
can show that the theory developed here allows us to f
describe the phenomenon observed in Ref. 4.

The structure of the paper is as follows. Section II co
tains a theoretical analysis of the inhomogeneous system
an evaluation of the magnetic moment. The application
the overdoped cuprates and a comparison with experime
data are discussed in Sec. III.

II. THEORY

A. Main equations

Consider an inhomogeneous superconductor which c
tains magnetic impurities. Our approach is based on
PRB 600163-1829/99/60~6!/4329~5!/$15.00
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method of integrated Green’s functions.5 The system is de-
scribed in detail by the equations introduced by Larkin a
one of the authors:6

aD2bv1
D

2
~a]2

2 b2b] r
2a!5abG, ~1a!

a21ubu251, ~1b!

D52pTulu (
v.0

b. ~1c!

Here a and b are the usual and pairing Green’s functio
averaged over energy,D is the order parameter,G[ts

21 is
the spin-flip relaxation time. Because of the inhomogene
all of these quantities are spatially dependent. In additi
]65] r62ieA, A is the vector potential,] r5(]/]r ). We
consider the ‘‘dirty’’ case, so thatD is the diffusion coeffi-
cient.

Assume that the sample contains a sufficient amoun
magnetic impurities so thattsTc

+ ,1; as a resultTc!Tc
+ ,

whereTc is the average value of the critical temperature, a
Tc

+ corresponds to the transition temperature with no m
netic impurities. In this case, with the use of Eqs.~1!, we
obtain

b5b02b1 ; a512ub0u2/2, ~2a!

b05S G1v2
D

2
]2

2 D 21

D, ~2b!

b15S G1v2
D

2
]2

2 D 21H ub0u2

2
~D2Gb0!

1
D

4
~ ub0u2]2

2 b02b0] r
2ub0u2!J . ~2c!
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Based on Eqs.~1c! and~2!, we obtain the following equation
for the order parameter:

D52pTulu (
v.0

S G1v2
D

2
]2

2 D 21

3H D2
v

2
b0ub0u21

D

4
b0] r

2ub0u2J . ~3!

Let us focus on the temperature regionT.Tc(H). Then the
order parameter is localized near some clusters. In suc
region (r>r ) the operator@G1v2(D/2)]2

2 # has discrete
eigenvalues.

Our goal is to evaluate the order parameter@at T
.Tc(H)# for the inhomogeneous structure and then the c
responding magnetic moment. The order parameter ca
found in the form

D5CD0 , ~4!

whereC is a constant~its value will be calculated below! and
D0 is the solution of the equation

@G2~D/2!]2
2 #D05~G`1l1!D0 . ~5!

Here G` is the value ofG outside of the grain, andl1 is a
minimum eigenvalue. One can see from Eq.~2b! that

b05CD0~v1G`1l1!21. ~6!

Inserting this expression into Eq.~3!, we arrive, after the
summation, at the following equation:

ln~Tc
0/T!5cF 1

2 1
G`1l1

2pT G2c~ 1
2 !1

C2

12G`
2

~D0*
2,D0

2!

~D0* ,D0!
.

~7!

Here c is the Euler function, and the notation~f,g! corre-
sponds to scalar product of the functions. The transition te
peratureTC[TC

aver is determined by Eq.~8! which can be
obtained from Eq.~7! if we insertC5l150:

ln~Tc
0/Tc!5c@ 1

2 1~G`/2pTc!#2c~ 1
2 ! ~8!

which is a well-known equation obtained in Ref. 2. Equati
~7! is the generalization of Eq.~8! for the inhomogeneous
case studied here. For the regionG`.T.Tc(H) we obtain
the following expression for the constantC:

C252p2a@12t21B#, ~9!

where

a5Tc
2~D0* ,D0!~D0*

2,D0
2!21; t5T/TC ;

B526l1G` /~pTC!2. ~10!

Equations~4!, ~6!, and~9! determine the temperature d
pendence of the order parameter and the pairing Gre
function b0 . Let us turn now to the evaluation of the ma
netic moment.
a

r-
be

-

’s

B. Magnetic moment

Based on Eqs.~4!–~6! and~9! one can evaluate the mag
netic moment of the inhomogeneous system descri
above. Indeed, the current density is described by
expression6

j 52 ieyDpT(
v

~b* ]2b2b]1b* !. ~11!

Herey is the density of states. With the use of Eqs.~6! and
~10!, we obtain

j 52
ieyDC2

2pT
c8S 1

2
1

G`1l1

2pT D ~D0* ]2D02D0]1D0* !.

~118!

As was mentioned above, the inhomogeneous struc
contains small regions with a local value of the critical te
peratureTc;L higher than the average valueT̃c . In this case,
the order parameterD0 , which corresponds to the lowes
eigenvalue can be taken as real. Then, we can obtain
following expression for the magnetic moment of an isola
clusterMz5L*dr@rj #z :

Mz52~e2yDC2HL/pT!c8S 1

2
1

G`1l1

2pT DK. ~12!

HereK5*drr2D0
2, and the vector potential has been chos

as A5 1
2 @Hr #; L is the effective thickness of the superco

ducting layer. Note also that because the cluster size
smaller than the penetration depth, one can neglect the
cial variation of the magnetic field.

Based on Eqs.~5! and~12!, one can perform a final evalu
ation of the magnetic moment@see Eq.~12!#; as a first step,
one should calculate the order parameterD0 and the eigen-
valuel1 @see Eq.~4!#. One can study several different case
The simplest one corresponds to a small variation ofG, so
that one can use perturbation theory~see Appendix!. Con-
sider the most interesting case when the variation of the
plitude dG(r )5G`2G has the form

dG~r !5H dG~r!; r,r0

0; r.r0 .
~13!

Then Eq.~5! can be written in the form

H dG~r!2
D

2 F1

r

]

]r S r
]

]r D2e2H2r2G J D0~r!5l1D0~r!.

~14!

A similar equation has been studied by Bezryadin, Penne
and one of the authors in Ref. 7. The solution is

D0~r!5
1

AeHr2 H M ~l11dG!/2eHD;0~eHr2!; r,r0

C1Wl1/2eHD;0~eHr2!; r.r0 .
~15!

HereWl,m(z) andMl,m(z) are the Whittaker functions. It is
convenient to use the following presentations of the Wh
taker functions:
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D0~r!5exp~2eHr2/2!

3H f~1/22l̃2 d̃G;0;a!; r,r0

C1@G~1/22l̃ !#21E
0

`

dtF~ t,r!; r.r0 .

~16!

Here l̃5l1/2eHD, dG̃5dG/2eHD, a5eHr2, f
[f(b,g,x) is the confluent hypergeometric function, an

F(t,r)5e2att20.52l̃(11t)20.51l̃. The eigenvaluel1 can
be determined from the condition for the logarithmic deriv
tive to be continuous,

2~f8/f! ur0
5S E dt•t•F~ t,r! D S E dtF~ t,r! D

ur0

21

.

~17!

It is important to emphasize that Eq.~17! reflects the
strong impact of the proximity effect. Indeed, the superc
ducting cluster with itsTC,L.T̃c(H) is embedded in a nor
mal matrix, and therefore it is necessary to take into acco
the proximity effect. Thus Eq.~17! is a boundary condition
for the order parameter.

Equation~17! allows us to evaluate the eigenvaluel1 .
One can show~see the Appendix!, that this quantity is equa
to

l152dG10.5D~z0 /r0!2. ~18!

Here z0'2.4 is the lowest zero of the Bessel functio
that isJ0(z0)50. In addition,

D0~r!5J0~rz0 /r0! for r,r0 . ~19!

With the use of Eqs.~9!, ~12!, ~18!, and~19!, we can obtain
the following expression for the magnetic moment:

Mz52A~B̃2t2!H. ~20!

Here

A5~8p2e2yDTC
2 /G`!r0

2z0
24n~ x̃3;2x̃1;2 / x̃1;4!; B̃5B11.

~21!

B andl1 are determined by Eqs.~9! and~18!, n is the cluster
concentration, andx̃n; i5*0

z0dx•xnJ0
i (x). If dG!G`>pTC

0 ,
the value of the local critical temperatureTC;L greatly ex-
ceeds its average value.

One can see directly from Eq.~20!, that it is possible to
observe a noticeable diamagnetic moment. Indeed, if we
sume realistic values:p510220cm sec22, 1540 Å ~1 is a
mean free path:D5vFl /3), TC510 K, G`5102 K, dG
550 K, r0580 Å, andn>0.1, we obtain with the use of Eq
~10!, ~18!, and ~21! the following values of the parameter
A>1025, B53, ul1u55 K. Then, for example, atT
511 K, one can observexD52MZ /H5331025, which is
a value that greatly exceeds the usual value of the param
netic response of a normal metalxP>1026.

The diamagnetic response can be observed in the re
t,B̃ @see Eq.~20!#. It is important to note that the limitation
on the value ofB̃ is caused by the proximity effect. Indee
-

-
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g-

on

the value oful1u which determines the upper limit oft @see
Eq. ~9!#, is defined by the equation ul1u5dG
20.5D(z0 /r0)2 @see Eq.~18!#. The value oful1u depends on
an interplay of two terms. The first term reflects the impa
of the magnetic scattering, and the second negative term
scribes the proximity effect. For example, a decrease in
size of the inhomogeneityr0 leads to an increase of th
second term and, accordingly, to decrease in value ofB̃ @see
Eq. ~9!#; thus decreasing the temperature region (t,B̃) in
which one can observe a diamagnetic response. This is n
ral, since the influence of the proximity effect to depress
superconductivity grows with a decrease in the sizer0 of the
superconducting grain.

In order to observe the linear dependence~21!, it is better
to be in the regionT.TC(H)1d, whered is the broadening
of the transition determined, e.g., by resistive measurem

Equation~19! can be generalized for the case when t
magnetic scattering amplitudeG depends on temperature
Such a scenario was considered by the authors in Refs. 8
9. As we know, the magnetic impurities act as pair breake
and this leads to a depression inTc as well as other param
eters (Hc2 , Josephson critical current, etc.!. In Refs. 2 and 3
impurities were considered as independent and the ampli
G was proportional tons , wherens is the concentration of
the impurities. However, it is important to realize that a d
crease in temperature leads to a correlation between the
calized magnetic moment. Spin-flip scattering is frustrat
and, as result,G decreases asT˜0, that isG[G(T). In this
case a generalized Eq.~9! has the form

C252p2a f ~T,Tc!, ~98!

where

f ~T,Tc!5F S G`~T!

G`~Tc!
D 2

2t2G
2

6G`
2 ~T!

~pTc!
2 lnS G`~T!

G`~Tc!
D1B0

G`~T!

G0
, ~99!

where B0526l1G0 /(pTC)2 @cf. Eq. ~9!#,
G[G`(0). Correspondingly, the magnetic moment
equal to

Mz52A f~T,TC!H/G`~T!. ~22!

III. OVERDOPED CUPRATES: COMPARISON WITH
EXPERIMENT

The theory described above can be applied to any in
mogeneous superconducting system, conventional, as we
the high-Tc oxides. In this section we focus on the overdop
cuprates because of a recent observation by Bergem
et al.4 The authors4 describe torque measurements perform
on a Tl2Ba2CuO6 overdoped sample (Tc>15 K). A diamag-
netic moment, proportional to the external magnetic fie
has been observed atT.Tc . Note that the value ofTc
>15 K has been determined by resistive measurements.
can show that the theory described in Sec. II is directly
lated to the data obtained in Ref. 4.

As we know, the overdoping is provided by an addition
oxidization and is accompanied by a drastic decrease inTc
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(Tc
0>90 K˜Tc>15 K). We suggest~see, e.g., Refs. 8 an

9! that this decrease is caused by the pair breaking effec
magnetic scatterers. Note that the presence of pair brea
has been observed experimentally~see, e.g., Refs. 10 an
11!. Since the oxygen distribution is nonuniform, the sam
becomes inhomogeneous with a nonuniform distribution
magnetic impurities. As a result, one can expect~see above!
the appearance of a diamagnetic moment atT.Tc

res>15 K.
Let us use the approach developed in Sec. II, and, m

specifically, Eq.~22! to analyze the data in Ref. 4. Th
authors4 use a Tl-based cuprate sample which was stud
before in Ref. 12 and displays an unconventional behavio
Hc2(T) ~positive curvature, sharp upturn nearT>1 K, a
large value ofHc2(0) relative toHc2

conv!.13,14 This behavior
has been explained by us8 by magnetic impurity scattering
and an ordering trend of those impurities asT˜0. The tem-
perature dependence of the amplitudeG(T) for the sample
studied in Ref. 12 and recently in Ref. 14 has been evalu
by us in Ref. 8 and has the form

G~T!5G0~1.26T1u!~T1u!21; G0595.2 K; u51 K.
~23!

Based on Eqs.~99!, ~22!, and ~23! one can evaluate th
magnetic moment. One can see directly from Fig. 1 that
data obtained in Ref. 4 follows a quadratic dependence@see
Eqs.~21! and~99!#. In addition, Eq.~22! contains two adjust-
able parameters and they areA52.531026, B050.7. One
can see that the total set of data obtained in Ref. 4 is in v
good agreement with the theory using Eq.~22! and these
values ofA andB.

Let us note also that Ref. 4 was aimed at the investiga
of the problem of whether theHc2(T) curve obtained in Ref.
12 ~for Bi-based overdoped cuprate a similar effect was
served in Ref. 15! represents the critical field~then this curve
separates superconducting and normal regions! or the irre-
versibility line ~in this case the line separates vortex latt
and vortex liquid regions!. Torque magnetometry is an ide
tool for such a study. The measurements4 demonstrated the
absence of vortices above the curve, but, nevertheless, a
zling diamagnetic response was observed in the regionH
.Hc2 . Moreover, a similar response has been obser

FIG. 1. Diamagnetic susceptibility for the overdope
Tl2Ba2CuO61d (TC515 K). d: experimental data~Ref. 4!; solid
line: theory.
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aboveTc>15 K, and this observation makes the problem
beyond the nature of theHc2(T) dependence.

We think that the phenomenon observed in Ref. 4 is d
to the inhomogeneous nature of their sample. The cu
Hc2(T) as well as the valueTc

res>15 K separates supercon
ducting and ‘‘normal’’ regions, and the ‘‘normal’’ region
displays normal transport properties. As for the magnetic
sponse, it is determined by the presence of small super
ducting regions withTC;L.Tc

trans, and this leads to the phe
nomenon observed in Ref. 4~see Fig. 1!.

IV. CONCLUSION

Inhomogeneous superconducting systems, such as o
doped cuprates, are characterized by the coexistence o
anomalous diamagnetic moment along with normal resis
dissipation. Such an unusual state occurs atT.Tc

res and is
caused by the presence of small superconducting reg
r0,j0 (j0 is the coherence length! with a value of local
Tc;L.Tc

res.
The magnetic moment for such a system is described

Eqs.~21! and~22!. The proximity effect is playing an impor
tant role and was explicitly taken into account.

Note that typical normal metals are characterized by
small value of magnetic susceptibility (>1026) whereas the
magnetic response of a superconductor is larger by alm
5–6 orders of magnitude. As a result, even the presence
small number of superconducting clusters leads to a dra
increase in the magnetic moment.

The experimental data presented in Ref. 4 can be
plained by our approach described herein based on an i
mogeneous structure of the system.
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APPENDIX

I. For the case of small deviationdG5G`2G one can use
the perturbation theory. Based on Eq.~5!, we obtain

l15eHD2
*drdGuD0u2

*druD0u2 . ~A1!

The termdG[dG(r) is localized near some pointr0 .
The eigenfunctionD0 can be written in the formD0
5exp(2eHr2/2). Inserting this expression in Eqs.~9! and
~12!, we obtain the value of the magnetic moment for t
single cluster~spot!:

M̂Z52a@Tc
22T22b#/G` , ~A2!

wherea5(8p3yDL/H); b5@eHD2(eH/p)*drdG#6G` /
p2. This expression is valid if (1/pD)*drdG!1 and corre-
sponds to the region
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T.Tc~H !5@Tc
22~6/p2!eHDG`#1/2.

II. Boundary condition~17! allows us to evaluate the eigen
valuel1 . If ul1u/eHD@1 ~this is valid in the realistic case
dGr0

2/D@1; eHr0
2,1), one can simplify Eq.~17!. Since

*dtF(t,r) ur0
>*0

`dx x21 exp@2(a/x)2l̄x#, the ratio on the
right-hand side of Eq.~17! greatly exceeds 1, then the lowe
eigenvaluel1 is the solution of the equationf@0.52l̃
an

.

2dG̃;1;a(r0)#50. In reality,a(r0)!1. As a result, we ar-
rive at the equation

J0@„2r0
2~l11dG!/D…

1/2#50, ~A3!

whereJ0 is the Bessel function. The expression~18! deter-
mining the eigenvaluel1 directly follows from Eq.~A3!.
.

al-

es,

et,
G.
1A. Larkin and Yu. N. Ovchinnikov, Zh. Eksp. Teor. Fiz.61, 1221
~1971! @Sov. Phys. JETP34, 651 ~1972!#; 61, 2147~1971! @34,
1144 ~1972!#.

2A. Abrikosov and L. Gor’kov, Zh. Eksp. Teor. Fiz.39, 1781
~1961! @Sov. Phys. JETP12, 1243~1961!#.

3P. de Gennes, J. Phys.: Condens. Matter3, 79 ~1964!; Supercon-
ductivity in Metals and Alloys~Benjamin, New York, 1966!.

4C. Bergemann, A. Tyler, A. Mackenzie, J. Cooper, S. Julian,
D. Farrell, Phys. Rev. B57, 14 387~1998!.

5See the review: A. Larkin and Yu. Ovchinnikov inNon-
equilibrium Superconductivity, edited by D. Landenberg and A
Larkin ~Elsevier, Amsterdam, 1986!, p. 530.

6A. Larkin and Yu. Ovchinnikov, Zh. Eksp. Teor. Fiz.55, 2262
~1968! @Sov. Phys. JETP28, 1200~1969!#; 64, 1096~1973! @37,
557 ~1973!#.

7Yu. Ovchinnikov, Zh. Eksp. Teor. Fiz.79, 1496 ~1980! @Sov.
Phys. JETP52, 755 ~1980!#; A. Bezryadin, Yu. Ovchinnikov,
and B. Pannetier, Phys. Rev. B53, 8553~1996!.

8Yu. Ovchinnikov and V. Kresin, Phys. Rev. B54, 1251~1996!.
d

9V. Kresin, S. Wolf, and Yu. Ovchinnikov, Phys. Rep.288, 347
~1997!.

10N. Phillips, R. Fisher, and J. Gordon, inProgress in Low-
Temperature Physics, edited by D. Brewer~North-Holland, Am-
sterdam, 1992!, Vol. 13, p. 267; J. Wade, J. Loram, K. Mirza, J
Cooper, and J. Tallon, J. Supercond.7, 261 ~1994!.

11C. Niedermayer, C. Bernhard, V. Bunninger, H. Gluckler, J. T
lon, E. Ansaldo, and J. Budnick, Phys. Rev. Lett.71, 1764
~1993!.

12A. Mackenzie, S. Julian, G. Lonzarich, A. Carrington, S. Hugh
R. Liu, and D. Sinclair, Phys. Rev. Lett.71, 1238~1993!.

13L. Gor’kov, Zh. Eksp. Teor. Fiz.37, 833~1960! @Sov. Phys. JETP
10, 593 ~1960!#.

14E. Helfand and N. Werthamer, Phys. Rev. Lett.13, 686 ~1964!;
Phys. Rev.147, 288 ~1966!.

15 M. Osofsky, R. Soulen, S. Wolf, J. Broto, H. Rakoto, J. Ouss
G. Coffe, S. Askenazy, P. Pari, I. Bozovik, J. Eckstein, and
Virshup, Phys. Rev. Lett.71, 2315~1993!.


