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Quasiparticle scattering at helium surfaces: A microscopic theory
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We study the scattering of quasiparticles and atoms at the free surface of superfluid4He atT50 K. As a
starting point we take Beliaev’s formalism in a real-space formulation and derive equations of motion for the
elementary excitations valid in bulk helium, through the surface and the vacuum. We solve the equations
numerically for the wave functions, from which we calculate the currents associated with the atoms, phonons,
and rotons. These are then used to calculate the probabilities of all the possible one-to-one surface scattering
processes. Results are presented for a wide range of energies, both for normal incidence and oblique incidence.
The quantum evaporation results for fixed angles of incidence are used in experimental simulations which
calculate the angular dependence of evaporated atom signals and these are compared with experimental data.
@S0163-1829~99!05929-9#
or

u
ct
6

f
fre
a

d
pr
l i

p
a
r

en

-
t
pr
b
fa
p

on
e
a

on

the
se

,

o-
ot

ey
hey

tud-
, the
an-
ble
Ed-
-
lts
ur-
t of
wed

y
r of

rgy
can-
her
-
led

nd
er,
I. INTRODUCTION

Ever since the experiments of Johnston and King,1 there
has been a lot of interest in the subject of quantum evap
tion from superfluid4He. Johnston and King1 measured the
velocity distribution of atoms evaporating from the free s
perfluid surface and reported that the vapor had a chara
istic temperature of 1.6 K higher than the temperature 0.
of the superfluid. Anderson2 and Hyman3 independently pro-
posed that the result could be explained if the mechanism
evaporation, i.e., the conversion of quasiparticles at the
surface to atoms, were a one-to-one process. Anderson
pointed out that this quantum evaporation process shoul
the dominant one since the phase space available for
cesses involving more than one final state is very smal
comparison.

Over the years, quantum evaporation and the reverse
cess of quantum condensation have been the subject of m
studies, both experimental and theoretical. Seve
experiments4–9 have investigated the interactions betwe
the bulk quasiparticles~phonons,R2 rotons, andR1 rotons!
and the free superfluid4He surface giving rise to evapora
tion. The time of flight experiments of Baird and Wyat5

gave direct experimental evidence that the evaporation
cess is a quantum process. They produced phonons in
helium by generating minute heat pulses beneath the sur
and detected signals due to evaporated atoms in the va
Analysis of the results showed that some of the phon
produced travelled ballistically to the surface where th
ejected atoms on a one-to-one basis. Wyborn and Wy7

established that, together with the energy conservation

\v2um0u5
\2k2

2m
, ~1!

where\v is the energy of the bulk quasiparticle and lies
the phonon-roton energy spectrum,m0 (527.16 K) is the
chemical potential and\2k2/2m @k5(Q,ka), whereka is the
PRB 600163-1829/99/60~5!/3465~11!/$15.00
a-

-
er-
K

or
e
lso
be
o-
n

ro-
ny

al

o-
ulk
ce
or.
s

y
tt

component of the atom wave vector normal to the surface# is
the kinetic energy carried off by the evaporated atom,
momentum\Q parallel to the surface is conserved becau
of the translational symmetry of the problem.

While quantum evaporation by phonons andR1 rotons
has been confirmed by experiments5 over fourteen years ago
evaporation by the negative group velocityR2 rotons has
only recently been observed experimentally.10 This has been
attributed to the inability of the conventional heater to pr
duce R2 rotons. Despite an ingenious method which g
around the need for the heater to produceR2 rotons, Wyborn
and Wyatt11 failed to observe quantum evaporation—th
did observe a strong atom signal at the right place, but t
no longer stand by the analysis of the results.10 Production of
R2 rotons in the recent experiments10 has been achieved
using a ‘‘cavity’’ heater.

Despite the considerable success of the experimental s
ies on quantum evaporation and quantum condensation
probabilities of the different surface scattering processes c
not be determined experimentally using the present availa
techniques. One notable exception is the experiments of
wards et al.12 who measured the reflectivity of atoms im
pinging on the free surface from the vapor. Their resu
showed that the probability of atoms reflecting from the s
face is very low, but rises to 1 as the normal componen
the atomic wave vector tends to 0. The results also sho
that most of the reflections are specular~i.e., elastic!. Ech-
enique and Pendry13,14attempted to explain these reflectivit
results in terms of the incident atoms coupling to a showe
quantized surface tension waves~ripplons! via the surface
van der Waals potential, thereby losing most of their ene
to the ripplons before penetrating the surface and hence
not create any quasiparticles in bulk. However, in anot
series of experiments Edwardset al.15 showed that the one
to-one conversion of atoms to bulk states cannot be ru
out. Further Edwards and Fatouros16 showed that a much
better fit to the reflectivity results than that of Echenique a
Pendry can be obtained by neglecting ripplons altogeth
3465 ©1999 The American Physical Society
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and Swanson and Edwards17 predicted that the probability o
not exciting any ripplons is quite high.

In contrast to the experimental successes, there has
relatively little quantitative theoretical work on the physic
processes involved. The qualitative features of the phys
processes involved can be understood on the basis of
surface acting as a strong, but elastic, scattering region w
promotes mode conversion for quasiparticles and, on abs
tion, allows the helium atom to excite all the available qu
siparticle channels. Together with the constraints imposed
the basic conservation laws, this approach can go a fair
towards qualitatively interpreting the experimental da
What is required for quantitative work is amicroscopic
theory of the dynamics of the helium surface scattering. I
clear that such a theory has to take into account~i! the non-
locality of the He-He interaction,~ii ! the change in the prop
erties of the condensate through the surface region, and~iii !
the finite width of the surface. We include all these in t
present study.

Although a great deal is known about the ground state
thermodynamic properties of both the bulk and the surf
liquid helium, the problem of the scattering of bulk excit
tions at or through the surface has not received a lot of
tention. As mentioned above, Echenique and Pendry13,14 and
later Edwardset al.15 studied the problem of the surface sca
tering in helium on the basis of ripplon interactions. Car
et al.18,19 attempted a microscopic approach, but were o
able to discuss the qualitative features of the transmis
associated with a multichannel system. Sasaki
Kunimasa20 looked at the interface scattering problem with
semiempirical coupling model. In all the above, however,
structure of the surface was largely ignored. Oth
studies3,21,22 used a perturbation method in which, contra
to experimental evidence,12 the quasiparticles are weakl
coupled to the atoms. Further, since the liquid and the va
are comprised of the same material, the distinction betw
liquid and vapor operators made in these tunnelling Ham
tonian approaches is not appropriate. Maris23 used an ‘‘adia-
batic’’ model and found that quasiparticles~phonons and ro-
tons! with energies between the roton minimum energyD
;8.7 K and the maxon energyDm;13.9 K do not evaporate
atoms, whereas experiments6,24 show thatR1 rotons with
these energies do contribute to quantum evaporation.

The microscopic theory of Mulheran and Inkson predic
scattering rates for all the one-to-one surface process25

They wrote down an equation for the inhomogeneous4He
system which they solved in a local density approximati
They found solutions to the local-density-equation using
Wentzel-Kramers-Brillouin~WKB! formalism. They took
the difference between the exact interaction term and
local-density-interaction as a perturbation potential and,
ing a first-order perturbation theory expansion, calculated
matrix elements, and hence the probabilities, for the vari
transitions between the quantum states associated with
WKB solutions. Their results were in broad agreement w
experimental observations, but were, however, restricte
normal incidence (Q50Å21).

Dalfovo and co-workers26–30have recently produced sca
tering rates for the surface processes using a linearized
sity functional theory with their phenomenological ‘‘Orsa
Trento’’ density functional. They gave results for bo
en
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normal incidence and oblique incidence. In particular th
found thatR2 rotons evaporate atoms only at energies a
parallel momenta which exclude phonons from the surf
scattering processes, a result which is in contrast with
recent experiments of Tucker and Wyatt.31 They also found
that the probabilities do not depend on the angle of incide
of the incoming excitation.

The present study removes the WKB and norm
incidence restrictions in the Mulheran and Inkson25 theory.
We neglect inelastic processes and assume that all the
siparticles are stable and travel ballistically. We investig
the one-to-one scattering processes at bulk energies\v cov-
ering the range from just above the binding energyum0u
57.16 K to energies higher than the maxon energyDm
;13.9 K. Preliminary results have been reported earlier.32,33

The paper is organized as follows. In Sec. II, we pres
the method we use and derive the equations of motion;
solutions to the equations are presented in Sec. III. We
give our calculated scattering rates, both for normal in
dence and oblique incidence~for both fixed parallel mo-
menta and fixed angles of incidence! and compare them with
those published and those from experimental simulatio
We conclude in Sec. IV with some remarks and discuss so
possible future work.

II. FORMALISM

The low-temperature properties of bulk superfluid4He are
well understood, at a phenomenological level, in terms
Landau’s picture of a weakly interacting quasiparticle gas
phonons and rotons. At a more microscopic level, one ha
take into account the coupling between the condensate
the elementary excitations and use field-theoretic analy
built on the fundamental role of Bose-broken symmetry—
superfluid phase coincides with the appearance of a ma
scopic wave function. This approach was initiated by t
work of Bogoliubov.34 Beliaev35 and, a year later, Hugen
holtz and Pines36 formulated it in a systematic way. In thi
study we adapt Beliaev’s microscopic theory to the inhom
geneous problem of quasiparticle scattering at the free
face of superfluid4He.

Beliaev’s theory for the bulk superfliud uses many-bo
Green’s function techniques to study the properties of
quasiparticles of the system. It is based on Bogoliubov’s
sumptions that the condensate~the state of zero momentum!
is macroscopically occupied and that the excited states
dominated by scatterings involving two condensate partic
With these assumptions, Beliaev found that the Feynm
diagram equations@see Fig. 1~a!# for the system contain thre
irreducible self-energy diagrams~which stem from the inter-
action of particlesnot in the condensate with those in th
condensate!. S11 is the sum of all self-energy diagrams wit
equal numbers of incoming and outgoing condensate li
~dotted lines!; S02 is the sum of all self-energy diagrams
which the number of incoming condensate lines exceeds
number of outgoing ones by 2, whileS20 has two more out-
going condensate lines than incoming ones. These s
energies have to be inserted in the equations in such a
that the total number of particles (condensa
1noncondensate) are conserved. The superfluid4He system
has two propagatorsG(k,v) andF(k,v): the usual single-
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particle Green’s functionG(k,v) and the ‘‘anomalous’’
Green’s functionF(k,v), which describes the effects ass
ciated with a quasiparticle propagating in a correlated s
tem.G0(k,v) is the free-particle Green’s function.

The top equation forG can be split into two equation
@see Fig. 1~b!# by the introduction of a ‘‘normal state’’ inter
mediate Green’s functionGn(k,v) ~see, for example
Pines37!. In the low-density~Bogoliubov! limit, the first-
order diagrams for the irreducible self-energies give

S115rV~0!1rV~k! and S025S205rV~k!,

where V(k) is the Fourier transform of the helium-helium
potential andr the condensate density.G and F then have
poles at\v56EB , whereEB is the Bogoliubov spectrum34

EB~k!5F\4k4

4m2 12r
\2k2

2m
V~k!G1/2

. ~2!

From Fig. 1~b! in real space one can write down the equ
tion of motion in this limit as

F\v2m~r !1
\2

2m
¹2Gf~r !2E

2`

1`

S~r ,r 8,v!f~r 8!d3r 850

~3!

for the ‘‘particle-hole’’ wave functionf~r ! valid in bulk,
through the surface and in the vacuum. The functionm~r !,
defined at the end of this section, changes from 0~in bulk! to
um0u ~in the vacuum! across the surface andm0 is the con-
densate chemical potential. The central feature of this eq
tion is the self-energy

FIG. 1. ~a! Feynman diagrams for the superfluid helium syst
@after Beliaev~Ref. 35!#. ~b! Alternative way of constructing the
diagram forG using an intermediate ‘‘normal state’’ Green’s fun
tion Gn ~see, for example, Pines37!.
s-

-

a-

S~r ,r 8,v!5Ar~r !r~r 8!V~r2r 8!

1Ar~r !r~r 8!E E
2`

1`
Ar~r1!V~r2r1!

3Gn~r12r2 ,2v!V~r22r 8!Ar~r2!d3r1d3r2 ,

where Gn(r ,v) is the ‘‘normal’’ Green’s function.37 The
self-energy is a function of the condensate densityr~r ! and
the nonlocal helium-helium interactionV(r2r 8). The
‘‘hole-particle’’ wave function c~r !, associated with the
Green’s functionF, is obtained from the correspondin
equation forF in Fig. 1~a! as

c~r !5Ar~r !E E
2`

1`

Gn~r2r 1,2v!

3V~r12r 8!Ar~r 8!f~r 8!d3r1d3r 8. ~4!

The ‘‘hole-particle’’ wave functionc~r ! is necessary to cor
rectly describe the effects associated with a quasipart
propagating through a correlated system. In the bulk, al
the lower part of phonon branch of the excitation spectr
c(r )5O@f(r )#; c(r )5o@f(r )# along the roton branch
~near the roton thresholdD;8.7 K) and c(r )˜0 at very
high \v@D. In the vacuum,c~r ! vanishes identically.

In deriving the above equations, we have allowed the c
densate densityr~r ! to vary with position so that Eqs.~3! and
~4! may be used to tackle the general inhomogeneous p
lem such as the free surface. We do not attempt to solve
the density variation, but rather use this as an input to
calculation. To solve for the density variation would requ
a solution to the ground state problem. This is both com
cated and difficult and not relevant to the immediate probl
we are considering. Deep in bulk the density has the valu
bulk superfluid condensate, i.e.,r5const, and high above
the surface it has the vacuum valuer50. Equation~3! has
the expected limits—in bulk it is the Schro¨dinger equation
for the quasiparticles~of energy\v! and in the vacuum it is
the Schro¨dinger equation for the free atom~of energy\v
2um0u).

From the diagrams in Fig. 1~a!, one can also write the pai
of coupled equations

F\v2m~r !1
\2

2m
¹2Gf~r !2Ar~r !E

2`

1`
Ar~r 8!V~r2r 8!

3@f~r 8!1c~r 8!#d3r 850,

F2\v1m~r !1
\2

2m
¹2Gc~r !2Ar~r !E

2`

1`
Ar~r 8!V~r2r 8!

3@f~r 8!1c~r 8!#d3r 850 ~5!

for f~r ! and c~r ! as an alternative to Eqs.~3! and ~4!. We
note that the above equations have the appearance of
body Schro¨dinger equations with a nonlocal potential, r
flecting that this is a many-body problem. Again in derivin
these equations, we have allowed the condensate dens
vary with position.

Because of the symmetry of the problem, the density p
file r~r ! depends only onz, the component ofr5(R,z) nor-
mal to the interface, i.e.,r5r(z). We give the quasiparticles
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a momentum\Q parallel to the surface. Since the eleme
tary excitations conserve the planar symmetry, the para
momentum is conserved and we can look for solutions of
form

f~r !5eiQ•Rf~z! and c~r !5eiQ•Rc~z!,

whereR5(x,y). This reduces Eqs.~3! and ~4! to the one-
dimensional equations

F\v2m~z!2
\2Q2

2m
1

\2

2m

d2

dz2Gf~z!

2E
2`

1`

S~z,z8,v,Q!f~z8!dz850 ~6!

and

c~z!5Ar~z!E E
2`

1`

Gn~z2z1 ,2v,Q!

3V~Q,z12z8!Ar~z8!f~z8!dz1dz8, ~7!
o,
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respectively, and the coupled equations~5! to

F\v2m~z!2aQ21a
d2

dz2Gf~z!2Ar~z!

3E Ar~z8!V~Q,z2z8!@f~z8!1c~z8!#dz850,

F2\v1m~z!2aQ21a
d2

dz2Gc~z!2Ar~z!

3E Ar~z8!V~Q,z2z8!@f~z8!1c~z8!#dz850, ~8!

wherea5\2/2m. We assume that the interaction is the sa
as in bulk helium and use the effective potential of Bruec
ner and Sawada.38 The Brueckner potential gives a good
to the experimentally observed quasiparticle excitation sp
trum in bulk when used with the Bogoliubov spectrum~2!
and keeps the non-locality of the He-He interaction. T
Brueckner potential takes the form
V~Q,z2z8!5
V0

p E
0

1` sina0AQ21q2

AQ21q2
cosq~z2z8!dq

5H ~V0/2!J0~ uQuAa0
22~z2z8!2! for uz2z8u<a0 ,

0 otherwise,
pa-
ties

en-
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whereJ0 is the Bessel function of the first kind of order zer
reflecting the cylindrical symmetry associated with the tra
lational symmetry of the problem.V0517.0 K Å21 and a0
52.26 Å.38 For normal incidence,Q50Å21, the potential
reduces to the top hat potentialV(z2z8)5V0/2 for uz2z8u
<a0 and 0 elsewhere.

The variation of the chemical potential is described
m(z)5um0u f (z). The choice off (z) is required to model the
change inm across the surface. We have used both the fo
f (z)5@12r(z)# and f (z)5(2na0)21 ln$@11expn(z
1a0)#/@11expn(z2a0)#% ~with n chosen to give a sharpe
change than the first form!; both forms give comparable re
sults. We use a Fermi function for the surface profiler(z).

III. SOLUTION OF THE EQUATIONS AND RESULTS

To calculate the wave functionsf(z) andc(z), we either
solve the full equation~6! numerically for f(z) and then
evaluatec(z) from Eq. ~7!, or numerically solve the pair o
coupled equations~8!. In either case, we do this in a box o
size 2L (z52L2s to z5L2s, with the surface centered a
z50 and with bulk helium inz,0); we look for ~real!
standing wave solutions. We take the surface to have a
10 % width of 6.5 Å which is within the accepted experime
tal estimate.39 Depending on\v and\Q, one or more qua-
siparticles may be excluded from the surface scatte
processes by conservation of energy and momentum par
to the surface, but there are normally insufficient constra
-

s

s

–
-

g
llel
ts

to solve for the general solution given particular system
rameters. To calculate the various scattering probabili
therefore, we always need several solutions at the same
ergy and parallel momentum. These are obtained by kee
\v and\Q fixed and solving the equation for different va
ues ofs.

To illustrate the process of obtaining the scattering para
eters from the numerical solutions, Figs. 2~a! and 2~b! show
the calculated wave functions~solid lines! at \v512.3 K,
uQu50.75 Å21. At this parallel momentum, simple conse
vation of energy and momentum shows that atoms canno
emitted for\v,10.6 K and phonons are excluded from th
surface processes for\v,12.8 K. At the energy and paralle
momentum shown, in bulk,f(z) has two Fourier compo-
nentsk2 ,k1 , corresponding toR2 rotons andR1 rotons,
respectively, at precisely the normal wave vectors expec
from the excitation spectrum. In the vacuum it has a sin
componentk5ka in agreement with the value for emitted H
atoms calculated from\v5um0u1\2(ka

21Q2)/2m. f(z)
can be fitted with functions of the form

f~z,0!5 (
i 52,1

f i cos~kiz1u i !,

f~z.0!5fa cos~kaz1ua!,

representing the bulk (z,0) and the vacuum (z.0) limiting
wave functions, respectively.u i ( i 5a,2,1) is a phase. The
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‘‘hole-particle’’ wave functionc(z) can be similarly fitted
remembering that, in the vacuum,ca50. The fits are shown
as long-dashed lines in the figures.

The wave vectorski , phasesu i , ~real! amplitudesf i and
c i ( i 5a,2,1) are extracted from the fits. The amplitud
f i andc i are then used to calculate the currentj i associated
with each quasiparticle or atom from

j i5
1

2
v i

g~f i
22c i

2!,

wherev i
g ( i 5a,2,1) is the group velocity of the elemen

tary excitationi . From these currents we calculate the va
ous scattering probabilities. We do not give details here
they have been fully discussed elsewhere.26,27,32

The scattering probabilities from statei to state j , Pi j ,
have to satisfy the time reversal symmetry conditionPi j
5Pji and, the ‘‘scattering matrix’’ being unitary, the unita
ity condition that

(
i

Pi j 51

for each j . These two conditions provide a useful check
the calculated probabilities. We give below a summary
our calculated probability results. The calculated probab
ties satisfy, to within numerical accuracy, both the tim
reversal symmetry condition and the unitarity condition.

A. Normal incidence

In this section, the elementary excitations are incid
normal to the surface,Q50Å21. For energies\v,D
;8.7 K, the roton minimum energy, only phonons a
present in bulk and the only quasiparticles present at ener
\v.Dm;13.9 K, the maxon energy, areR1 rotons. At en-
ergies between the roton minimum and the maxon all th
bulk quasiparticles~phonons,R2 rotons, andR1 rotons! take
part in the surface scattering processes.

FIG. 2. The wave functionsf(z) ~a! and c(z) ~b! at \v
512.3 K. uQu50.75 Å21. The short-dashed line is the surface pr
file. The surface is centered atz50 (L548 Å ands520 Å). The
long-dashed lines are the numerical fit to the wave functions.
-
s

f
i-
-

t

ies

e

Figures 3, 4, and 5 show, respectively, the calcula
probabilities as a function of bulk energy for the possib
transitions available to atoms, phonons, andR1 rotons inci-
dent to the surface at normal incidence. The results can m
easily be understood in terms of the adiabatic model of M
heran and Inkson.25 In their WKB-based approaches, throug
the surface atom states transform adiabatically into pho
states and vice versa, whereasR2 roton andR1 roton states
form standing waves limited to the condensate. Transiti
between these WKB states take place in the surface reg
This means that an incoming atom primarily condenses a
phonon below the roton minimum but as anR1 roton above
the maxon, andR1 rotons above the maxon and phono
below the roton minimum evaporate. Between the ro
minimum and the maxon, anR1 roton scatters as anR2

FIG. 3. The various scattering probabilitiesPa j as a function of
bulk energy for an atom incident on the surface.D and Dm are,
respectively, the roton minimum energy and the maxon ene
Paa : reflection of a4He atom from the surface,Pap : absorption of
a 4He atom into a phonon mode, andPa1 : absorption of a4He
atom into anR1 roton mode.Pa250.

FIG. 4. The probabilitiesPp j as a function of energy for an
incident phonon.Ppp : reflection of a phonon from the surface
Ppa : evaporation of a4He atom by a phonon, andPp2 : reflection
of a phonon mode into anR2 roton mode.Pp150.
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roton and vice versa and the coupling between the W
states varies according to the overlap between the state
the surface and hence primarily the closeness of the mom
tum values.

The results shown in Figs. 3, 4, and 5 follow very mu
this pattern. The atomic reflectivityPaa is about 0.58 at a
bulk energy just above the binding energyum0u, which cor-
responds to atoms with~normal! wave vectorka˜0, and
decreases rapidly to 0 with energy~Fig. 3!. This is in agree-
ment with the experimental results of Edwardset al.12 The
measuredPaa , however, decreases faster with energy
probably due to inelastic phonon excitation processes.
calculated phonon reflectivityPpp is equal toPaa as a con-
sequence of unitarity and time-reversal symmetry for en
gies betweenum0u and the roton minimumD. It would also
be affected by the inclusion of inelastic processes. The
culated~and experimental! atomic reflectivities are continu
ous across the roton minimumD. These results differ both
quantitatively and qualitatively from those of Stingariet al.28

and Guilleumaset al.30 who found that, at normal incidence
Paa5Ppp50, even at bulk energies just aboveum0u, con-
trary to simple quantum mechanical considerations.

Atoms condense to phonons with probabilityPap;0.42 at
a bulk energy just above the binding energy~Fig. 3!. Pap
increases with energy to a maximum of about 0.9 arou
\v;10.5 K and then decreases monotonically to zero as
energy reaches the maxon energy, the transition toR1 rotons
taking over as expected from the Mulheran and Inks
model.25 The probabilityPpa (5Pap) of the converse pro-
cess of quantum evaporation by phonons has the same
ergy dependence~Fig. 4!. Again these results are in contra
with those of Stingariet al.28 and Guilleumaset al.30 who
found thatPap5Ppa˜1 as\v˜um0u and decrease mono
tonically to zero towards the maxon. The dominant scatter
process for incoming phonons at energies near the maxo
the mode change reflection toR2 rotons, and for incoming
R2 rotons the reverse reflectionR2 rotons to phonons, with
Pp25P2p .

FIG. 5. The transition probabilities for an incidentR1 roton as a
function of energy.P11 : reflection of anR1 roton from the sur-
face,P1a : evaporation of a4He atom by anR1 roton, andP12 :
reflection of anR1 roton into anR2 roton. P1p50.
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For incomingR1 rotons~Fig. 5!, the dominant process a
energies just above the roton thresholdD is reflection asR2

rotons. As the energy of the incomingR1 roton increases to
the maxon, the probabilityP12 of the process decreases
zero. There the main scattering process is the quan
evaporation process, andR1 rotons evaporate atoms wit
almost unit probability.P1a increases to 1 as the energy
the incident roton increases above the maxon, an intui
result—above the maxon the only bulk quasiparticles are
R1 rotons. Similarly atoms with energies above the max
~relative to bulk! condense toR1 rotons with essentially unit
probability ~Fig. 3!.

B. Oblique incidence

1. Fixed parallel momentum

For a given parallel momentum, one or more quasipa
cles may be excluded from the surface scattering process
certain energies by conservation of energy and momen
parallel to the surface. In this paper we discuss parallel m
menta such that phonons do not take part for some range
energies between the roton minimum and the maxon so a
concentrate upon roton effects.

Figure 6 shows the change in the quasiparticle dispers
for a parallel wave vectoruQu50.75 Å21, for a range of
densitiesr to give an indication of the change in wave vect
of the quasiparticles through the surface. The important
pect is the nonmonotonic change in the energy of the pho
minimum with density. This means that effectively there is
surface barrier to penetration by atoms condensing
phonons or phonons evaporating as atoms at this par
momentum of approximately 0.25 K over approximately h
the surface region which, given the high effective mass
the phonon state, is significant. We believe this barrier is
origin of the structure in the probabilities~see below! in this
region. The atom-phonon scattering shows a character
resonance maximum expected for transmission above a
rier which is coupled to enhanced transitions between v
ous channels~Figs. 8,9,10! resulting from this surface reso
nance. The effective surface barrier is reflected in

FIG. 6. The quasiparticle spectrum as a function of the norm
componentk of the wave vector for various densitiesr betweenr
51 ~bulk! andr50 ~vacuum!. uQu50.75 Å21.
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enhanced amplitudes in the surface region of the calcul
‘‘particle-hole’’ wave functionf(z) and the ‘‘hole-particle’’
wave functionc(z) at \v512.5 K, uQu50.75 Å21 shown,
respectively, in Figs. 7~a! and 7~b! ~compare Fig. 7 with Fig.
2!. The phonon threshold at this parallel wave vector isDp
512.8 K.

Figures 8, 9, 10, and 11 show the calculated probabili
Pi j as a function of energy~relative to the zero in bulk! of
the different transitions available to atoms,R2 rotons,R1

rotons, and phonons incident on the free surface with a fi
parallel wave vectoruQu50.75 Å21. As before, the prob-
abilities satisfy both the time reversal and unitarity con
tions, and conservation of energy and parallel momen
exclude phonons from the scattering processes for all e
gies less than the phonon thresholdDp512.8 K. Similarly
there is a cutoff for propagating atom states atDa510.6 K
~relative to bulk!.

One striking feature of the results is the structure in
probabilities Pi j ( i , j 5a,2,1) around the energyDp at

FIG. 7. The wave functionsf(z) ~a! and c(z) ~b! at \v
512.5 K. uQu50.75 Å21. The short-dashed line is the surface pr
file.

FIG. 8. The probabilitiesPa j as a function of bulk energy for an
atom incident on the free surface with a parallel wave vectoruQu
50.75 Å21.
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which the phonon channel opens up on top of fairly smo
trends. This is not an artifact—calculations with other valu
of the parallel momenta show similar structures. Althou
the phonon barrier is the cause, further work on the phys
associated with these features is required.

The atomic reflectivityPaa ~Fig. 8! has the expected be
havior at low energies, i.e., as the normal componentka of
the atom wave vector tends to zero,Paa tends to 1. Further
as the energy of the incoming atom increases, the reflecti
decreases, but, again, we note not as fast as the mea
reflectivity of Edwardset al.12 The general trend is for atom
to condense increasingly asR1 rotons though now all the
three channelsR1 roton,R2 roton, and phonon, play a pa
especially around the phonon threshold. Whereas at nor
incidence atoms do not exciteR2 rotons on condensing, th
probability for the process is finite at oblique incidence, w
Pa2 as large as 0.25–0.3 foruQu50.75 Å21.

For incidentR2 rotons~Fig. 9!, the dominant transition a
energies near the atom cutoffDa is reflection asR1 rotons as
expected. With increasing energy, anR2 roton tends to re-

FIG. 9. The probabilitiesP2 j as a function of energy for an
incidentR2 roton. uQu50.75 Å21.

FIG. 10. The probabilitiesP1 j as a function of energy for an
incidentR1 roton. uQu50.75 Å21.
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flect less as anR1 roton, the dominant reflection being into
phonon at energies approaching the maxon energy. At
lique incidence, the specular reflectionR2 roton toR2 roton
is now possible, withP22 reaching a value just above 0.
around\v512.6 K. The most interesting result, however,
the prediction for quantum evaporation byR2 rotons, with
P2a (5Pa2) as large as 0.25–0.3 foruQu50.75 Å21 and
nonzero even above the phonon cutoff.

That R2 rotonsdo evaporate atoms at energies and p
allel momenta at which phonons contribute in the surfa
scattering processes is in agreement with the recent ex
ments of Tucker and Wyatt31 and in contrast with the resu
of Dalfovo et al.26,27 who reported thatR2 rotons quantum
evaporate only in the phonon-forbidden regions, with
probability P2a droppingdiscontinuouslyto zero across the
phonon cutoff. Our calculations also show that, provided
process is allowed by the conservation laws,R2 rotons
evaporation is more efficient at larger parallel momenta fo
given energy.

For incidentR1 rotons~Fig. 10!, the energy dependenc
of the mode-change reflection probabilityP12 (5P21) and
the quantum evaporation probabilityP1a (5Pa1) is similar
to that for normal incidence. One difference, apart from
structure atDp , is that at oblique incidence the reflectionR1

roton to phonon is now possible (P1pÞ0 for all energy!.
For completeness, we show in Fig. 11 the probabilities

phonon scatteringPpi ( i 5a,p,2,1). As mentioned earlier
for a parallel wave vectoruQu50.75 Å21, phonons are only
allowed in the narrow range of energyDp512.8 K,\v
,Dm;13.9 Å. The probabilities have the same energy
pendence as for normal-incidence, except for reflection
R1 rotons, which now has a finite probability.

2. Fixed angles of incidence

In experiments on quantum evaporation, the bolome
producing the quasiparticles is fixed at a given position
bulk helium and the beam of quasiparticles produced is
limated so that all the bulk excitations are incident to t
surface at the same~fixed! angle. For a fixed angle of inci

FIG. 11. The probabilitiesPp j as a function of energy for an
incident phonon.uQu50.75 Å21.
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denceu i , different excitations incident on the surface ha
different parallel momenta\Q(u i ,\v). We have calculated
the scattering rates for fixed angles of incidence,u i514° and
u i525° to enable comparison of our results with expe
ments.

We plot our calculated probabilities for phonons,R2 ro-
tons andR1 rotons incident atu i514° ~dotted line! andu i
525° ~solid line! in Figs. 12, 13, and 14, respectively. Fro
consideration of the conservation laws, we know that
energies\v less than about 11.5 K there are no phono
with parallel momentum large enough to come in at 25
Similarly R2 rotons incident at 25° cannot evaporate ato
at energies less than the atom cutoffDa(25°) and cannot
reflect as phonons at energies less than the phonon c
Dp(25°), andR1 rotons coming in with energy\v cannot

FIG. 12. The various scattering probabilitiesPp j as a function of
bulk energy for a phonon incident on the surface atu514° ~dotted
lines! and u525° ~solid lines!. D and Dm are the roton minimum
energy and the maxon energy, respectively.

FIG. 13. The various scattering probabilitiesP2 j as a function
of bulk energy for anR2 roton incident on the surface atu514°
~dotted lines! andu525° ~solid lines!. Da(25°) andDp(25°) are,
respectively, the atom and phonon threshold whenR2 rotons are
incident at 25°.D andDm are the roton minimum energy and th
maxon energy, respectively.
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evaporate atoms for\v less than about 11.1 K and cann
excite phonons for\v less than about 13.6 K.

The results show that the calculated probabilities hav
definite angular dependence. In particular, the probab
Ppp of a phonon reflecting as a phonon or the probabi
Ppa of evaporating an atom depends quite strongly on
angle of incidence for energies up to about 12 K~Fig. 12!.
The mode change reflection phonon toR2 roton, however, is
independent of the angle of incidence. One possible ex
nation is that the change in~normal! momentum involved in
this reflection does not depend very strongly on the angle
incidence~for angles and energies such that the proces
allowed!.

Again, for an incomingR2 roton~Fig. 13!, the probability
P2p of the reverse reflection is independent of the angle
incidence, whereas the probability of the incident quasipa
cle reflecting as anR2 roton or evaporating an atom is no
For instance,R2 rotons incident at 25° are at least twice
likely to quantum evaporate than those incident at 14°. T
enormous variation in theR2 roton evaporation probability
comes at the expense of only a 10% decrease in theR2 to
R1 scattering channel. We again note thatP2a is nonzero
for energies\v.Dp(25°) showing that the presence
phononsdoes notinhibit R2 rotons from evaporating atom
in contrast with the result of Dalfovoet al.26,27

The probabilityP1a of quantum evaporation byR1 ro-
tons is independent of the angle of incidence~Fig. 14!, but
the reflectionsR1 roton to phonons and toR2 rotons change
markedly with the angle of incidence.

All the above results differ significantly from those o
Dalfovo and co-workers,30 who reported that their calculate
probabilities do not depend significantly on the angle of
cidence, apart from threshold effects.

There are no direct measurements ofPi j with which to
compare our results. However, our calculated evapora
probabilities have been used33,40 together with experimenta
evaporated atom signal data from time of flight experime
in numerical simulations.

The published experiments inject a distributionni(k) of
ballistic excitationsi in the liquid by pulsing a thin-film

FIG. 14. The various scattering probabilitiesP1 j as a function
of bulk energy for a phonon incident on the surface atu514°
~dotted lines! andu525° ~solid lines!. Dm is the maxon energy.
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heater and, by detecting evaporated atoms, measure the
tive size of the productPia(k)ni(k).8 Recently Tucker and
Wyatt41 have independently measured the distributionnp(k)
of high-energy phonons (\v;10 K) and this has prompted
Williams40 to reanalyze the experiments and to elimina
some sources of systematic error. For high-energy phon
the corrected model, which assumes thatPpa(k) is constant
(;0.3), agrees with the mechanical accuracy of the exp
ments. Use of our calculated phonon evaporation proba
ties Ppa for phonons incident atu i525° ~solid line in Fig.
12! does not change the solid curve in Fig. 15 by a sign
cant amount.40 Finer details,40 however, show that our calcu
lations probably overestimate the phonon-atom probabil
A proper test of our calculated phonon evaporation pr
abilities will require a direct measurement of the evaporat
probability, or a source that generates a much wider pho
spectrum.

There have been no successful attempts to measure
distributionn1(k) of injectedR1 rotons. Brown and Wyatt8

modelled their experiments assuming some thermal distr
tion for n1(k),

n1~k!dk}
kldk

exp~\v/Teff21!
with l52.

This distribution is dominated by the value of the parame
Teff .

40 Figure 16 shows the results of the numerical simu
tions of Williams40 using the evaporated atom signals
Brown and Wyatt:8 the thin lines assume thatP1a51 and
the thick lines uses our calculatedR1 roton evaporation
probabilities~shown in Fig. 14!. The simulations show that
while our calculated evaporation probabilityP1a has the
correct energy dependence~i.e., it tends to 1 as the energy o
the incident roton approaches the maxon energy!, it rises too
sharply with energy—it is too small at lower energies. The
are, at present, insufficient data for atom signals due
evaporation byR2 rotons and, furthermore, the distributio

FIG. 15. The angular dependence of the peak height of the m
sured ~points! and simulated~curves! phonoñ atom signals for
angles of incidence ofu525° ~full circles, solid curve!, 75° ~full
triangles, long dashes!, and 83°~open circles, short dashes!. Each
distribution is normalized to the maximum data point@after Will-
iams ~Ref. 40!#. See also Fig. 6 of Brown and Wyatt~Ref. 8!.
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of R2 rotons produced by the heater is still unknown
enable one to do similar simulations.

IV. SUMMARY AND CONCLUDING REMARKS

We have presented a method for studying the scatterin
quasiparticles at the free surface of superfluid4He. The nu-
merical solutions to the equations of motion for the quasip
ticle wave functions are stable and accurate. The proba
ties Pi j for the one-to-one scattering processes calcula
from the current associated with the wave functions sat
both the time-reversal symmetry and the unitarity conditio

FIG. 16. The angular dependence of the integratedR1
˜atom

signal energy. The angle of incidence isu514°. The signal are
integrated up to 160ms after the start of the heater input pulse. T
points are experiments using two different heater powers,227 dB
~full circles! and224 dB ~open circles!. The curves are simulation
using injected-roton spectra at two characteristic temperaturesTeff

51.0 K ~solid lines! and Teff51.5 K ~dashed lines!. The thin lines
assumeP1a5const and the thick lines use the values reported
this work @after Williams ~Ref. 40!#. See also Fig. 8 of Brown and
Wyatt ~Ref. 8!.
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and can be understood in terms of the change in the natu
the states through the surface region.

In particular, our results show that atoms impinging
the surface have a finite probability of reflecting in the lim
of small atom normal wave vector both for normal inciden
and oblique incidence, in agreement with both experimen12

and basic scattering theory. The probability, however, d
not fall as rapidly with energy as the experiments sugg
and it is reasonable that atom condensation through
cesses such as two-phonon production would reduce
probability at high energies.

The results also show that at oblique incidence all tran
tions allowed by energy and parallel momentum conser
tion requirements take place whereas at normal incide
certain channels are not excited~within our calculation accu-
racy!. For instance, whileR2 rotons do not quantum evapo
rate and atoms do not condense asR2 rotons at normal in-
cidence, these channels open up as the parallel momen
increases. Calculations at energies and parallel mom
which do not exclude phonons from the scattering proces
show thatR2 rotonsdo evaporate atoms in the presence
phonons, in agreement with the recent experiments of W
and Tucker.31 HoweverR2 rotons are always less efficient a
quantum evaporating thatR1 rotons.

Experimental simulations using our calculated evapo
tion probabilities show very good agreement with expe
ments for phonons, but show that our model underestim
the efficiency of evaporation byR1 rotons at low energies
This suggests possibly the need for a better description of
roton—one, for example, that includes backflow. Inclusi
of backflow effects and inelastic processes into the pres
formalism is difficult, but important, and work along thes
lines are in progress.
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