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Antiferromagnetism in doped anisotropic two-dimensional spin-Peierls systems
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We study the formation of antiferromagnetic correlations induced by impurity doping in anisotropic two-
dimensional spin-Peierls systems. Using a mean-field approximation to deal with the interchain magnetic
coupling, the intrachain correlations are treated exactly by numerical techniques. The magnetic coupling
between impurities is computed for both adiabatic and dynamical lattices and is shown to have an alternating
sign as a function of the impurity-impurity distance, hence suppressing magnetic frustration. An effective
model based on our numerical results supports the coexistence of antiferromagnetism and dimerization in this
system.@S0163-1829~99!02630-2#
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General interest for spin-Peierls~SP! systems was re
cently renewed by the discovery of CuGeO3,1 the first inor-
ganic SP material. The SP transition is characterized b
freezing of the spin fluctuations below an energy scale gi
by the spin gapDS accompanied by a simultaneous latti
dimerization.2 Rich phase diagrams have been obtained
perimentally upon doping this compound with nonmagne
impurities.3,4 In site-substituted systems such
(Cu12xMx)GeO3, where M5Zn ~Ref. 3! or Mg ~Ref. 4!,
long-range antiferromagnetic~AF! order is stabilized at low
temperatures while the dimerization still persists~D-AF
phase!. In Mg-doped compounds, for impurity concentr
tions larger than a critical value (xc.0.02), a first-order
transition occurs between theD-AF phase and a uniform AF
~U-AF! phase where the dimerization disappears.4 The coex-
istence of the two types of order in theD-AF phase is an
intriguing phenomenon since lattice dimerization favors
formation of spin singlets on the bonds while low-ener
spin fluctuations exist in an AF phase.

Theoretically, the effect of impurity doping in SP system
was considered for fixed-dimerized,5 adiabatic,6–8 and
quantum-dynamical8 lattices. A single nonmagnetic impurit
releases a soliton in the chain that can be viewed as a kin
PRB 600163-1829/99/60~6!/4065~5!/$15.00
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the lattice distortion. In the absence of interchain couplin
such an excitation can freely propagate away from the im
rity. On the other hand, the interchain elastic couplingK'

was shown to produce confinement within some dista
from the impurity.7,8

For a finite impurity concentration, the coexistence b
tween SP and AF orders has been previously discussed e
considering randomly distributed domain walls in aXX
chain9 or assuming small fluctuations of the magnetic e
change constants.10 Despite their success to describe som
experimental results, these models are rather limited s
they do not take into account the microscopic origin of t
soliton formation nor the interchain couplings. In this pap
a realistic microscopic model with interchain magnetic a
elastic couplings is considered to describe the formation
region with AF correlations in the vicinity of each impurit
and which allows an estimation of the effective interacti
between impurities in the two-dimensional~2D! system.
Thus, we are able to construct and study an effective mo
in order to understand the effects of a finite impur
concentration.11

In a first step, the spin-phonon coupling is treated in
adiabatic approximation. The HamiltonianH5Hmag1Hel is
4065 ©1999 The American Physical Society
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Hmag5Ji(
i ,a

~11d i ,a!Si ,a•Si 11,a1J' (
i ,^a,b&

Si ,a•Si ,b ,

~1!

Hel5(
i ,a

$ 1
2 K id i ,a

2 1K'd i ,ad i ,a11%,

where a is a chain index andi labels the sites along th
chains. Atomic displacements are only considered along
chain direction,d i ,a being here a classical variable related
the change of the bond length between sites (i ,a) and (i
11,a). The magnetic part includes a magnetoelastic c
pling Ji ~hereafter set to unity! and an exchange interactio
J' connecting nearest-neighbor~NN! chains. We eventually
include in our model a next NN exchange interaction alo
the chain whose relevance for CuGeO3 has been
emphasized.12,13 Hel is the elastic energy. The intercha
elastic interaction (K') is limited to NN chains. Stability of
the lattice impliesK i>2uK'u. Typical values of the param
eters for CuGeO3 are J';0.1 ~Ref. 14! and K' /K i;0.2
~Ref. 15!.

In order to study numerically model~1!, we treat exactly
the single-chain problem using exact diagonalization~ED! or
quantum Monte Carlo~QMC! methods, while the interchain
magnetic coupling is treated in a self-consistent mean-fi
~MF! approximation. This is a standard procedure to inclu
interchain couplings in the study of quasi-one-dimensio
systems.16 Moreover, Inagaki and Fukuyama17 have used a
similar MF approximation to treat the interchain coupling
the bosonized version of Eq.~1! within a self-consistent har
monic approximation. Thus, in our procedure, the interch
magnetic coupling is replaced by its MF form:

HMF
' 5J' (

i ,^a,b&
$^Si ,a

z &Si ,b
z 1Si ,a

z ^Si ,b
z &2^Si ,a

z &^Si ,b
z &%.

~2!

By extending a similar approach previously applied
one-dimensional chains18,8 to the case of the 2D lattice,
sweep is performed in the transverse direction, i.e.,a˜a
11. For each chaina, we compute the MF valueŝSi ,a

z & and
the classical variables$d i ,a% by energy minimization, which
is achieved by solving iteratively the equations

d i ,a52$Ji^Si ,a•Si 11,a&1K'~d i ,a111d i ,a21!%/K i . ~3!

Then, these new values of the AF and SP order parame
enter as input for the chaina11. This procedure is iterate
until convergence is reached. In this way, we can study
merically finite clusters consisting ofN coupled chains with
L sites where, typically,N3L512318 in ED andN3L
56340 in QMC, with toroidal boundary conditions.

A similar MF approach can be adapted to study a mo
equivalent to Eq.~1! but with quantum phonon degrees
freedom. In this case, phonon operatorsbi ,a

† and bi ,a are
introduced on each bond and the displacementsd i ,a become
g(bi ,a

† 1bi ,a), whereg is the magnetoelastic constant. The
the classical elastic termHel is replaced by its quantum ver
sion,
e
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Hph5V(
i ,a

$bi ,a
† bi ,a1G~bi ,a1bi ,a

† !~bi ,a111bi ,a11
† !%,

~4!

whereG5K' /(2K i), and the phonon frequencyV is related
to g by V52g2K i . The adiabatic limit~1! is recovered
whenV˜0 ~requiringg˜0 also!. Similar to the interchain
magnetic term, the interchain elastic term of Eq.~4! is then
treated in mean field by introducing a lattice order parame
d i ,a

MF5g^bi ,a
† 1bi ,a&. Then, the term~4! is replaced by

Hph,MF5V(
i ,a

Fbi ,a
† bi,a1

G

g
~bi ,a1bi ,a

† !d i ,a11
MF G . ~5!

Note that in this case it is not necessary to solve an equa
similar to ~3!. To diagonalize the single-chain Hamiltonia
with L<8, a Lanczos algorithm is used. The phononic d
grees of freedom are treated within a variational formali
previously introduced.19,20,8 Note that inelastic neutron
scattering experiments21 on CuGeO3 reveal a rather large
phonon frequencyV/Ji.2 suggesting large lattice quantu
effects in this material.

As a preliminary study, we apply the MF procedure to t
case of an homogeneous system without impurities. In m
els ~1! and~4!, J' is expected to stabilize the AF state whi
a small K i ~or large magnetoelastic couplingg) tends to
favor SP order. For each value of the couplingsJ' and K
~where K5K i22uK'u is the relevant parameter in the S
phase! we obtain the ground state without imposing any
striction on the MF parameters. We found only two differe
phases, the SP phase where^Sz&50 and d i ,aÞ0 and the
antiferromagnetic~AF! phase with ^Sz&Þ0 and d i ,a50.
Then, the phase diagram in theK-J' plane, can be obtained
in a more efficient way by a direct comparison of the en
gies of the Ne´el antiferromagnetic phase, and of the un
formly dimerized phase. The phase diagram shown in Fig
exhibits a transition line between AF and SP phases. In
adiabatic case, this line could be fitted by a lawJ'5A/K
1B with A50.3656 andB520.06 ~this artificial small

FIG. 1. Phase diagram of the pure system as a function oK
5K i22uK'u and J' . The full lines correspond to the adiabat
results obtained by ED for chains with up toL518 sites,a50
~circles!, and a50.36 ~squares!. The dashed~dotted! line corre-
sponds to the calculation with quantum phonons forL58, K'

50.2, a50, andV51 (V52).
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negative value may be a consequence of small finite-
effects, see, e.g., Ref. 18!. A phase boundary with a form
J'5A/K has been predicted by Inagaki and Fukuyama17

However, their bosonized approach does not fix unamb
ously the value ofA.

In the case of the adiabatic calculation finite-size effe
were shown to be small forK,2. On the other hand, for th
dynamical lattice, the calculation is reliable only for larg
lattice couplings~i.e., smaller values ofK) due to stronger
finite-size effects. As expected, for very smallK, lattice
quantum fluctuations are less effective in dimerizing
chain than the adiabatic lattice. Then, the phase boun
obtained with quantum phonons is located below the a
batic one. This tendency becomes clear asV is increased, as
shown in the figure. On the other hand, it has been sugge
that dynamical phonons induce an effective magne
frustration.22 This frustration that becomes relatively impo
tant for largerK destabilizes the AF phase thus moving t
phase boundary upwards as seen in the figure. Consi
with this behavior, if a next NN exchange term is included
the Hamiltonian, in theadiabatic approximation, the SP
phase is more stable and the phase boundary is located a
the corresponding curve fora50. This behavior is shown in
Fig. 1 for the realistic value ofa50.36 obtained for CuGeO3
~Ref. 12!, wherea is the value of the next NN exchang
coupling constant in units ofJi . We have checked that th
set of realistic parametersK'20 and K' , J' mentioned
above corresponds to a point in the SP phase.

To start our analysis of impurity doping, we consider
single impurity in order to investigate the appearance of
correlations in the SP phase. As mentioned above, the im
rity releases in the chain a topological spin-1/2 solito
excitation7,8 characterized by a change of parity of the dim
ization order that occurs in a finite region of longitudinal si
j i given by the soliton width. The local magnetization o
each chaina can be decomposed into uniform and stagge
components,23 ^Si ,a

z &5Mi ,a
unif1(21)i 1aMi ,a

stag. In fact, the ex-
cess uniform componentSsol

z 56 1
2 and the soliton, character

ized by a broad maximum ofMi ,a
stag, remain confined in the

chain with the impurity. However, as seen in Fig. 2~a!, the
interchainmagneticcouplingJ' generates a large stagger
component with the same parity, i.e.,Mi ,a

stagkeeping the same
sign, in the neighboring chains. Simultaneously, the am
tude of the SP dimerization is significantly suppressed co
pared to the bulk value, i.e., far away from the impuri
Large AF correlations can be seen up to more than f
chains away from the impurity chain for magnetic couplin
as small asJ'50.1, in particular, in the vicinity of the SP̃
AF transition line of Fig. 1. The transverse range of the
‘‘polarization cloud’’ around the impurity increases strong
with the transverse couplingJ' .

A crucial feature of the polarization surrounding th
impurity-soliton area is that the sign ofMi ,a

stag is unambigu-
ously fixed by the orientation (Ssol

z 56 1
2 ) of the soliton and

by the position (i 0 ,a0) of the impurity in such a way tha
sign$Mi ,a

stag%5sgn$Ssol
z %(21)a01 i 011. This fact can be simply

understood in the strong dimerization limit (d˜1) where
the introduction of the impurity on a given site releases
spin-1/2 on one of its neighboring sites by breaking a sing
bond. For smaller lattice coupling, the excess spin can ef
e
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tively hop from site to site on the same sublattice~due to the
underlying dimerization!, hence producing AF correlation
with the parity defined above.

Let us now consider two impurities introduced simult
neously on two sites (i 1 ,a1) and (i 2 ,a2) of different chains
(a1Þa2). When the two polarization clouds associated
each soliton-impurity ‘‘pair’’ start to overlap, one expec
their interaction to depend on the relative orientation of
two solitons. As seen in Figs. 2~c! and 2~d!, quite different
patterns correspond to the singlet and triplet arrangemen
the two spin-1/2 solitons. As confirmed by our calculation
the lowest energy is always obtained for a spin state
leads to thesameparity of the staggered magnetization a
sociated to each impurity, i.e., which avoids complete
magnetic frustration. The simple argument developed ab
for a single impurity then suggests that a tripletS51 ~singlet
S50) configuration is favored when the two impurities a
located on the same sublattice~opposite sublattices!. It is
then appropriate to define an effective magnetic coupl
between the AF clouds associated with each impurity
Jeff5ES512ES50 . For a wide range of parameters leadin
to a SP state in the bulk, we have numerically found thatJeff

is ferromagnetic~F! if the two impurities belong to the sam
sublattice and antiferromagnetic in the opposite case. T
implies that the coupling between the two local mome
associated to the impurities is either F or AF in such a w
that no frustration occurs. The magnetic coupling, for phy
cal values of the parameters, can be fairly extended in sp
as seen in Fig. 3~a!. Its range is directly controlled by the
overlap of the polarization clouds. It follows roughly a b
havior like

FIG. 2. Typical patterns of the local staggered magnetizat
Mi ,a

stag along the chains. The transverse coordinatea is indicated for
each curve~only a few chains of the 2D cluster are shown!. Closed
circles correspond to the chains with an impurity.~a!–~b! QMC
results for a 8340 cluster withK i51.9, K'50.2, andJ'50.1; ~a!
single impurity case (i 0521); ~b! two impurities on the same chai
at a distanceD i 5L/2520 (i 151 and i 2521). ~c!–~d! ED results
for two impurities located on next NN chains at a distance ofD i
59 along the chain~as indicated by the arrows! on a 12318 cluster
for K i52.4, K'50.2, andJ'50.1. Singlet~d! and triplet~c! con-
figurations are shown.
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Jeff'J0~21!Da1D i 11 expS 2C'

Da

j'
DexpS 2Ci

D i

j i
D ,

~6!

whereJ0;J' , Ca are of order unity andja;Ja /DS .
To get an insight on how finite-size effects might affe

our results we have increased our cluster size (12318) in
both directions. The change of the transversal dimension
very little effect because the polarization clouds are alm
independent when the impurities are separated by more
four chains@see the very small values ofJeff for Da54 in
Fig. 3~a!#. On the other hand, by increasing the length
each chain, some changes occur but only when the impur
are located at the largest distances. However, the expone
decay of the effective interactions with distance~see below!
is not qualitatively changed as it can be seen in Fig. 3~a!.
Therefore, we expect that the numerical values of thefitting
parameterswould not be much affected by finite-size effec
leaving the overall behavior essentially unchanged. In p
ticular, we believe that the presence of long-range AF or
in the effective model~see discussion below! is a robust
feature not affected by finite-size effects.

When two impurities are introduced on the same ch
(a15a2) two cases have to be distinguished. If the impu
ties are located on thesamesublattice a similar behavior i
observed as described above@compare Fig. 2~b! and Fig.
2~d!#, i.e., the effective interaction isferromagnetic. How-
ever, the magnitude ofuJeffu is '0.4 ~very slowly decaying
as D i increases! for the parameters of Fig. 3~a!, i.e., much
larger than the values corresponding to impurities in diff
ent chains. If the impurities belong todifferent sublattices
then a chain with even number of sites is cut into two s
ments with even number of sites each. In the lowest ene
configuration (S50) no soliton-antisoliton pair was ob
served for separationsD i up to 20 in agreement with previ
ous work8 and the triplet excitation energy remains larg
(;DS). Then, one can expect that for larger chains, wh
the formation of soliton becomes favorable, the effective
teraction between them will be AF and their magnitude w

FIG. 3. Absolute value of the effective magnetic coupling b
tween two impurities located on different chains separated byDa;
~a! vs the separationD i 5 i 22 i 1 along the chains for an adiabat
lattice (V50) and forK i52.4, K'50.2, andJ'50.1; ~b! vs the
frequencyV for K i51, K'50.2, andJ'50.1. The sizesNL of the
clusters used in the calculations are indicated on the plots.
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be of the order ofDS . In summary, one can assume that t
effective interaction between impurities on the same ch
has the same form of Eq.~6! with Da50 andJ0 being now
'DS . This form is similar to the one adopted in Ref. 9 f
impurities in a single chain except that these authors do
consider the sublattice sign alternation. Nevertheless
should be noticed that this AF interaction should also de
for very largeD i .

When lattice quantum fluctuations are introduced (V
.0), the qualitative properties of the effective interacti
Jeff are preserved. Consistent with the relatively larger s
bility of the AF phase in the smallK region shown in Fig. 1
with respect to the adiabatic case, we have found that lat
dynamics lead to an increase of the size of the AF clo
associated to each soliton. Therefore, the magnitude of
magnetic couplingJeff increases with the phonon frequenc
V as shown in Fig. 3~b!.

The final part of our study is the analysis of a simp
effective two-dimensional spin-1/2 Heisenberg model b
tween impurities with a long-range interaction given by E
~6!. The ‘‘bare’’ parameters are the same as in Fig. 3 and
parameters of the expression~6! have been obtained by fit
ting the curves shown in that figure and similar data for
case ofDa50. In the direction perpendicular to the chain
we have neglected the effective interactions beyond a
tanceDa55. We have also assumed that even segments
associated with a soliton-antisoliton pair.24

A given number of spin-1/2 impurities 4<Nimp<16 is
thrown at random on systems of coupled chains of sizes
to 40340. Then, the staggered magnetizationM stag

5(1/Ns
2)@( i ,a(21)i 1aSi ,a

z #2, where Ns5NL, is computed
and averaged over, typically, 12 000–16 000 random real
tions. The square root of this quantity is shown in Fig. 4.
extrapolating to the bulk limit for a fixed impurity dopin
using a polynomial in (1/ANs) we found thatM stag is finite,
implying long-range AF order, and slowly decreasing asx
goes to zero. This behavior is consistent with experimen
results4 suggesting thatM stagdecays exponentially to zero a
x˜0.

In conclusion, spin-1/2 solitons released in 2D anisotro

- FIG. 4. Square root of the staggered magnetization~defined in
the text! as a function of the impurity doping for several 2D clu
ters. Full circles correspond to, from top to bottom, 12312, 16
316, . . . 40340 clusters. The open circles are the extrapolatio
to the bulk limit.
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SP systems by the introduction of impurities were shown
experience spatially extendedF or AF exchange interaction
depending on their relative positions. These exchange in
actions coexisting with the SP order are calculated from
alistic microscopic models and used to construct a sim
effective model that in turn enables us to show the establ
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ment of long range AF order and to compute the AF ord
parameter as a function of the impurity doping.
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