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I-V characteristics of the highiz superconductor B5r,Ca C,05 shows a strong hysteresis, producing
many branches. The origin of hysteresis jumps is studied by use of the model of multilayered Josephson
junctions proposed by one of the authdiisK.). The charging effect at superconducting layers produces a
coupling between the next-nearest-neighbor phase differences, which determines the structure of hysteresis
branches. It will be shown that a solution of phase motions is understood as a combination of rotating and
oscillating phase differences, and that, at points of hysteresis jumps, there occurs a change in the number of
rotating phase differences. Effects of dissipation are analyzed. The dissipation in insulating layers works to
damp the phase motion itself, while the dissipation in superconducting layers works to damp relative motions
of phase differences. Their effects to hysteresis jumps are discySH®bE3-18209)04529-4

[. INTRODUCTION is pointed out in Ref. 13 that a nonequilibrium effect in su-
perconducting layers also mediates an interlayer coupling,
|-V characteristics of the highi: superconductor andl-V characteristics are discusséd.When the magnetic
Bi,Sr,Ca C,04 (BSCCO shows a strong hysteresis, produc- field is applied, the inductive coupling becomes important,
ing many branche:3 Many experiments have been reported@nd its effects have been discuséed.*®
to investigate properties of hysteresis bran¢hé®and it has In this paper, we investigate in detail the scheme of hys-
turned out that there is rich physics in properties-f char-  [€T€siS jumps appearing in main branches without magnetic
acteristics. Substructures are found in hysteresis branchdi€!d- Since the inductive coupling among adjacent junctions

and are discussed in relation with phonon effécthe does not exist, the charging effect at superconducting layers

d-wave effect is also discussed in higher voltage regions_t,)ecomes important. A charging at a superconducting layer

where the quasiparticle tunneling current become%nd.uces the chang.e of electric flelds in the nelghbon.ng insu-
important>1° ating layers and induces an interlayer coupling, since the

. . i i ivati f the ph iff is rel h It-
The present paper is concerned with the origin of hyster:[Ime derivative of the phase difference is related to the volt

. ) . .2~ " age. We will show that the origin of the multibranch struc-
esis jumps forming the main branches. Instead of attnbutmgure is the nonlinear effect among phase differences through

the origin of hysteresis branches to inhomogeneity of criticalye charging effect. Various disturbances, such as dissipation
currents, there are several theoretical attempts to regard ifg insulating layers, dissipation in superconducting layers,
origin as an intrinsic property of strong anisotropy in hiGh-  nojse, and a surface proximity effect, affect schemes of hys-
superconductors. Higl; superconductors have a layered teresis jumps. We will investigate how the schemes of hys-
crystal structure. Specifically, BSCCO has a strong anisotteresis jumps are affected by the above-mentioned distur-
ropy. Then a model of multilayered Josephson junctionshances. The dissipation in the superconducting layer will be
which has an alternating stack of superconducting and instintroduced phenomenologically through the charge relax-
lating layers, is considered as a proper model to describation. Schemes of hysteresis jumps are obtained by increas-
electronic properties of those systems. One of the main difing applied current gradually up to certain values and then
ferences from the case of a single junction is the appearanaecreasing. Obtained equations show that the resistive dissi-
of an interlayer coupling among phase differences. Since thpation in the insulating layer works to damp the motion of
thickness of the superconducting layer is of the order of 3—@hase difference in each junction, while the charge relaxation
A, influence among adjacent junctions is not negligible.  in the superconducting layer works to damp relative motions
To explain the main branch structure, the following of phase differences among neighboring junctions. This fact
mechanisms are proposed. A mechanism of the interlayeaffects the formation of hysteresis jumps in the process of
coupling induced by the charging effect at the superconductincreasing and decreasing applied current. It will turn out
ing layer has been proposed by one of the autkiorg.),'*  that the dissipation in superconducting layer and noise en-
and a branch structure 6§V characteristics is obtaingd It hance the occurrence of jumps in both increasing and de-
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creasing current, although the main branch structure is deter- We assume that physical quantities are spatially homoge-
mined by the coupling through the charging effect. Byneous on each layer. This assumption is applicable in cases
comparing the result of numerical simulation with the ex-of no applied magnetic field and small sample size inate
periment of a small stackwe will show the validity of the direction. According to the procedure presented in Ref. 11,
present model. we have the following equation for the total currenflow-
In the next section, the necessary formula for calculationing through each junction as
is summarized. The dissipation in superconducting layers is
introduced phenomenologically. In Sec. Ill, results of nu- J ) v(l) 1 9 V()
merical simulation are presented. The origin of hysteresis 3.~ leDsine(h+ =+ —— ——. (1)
jumps is investigated. It will be shown that, at a position of a ¢ 0 P 0
jump, a stationary solution changes its form. We present ghe current] is normalized by the critical curredt,, j(1)
comparison v_vith the expgriment of.Ref. 7 gnd show validity = 3 (1)/J, with J.(I) being the critical current for théth
of the charging mechanism. Section IV is devoted to thgynction. The timet is normalized by the inverse of the
conclusion. plasma frequencyw,=(2e/%)(4mDJ./€), with € being
the dielectric constant of the insulating layer. The voltage

Il. JOSEPHSON-JUNCTION STACKS V(l) is normalized byVo=%wy/2e. The parameteid is

ngiven by B=aV,/JD. In this paper we assume

In this section we summarize the multi-Josephso
junction model of highF . superconductor: Let us consider
theN+ 1 superconducting layers, numbered from \NtdVe
denote the gauge-invariant phase difference of thel()th
andlth superconducting layer by(l), and voltage by/(1).
The widths of the insulating and superconducting layers ar
denoted byD ands, respectively. At the edges, the effective

jc(l)=1for alll, 2

for simplicity. The relation between the time derivative of
ghases and voltages at junctions is given by

N ’
width of the superconducting layer may be extended due to 19 H=3 A v(’) 3
the proximity effect into attached lead metals. The widths of w, t O = TV,
the zeroth andNth superconducting layers are denotedspy
andsy, respectively. The matrixA is given by
s
1+a|l 1+ — —a 0
So
—a 1+2a —«a 0
A= 0 —a 1+2a —a O , (4)
s
0 —a l+all+—
SN
|
where 4 72 hc d
<N Ao o2 )
2
at s (5)  the current conservation law leads to
sD’
21 aA +)\‘2aA—O 8
with «? being given by the relation between the charge den- mocao gzt
. . 9
sity and scalar potential, as under the condition
2 2
B h 9 -2 1 i -2 i —
Amp=—p 2<Ao+2—ea¢>), (6) w (Cm MGz 270 ©

The gauge conditio(8) is called the phason gaudgand is
where ¢ is the phase of the order parameter defined on theletermined in such a way that the response of the current and
superconducting layer. In the present analysis, we assuneéharge to the space-time variation of phase appears in a
that the current flows only along theeaxis, say, the direc-  gauge-invariant form. It is shown in Ref. 13 that a nonequi-
tion. Since the current, in superconducting layers is given librium effect caused by the tunneling current induces the
by dissipation effect in. 2. Since the superconducting layer is
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thin, the current also receives effects from boundaries beBy considering the expressianin Eq. (5), we replacex by
tween superconducting and insulating layers, which may also
work as dissipation to the superconducting current. When the
effect of thed-wave superconductivity is considered, one
also expects certain dissipation due to the presence of the
gapless region. Such effects have not been studied much ystith o being given by Eq(5) replacingu? by ,uS. From
Then we introduce phenomenologically the dissipation in &qgs.(1) and(3), we have

superconducting layer in a Lorentz form as

a—a(l-iwT), (12

L, o, 1 10 1§2I—ZA+A aJ.l,. |
A et w_,z)?go()_v Ao g Jje(")sine(l”)
This corresponds to the following phenomenological form of 1 9
charge relaxation: -B— —o(l), (13
w, Jt
g 1 o’ A hoo "
aP~ 7 pt A 0+2_e Fragis (11 whereA is the matrixA in Eq. (4) andA; is given as
s
a(l—l——) —a 0
So
—«a 20 —a O
A= 0 —a 2a —a O . (14
s
0 —a a|l+t—
SN

As the above derivation shows, the charging effect at sSUBSCCO was estimated in Ref. 11 as#<3 and, by use of
perconducting layers is the main mechanism inducing the=25 for La,_,Sr,CuQ,, the value ofa=2.7 was obtained.
interlayer coupling through the electromagnetic interactionThere is a discussion thatfor BSCCO may be smaller, and
when the spatial homogeneity in theb plane is satisfied. A from a microscopic theoryq is estimated to be a much
charge at a superconducting layer modifies electric fields ismaller value of 0.2° Also it was reported that the equal
the neighboring insulating layers, and the change of electrispacing ofl -V branches observed in experiments of BSCCO
fields affects the time derivative of phase differences. Phois reproducible, with a smaller choice of<1 2! Here we
non effect considered in Ref. 8 may be introduced throughuse a typical valuer=1.0.
the frequency dependence of the dielectric constéamthich By the use of Eqs(3) and(1), the relation for obtaining a
is not considered in this paper. Equatid8) means that the voltage for each junction is written as
dissipation in the insulating layer works as a damping of
phase motions at each junction, and that the dissipation in the 19 V()
superconducting layer works as a damping of the relative Eq’(l):; {(A_T'BAl)”’V_O
phase motion. In the next section, we present results obtained

by numerical simulation of Eq13). LA
TR

J
J—C—ic(l’)sinso(l’)H- (15

IIl. RESULTS OF NUMERICAL SIMULATION The average of voltagg(l) are given by

We have performed numerical simulations of Etg) by
use of the fifth order of the predictor corrector method. In all V(= f axdtV(I). (16)
calculations, we choose the parameters1.0, 3=0.2. The Tmax— Tmind Thin
time stepdt is chosen as,dt=1.0x10"3. _
The parametep is related to the conductivity of the in- 1Ne total dc voltagé/ are obtained by
sulating layer. Although it works to lead a system into a N
stationary state and determines the slope oflthvecharac- _N' v
weristios. (Y : v=> V(). (17)
eristics, its effect to a scheme of hysteresis jumps is not =1
sensitive in this parameter range. The parametgtays an
important role in determining hysteresis branches due to In Fig. 1, -V characteristics are presented fdr=10,
nonlinear effects among phase differences. The valueiaf  sy/s=sy/s=2, Tw,=0.1. The current) is gradually in-

Tm
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FIG. 1. |-V characteristics. Parameters are1.0, 3=0.2, N
=10, sp/s=sy/s=2.0, andw,7=0.1.

creased with the stegpd/J.=0.01 up toJ/J.=2.0, and then W

gradually decreased. THeV curve shows the jump a/J
=1.0 and, after two jumps, it linearly increases upJ{d. 2 4 6 8 10
=2.0. In the current decreasing process, there appear three {-th junction
jumps when the current becomes smaller thah.=0.4.

In Fig. 2, we show the branch structure in th& char-
acteristics corresponding to Fig. 1. This is obtained by de
creasing the current when a jump occurs in the current in
creasing process, and by increasing the current when a jump
occurs in the current decreasing process. It should be notdihase-rotating junctions is two for the voltage lines labeled
that the positions of jumps labeled by 1 and 5 lie on the sam®Y 1 and 5, four for 2 and 4. Lines 1 and 5 show the same
branches, while the positions 2 and 4 are close but lie on theattern of voltage distribution and therefore form the same
different branches. branch in Fig. 3, while lines 2 and 4 show a different pattern,

In order to understand this branch structure, we show, ithough the number of the phase-rotating junctions are the
Fig. 3, the voltage distributions on each junction just aftersame.
the jumps. Figure @) is for the current increasing process  With this analysis, we see that the hysteresis jumps are
and Fig. 3b) is for the current decreasing process. For theassociated with the change of the distribution pattern of ro-
line labeled 1, two junctions at the edges have higher volttating phase motions. If thigh junction has a rotating phase,
age. The solution shows that the phases with higher voltages
increase approximately linearly in time, corresponding to the
phase-rotating motion, while other junctions have oscillating
phase motions. In fact, when the time averagéfl)/dt is
plotted in Fig. 4, junctions with rotating and oscillating
phases are clearly identified. As can be seen in Fig. 3, the
number of junctions with rotating phase increases as 2, 4,
and 6 due to the symmetric arrangement. The number of

V(IVy

5]
T
1

FIG. 3. Voltage distribution. Parameters a#e=1.0, 5=0.2,
N=10, sy/s=sy/s=2.0, andw,7=0.1. () is for increasing cur-
rent, and(b) is for decreasing current.
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‘ FIG. 4. Average (1b,)(d¢/at) distribution. Parameters are

FIG. 2. -V characteristics and branch structure. Parameters are=1.0, 8=0.2, N=10, sy/s=sy/s=2.0, andw,7=0.1. (a) is for
a=1.0, 8=0.2, N=10, sp/s=sy/s=2.0, andw,7=0.1. increasing current, angb) is for decreasing current.
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FIG. 5. Slopen vs the number of rotating phashig . Slopen is -k LD ) L
defined byBV/Vy=nJ/J.. Parameters are=1.0, N=10, sy/s ©
=sy/s=2.0. Small dots correspond to all possible patterns, while i
larger circles are with restrictions presented in the text. L5F 7]

0

the time average af(l)/dt is constant and that of dia(l)] =1
is zero. If thelth junction has an oscillating phase, the time
average ofip(l)/dt is zero and that of sfip(l)] is constant. 05F
Let us consider thatlgx(=0) junctions have rotating phases.
Considering the above facts, we can obtain the equation t¢ ¢
determine the voltage-current relation from the time average

1o 1 . 1 ., 1 PR I |
0 20 40 60 80 100 0 20 40 60 80 100

of Egs.(1) and(13) as V/V, VIV,
\Y J . . FIG. 6. |-V characteristics and branch structure for a finite stack.
’BV_O_N\]_C_Z0 c(lo){sine(lo)), (18) Parameters are=1.0, =0.2, N=10, so/s=sy/s=2.0.(a) w,7
=0.0 without noise(b) w,7=0.1 without noise(c) w,7=0.0 with
' ' J noise, andd) w,7=0.1 with noise.

2 Agicl)(sing(lg) =allo) 7, (19

I¢ ¢ . .

0 for Nr=4, andn=38.59 forNg= 6. What stability conditions
where(- - -) indicates time averagé, andl are the labels should be imposed in addition to Eq48) and(19) is still an
of junctions with oscillating phases, open question.

In order to see how the scheme of hysteresis jump
changes with various conditions, we show, in the following,
structures of branches iV characteristics. In these analy-

. - . . ses, the current is increased upJid.=2 and decreased to
As is shown in Fig. 3, even if the number of phase—rotatlngzero_ Branches are picked up whecn a voltage jump occurs.

junctions is same, slightly different branches are formed acg':igure 6 is for finite junction stack=10, and sy=sy

pordlng to the pattern of distribution of rotating phases. Th§1:2_0 is chosen. The parameters are 1.0, 8=0.2. In Fig.
is, branches are grouped by the number of phase-rotatlng . _ . . . _
. ) - O . (a) is for w,7=0.0 without noise,b) is for w,7=0.1
junctionsNg and different patterns of distribution of phase- . L Pe - . . pe,
L . i ; -~ _without noise,(c) is for w,7=0.0 with noise, andd) is for
rotating junctions lead slightly shifted branches. Equations . ) p T
: w,7=0.1 with noise. The noise is introduced through the
(18) and(19) are solved in a form P . S
small randomness of the time derivative of the phase at each
vV J time step,8((1/wp)[de(1)/at])=1.0x10"*. Figure 7 is for
V.o Ny (21) N=10 with the periodic-boundary condition. Figur€a)is
0 ¢ for w,7=0.0 without noise,(b) is for w,7=0.1 without
In Fig. 5, we presenh versusNg, the number of rotating noise, (¢) is for w,7=0.0 with noise, andd) is for w,7
phases. The small dots are for all possible patterns. The edge0.1 with noise.
junctions mostly rotate, and rotating phases have mostly os- When a noise is introduced, possible patterns are not nec-
cillating phases in the next neighbors. Taking into accounessarily symmetric, so that the number of branches increased.
these facts, we have the larger circles with the restrictionsn addition, an instability to cause a hysteresis jump is easily
(1) pattern is symmetrig;2) two edges have rotating phases, enhanced. The effect of also enhances hysteresis jumps,
and(3) there are no patterns with more than three successiwwhich may be understood from the fact that it works as
rotating phases. From the figure we can see that branchelamping of the relative motion. Specifically, it enhances hys-
appear roughly with equal spacing but that those at higheteresis jumps in the current increasing process.
voltage distribute more densely. In the numerical simulation, In the periodic cases, this tendency is more enhanced as
it seems that only special patterns are realized. The simulatazhn be seen from comparison with Figaj7and others. In a
result in Fig. 2 gives1=3.21 forNg=2, n=6.21 and 6.47 long stack, where surface effects are less, we can say that the

a(l)=l+ai, a(N)=l+ai, a(l)=1. (20
So N
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process, we assume that the critical currdptare reduced at
the edges. We choos&.=0.47 meV, since the numerical
analysis shows that thk is situated roughly at the middle of
T the second branch. From the data, we hdy®)/J.=0.4,
J.(N)/J.=0.9, andJ.(1)/I.=1.0. The parametes is cho-
. sen 1.0, by assuming=6 A, D=6 A, u=2 A, ande
=10. In Ref. 22, it is reported that the longitudinal plasma
. energy is of order of 0.5 meV. The#, is 0.25 meV. Thes
is estimated from branch 4; that is, branch 4 has four rotating
4 phases and is on the line passihg0.9 mA, V=60 meV. In
Eqg. (21) we choosen=6 from the result of Fig. 5, an@ is
estimated ag=0.05. Since we do not want to introduce any
other parameters, we sgf/s=1.0, sy/s=1.0. The param-
' eterw,7 is chosen as 0.5, which is obtained by trial and error
i to produce as many branches as possible. For example, if we
set 7w,=0.0, jumps to branches 3, 5, and 6 do not occur.
The inset is from Ref. 7. The labels of branches correspond
to those in the inset. The numbers in the brackets indicate the
number of rotating phases. The valueslpét which hyster-
esis jumps occur, fit very well with experimental values of
the inset. Hysteresis jumps are induced when certain insta-
. bility develops in the nonlinear equation of E43). Though
each junction, except for ones at edges, has the sema
. critical J for each branch is different and is controlled mainly

V/VO V/VO

s 1 o 1 4 1 4 1 P T R B Y n Ci
020206080100 020206080100 by a. The agreement of this criticdlvalues observed in Fig.

8 supports the validity of the present charging mechanism. In
Fig. 8 branch 6 in the increasing current is short. How hys-
teresis jumps occur depends on the effects of the distur-
stack. Parameters ae=1.0, 8=0.2, N=10, s/s=sy/s=2.0. bances. There may be.(_:ertain qther noises to make the de-
(8 wp7=0.0 without noise,b) w,r=0.1 without noise(c) w,7 ~ VEIOPMent of instability easier, depending on  the
=0.0 with noise, andd) w,7=0.1 with noise. experimental setup. In decreasing current, there are a few
discrepancies. In numerical calculation, the/ curve is

traight, while the experiment shows a curvature. In addition,
he positions of the jumps are different. Such discrepancy
may relate effects ofl-wave superconductivity, such as the
presence of the quasiparticle tunneling, for example, but it is
geyond the discussion of the present work.

VIV, VIV,

FIG. 7. |-V characteristics and branch structure for a periodic

dissipation effect in the superconducting layer or noise pla
an important role in inducing hysteresis jumps.

In Fig. 8, we present the comparison with our numerical
result and the experiment of Ref. 7. We chodée 8 from
their arrangement of the sample. In order to explain the larg
extension of hysteresis branches in the current increasing

IV. CONCLUSION

[ |6 F—T—T—T - L In this paper we have studied theV characteristic
1.8'A%:‘2‘:T=4,2K 6/ . branches in highF, superconductors by the multilayered
1.6 '_é T+ /- 74) ] Josephson-junction model. We have shown that the charging
TL=08F 53 4 ] 6(7) . effect in superconducting layers causes an interlayer cou-
06, 2. p g ay Y/
L4r 8~‘2‘ ;//’ 1 56 y y pling among phase differences and that hysteresis jumps are
[ i induced as a result of nonlinear effect among phase differ-
1.2 0 20 40 60 80 100
_ : V(mV) N=8 1 ences. The appearance of hysteresis branches is intrinsic in
é 1 i o=1.0 7 high-T. superconductors. In this aspect, we note the experi-
= 08k 4 B=0.05 i mental report that, even in a sample with negligiblenho-
i 33 1®,=0.5 1 mogeneity, a branch structure is obsertd.
P
0.6 _'1(1)2(2) / $p/s=1.0 ] Due to the weak interlayer coupling arising from the
0.4} / sn/s=1.0 . charging effect, equations for phase differences form a non-
o2k {;=_0(-)4275m‘§7 I linear coupled differential equation. Its solution is classified
) o=-comy ] by the number of rotating phases. The change of its number
0 2'0 . 4'0 . 6'0 . 8I0 . 1(')0 . 150 . 1:10 occurs intrinsically in this nonlinear equation, which leads to

the formation ofl-V characteristic branches. Although the
V(mV) n_um.ber.of rotating p_hases is the same, different patterns of
distribution of rotating phases lead to slightly shifted
FIG. 8.1-V characteristics. Inset is reproduced from Ref. 7. Thebranches. Which patterns are more easily realized among
labels of the branches are identified with those of the inset. Thénany possible patterns is still an open question and a future
numbers in the bracket are the numbers of rotating phases. problem.
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In this system, the resistive dissipation in the insulatingtivity with a single component. Therefore, the main conclu-
layer works as a damping of phase motion in each junctiosions in the present paper are not modified. As was pointed
and the dissipation caused by the charge relaxation in supesut in the text, thed-wave superconductivity gives, due to
conducting layers works as damping of relative phase mothe presence of a gapless region, an additional contribution
tions. The effects of dissipation, noise, and surface proximityg dissipation in superconducting layers and an additional
to structure of hysteresis jumps IRV characteristics are quasiparticle tunneling current even in the low-voltage re-

investigated. The dissipation in superconducting layer angjion. Effects of such contributions may be interesting future
noise enhance the occurrence of jumps in both increasingroblems.

and decreasing current.

We have presented the comparison with the experiment in
Fig. 8. The agreement of the criticdlfor each hysteresis
branch shows the validity of the charging mechanism as the
origin of the interlayer coupling. This work was supported by Special Research Grant in

Finally, we comment on effects of ttetwave supercon- the Faculty of Engineering, Seikei University. One of the
ductivity. The fact that the Josephson current is given by theuthors(F.W.) was supported by an Ikuei scholarship in Ja-
phase difference is not modified in tdevave superconduc- pan.
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