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Terahertz sideband generation in quantum wells viewed as resonant photon tunneling through a
time-dependent barrier: An exactly solvable model
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The propagation of light through quantum wells in the vicinity of an excitonic resonance subjected to a THz
electric field is considered. The treatment makes explicit the relationship between THz sideband generation and
resonant photon tunneling through a time-dependent resonant-tunneling structure. A method for the coherent
control of excitons in quantum wells is also suggested.@S0163-1829~99!11927-1#
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The basis for much work on transport through harmo
cally varying time-dependent potentials dates back to
work of Tien and Gordon1 on tunneling between supercon
ducting films. Subsequent developments in semiconduc
heterostructure growth and split-gate devices largely acco
for the renaissance of interest in this area. A parallel de
opment is the free-electron laser. The modulation via mic
wave and THz fields of transport properties of quantu
point contacts,2 single-electron devices,3 and resonant-
tunneling structures4,5 has been studied. Effort has also be
put into observing THz sidebands~TS’s! in the optical spec-
tra of semiconductor quantum wells~QW’s!.6 Despite sub-
stantial theoretical progress in the area of tunneling thro
time-dependent potentials, experimental results have b
scant. And apart from the common role of the low-frequen
field ~microwave, THz! in inducing mutiphoton transitions in
the system,7 an explicit elucidation of the connection be
tween resonant tunneling through time-dependent poten
and TS generation~TSG! was hitherto unavailable.8 The con-
nection though may prove valuable since resonant-tunne
devices based on semiconductor heterostructures intro
numerous complications prohibiting the controlled variati
of a single parameter. These difficulties have hampere
detailed analysis of transport experiments through tim
dependent potentials. Typically, experimental results h
been modeled using Tien-Gordon theory which only captu
the most basic effects.7,9 Recently, however, exciting work
has been published showing that the quantum mechan
phase of electrons can be measured intour de forcetransport
experiments10,11 lending urgency to the exploitation of opt
cal analogues where phase measurements are routine. O
PRB 600163-1829/99/60~3!/1759~5!/$15.00
-
e

r-
nt
l-
-
-

h
en
y

ls

g
ce

a
-
e
s

al

ical

analogues of time-dependent transport problems there
hold out the intriguing prospect of realizing a number
effects that have been theoretically predicted. Already, c
siderable experimental work on superluminality and its i
pact on issues concerning tunneling times has been ca
out.12

In this study we present a theoretical treatment of lig
propagation through a QW in which the exciton energy, lin
width, and oscillator strength are modulated with bandwid
in the 100-GHz to 5-THz range~henceforth denoted THz
field!, such as provided by excitonic Stark effects induced

a THz field F(t) polarized in the QW planex̂ or the
quantum-confined Stark effect withF(t) parallel to the
growth directionẑ. The formalism employed makesexplicit
the close relationship between TSG and resonant tunne
of photons through the QW in the presence of a tim
dependent dielectric constant. As is well known,13 the wave
and Schro¨dinger equations can be mapped from one to
other via (v/c)n(v,r )↔$(2m/\2)@E(v)2V(r )#%1/2, re-
spectively, where the symbols here have their usual me
ings. Previous studies of TSG~Ref. 6! have avoided the de
tails of the propagation effects which bring to the fore t
close analogy between the two classes of phenomena.

We consider linear optical propagation although the T
field may be strong. Thus, we are concerned with the lo
density regime in which excitation-induced dephasing a
saturation may be neglected. Let an optical pulse@amplitude
I (t)] be incident normally on the QW in the vicinity of a
excitonic resonance. The reflectedR(t) and transmittedT(t)
optical fields are given by14
FT~ t !

0
G5F E2`

t

dt8 @d~ t2t8!1x~ t,t8!# E
2`

t

dt8 x~ t,t8!

2E
2`

t

dt8 x~ t,t8! E
2`

t

dt8 @d~ t2t8!2x~ t,t8!#
G F I ~ t8!

R~ t8!
G , ~1!
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1760 PRB 60D. S. CITRIN AND W. HARSHAWARDHAN
with x(t,t8) the optical susceptibility~to be discussed be
low! and the integrals operate on everything to the righ14

We eliminateR(t) from Eq. ~1! to obtain

T~ t !5I ~ t !1E
2`

t

dt8 x~ t,t8!T~ t8!. ~2!

If Ḟ50, thenx(t,t8)5x(t2t8), and Eq.~2! is easily solved
in the frequency domain; however, forḞÞ0, the susceptibil-
ity no longer depends simply ont2t8, but explicitly on the
two time variables. Nevertheless, we shall see that eve
this case, under certain conditions an explicit solution
tains.

The optical susceptibilityx(t,t8) in the presence ofF(t)
can be treated as in Ref. 15 or solved for numerically16

however, as we show, a simple model can be conside
which leads to a closed-form solution of Eq.~2!. To motivate
a physically reasonableansatzfor x(t,t8), first consider the
caseḞ50. For a single resonance~e.g., retaining the 1s ex-
citon, but neglecting the other bound states and continu!
we have14 x(t2t8)5Ge2 i («2 ig)(t2t8) whereG is the exciton
radiative width,17 « is the frequency of the exciton measur
from the crystal ground state, andg is the nonradiative line-
width. The parameters«, g, andG are forḞ(t)50. All other
interband resonances of the QW are neglected and the
shape is assumed for convenience to be Lorentzian. If
Hamiltonian governing the interband electronic excitatio
of the QW depends on time through a THz-frequency el
tric field, but with frequency content sufficiently below an
intraband resonance, we can account for the effects of
THz field through an adiabatic Stark shift, line broadenin
and modification of the oscillator strength.~For the param-
eters investigated here, ultrahigh-quality ZnSe or GaN QW
might be the best candidates due to their high exciton b
ing energies.! We can thus use the ansatzx(t,t8)
5G(t)G* (t8) with G(t)5G1/2(t)e2 i * tdt8[«(t8)2 ig(t8)] where
«(t), G(t), andg(t) all depend on time due to the influenc
of F.18 The transfer-matrix method is a formulation of th
scattering approach to such problems and is well known
follow from the tunneling Hamiltonian for the appropria
structure.18 The reflectivity and transmission coeffeicien
areequivalentto the Green function of the appropriate tu
neling Hamiltonian.

Equation~2! can be converted into a differential equatio
The solution is

T~ t !5I ~ t !1E
2`

t

dt8 x~ t,t8!I ~ t8!e2*
t8
t

dt9G(t9). ~3!

This defines the response functiond(t2t8)1x̃(t,t8) with
x̃(t,t8)5g(t)g* (t8), and

g~ t !5G1/2~ t !e2 i * tdt8 $«(t8)2 i [g(t8)1G(t8)] %.

Using T5I 1R @cf. Eq. ~1!#, we have R(t)
5*2`

t dt8 x̃(t,t8)I (t8).
In the following we assume the THz fieldF(t)5Fdc

1FaccosVt is applied to the QW withFdc ~which may be
zero! a dc bias andFdciFac. We write the modulated param
eters as«(t)5«01«1 coszt, g(t)5g01g1 coszt, andG(t)
in
-

ed

ne
e

s
-

he
,

’s
-

to

.

5G02G1 coszt where z5V if Fdc@Fac or z52V if Fdc

50. Typical values may be found in Refs. 19. We set«̃ i

5« i2 ig i and «̃ i85 «̃ i2 iG i with i 50,1. If Fdc50, Stark ef-
fects are quadratic and the parameters are modulated a
quency 2V. This leads to even TS’s ofV as is expected for
a system with inversion symmetry. IfFdcÞ0, the system
lacks inversion symmetry and both even and odd TS’s oc

Henceforth, we assumeG150. Let I (t)5e2 ivt. Then

T~ t !5Tv~ t !5e2 ivt

1Ge2 ivtE
2`

t

dt8 e2 i ( «̃082v)(t2t8)e2 i ( «̃1 /z)[sin zt2sin zt8] .

~4!

Set t5t2t8, t̄ 5(t1t8/2), and sinzt2sinzt8
52 sin(zt/2)cosz t̄. Fourier transform Tv(v8)
5*0

2p/zdt eiv8tTv(t) to obtain Tv(v8)5(2p/z)@(v

2 «̃0)/(v2 «̃08)dv,v81Km(v)dv2v8,mz# with

Km~v!52iGD(
k51

`

8
1

D22~kz/2!2

3J(k1m)/2S «̃1k

2D
D J(k2m)/2S «̃1k

2D
D , ~5!

v̄5(v1v8)/2 the average of the incoming and outgoin
frequencies,m an integer,D5Dm(v)5v̄2 «̃085v2mz/2

2 «̃08 the complex detuning between the average freque
and the radiatively renormalized excitonic resonance,

FIG. 1. ReflectivityuRv(v1mz)u2 into harmonicm normalized
to peak reflectivity of the unmodulated fundamental (G/G8)2

51.7% as a function of detuningd from exciton line center. The
parameters are«152.5 ~solid! and 1.52 ps21 ~dashed!; in all cases
g051.52 ps21, G50.1 ps21, andg150.
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FIG. 2. Total reflected probabilityRtot(«) for the same parameters as Fig. 1~solid!. Note that for clarity, the regionudu.20 ps21 is
multiplied by a factor of 50.
g

th

e
o a
(k51
`8 the sum restricted to integersk of the same parity asm.

Rv(v8) is obtained from the previous formula by replacin
(v2 «̃0)/(v2 «̃08)dv,v8 by iG/(v2 «̃08)dv,v8 . The first term
leads to the unmodulated result,14 «1 ,g150. The other term
gives the TS’s as well as the modified transmission of
fundamental. Finally, for«̃15«1 (g150), direct integration
gives for the total reflected probability per unit tim
ng
m
e
h

a

,

e

Rtot(v) 5 (z/2p)*0
2p/z dt uRv(t)u25(z/2p)

3(G/G8)ReRv(v) ~optical theorem! whereG85G1g0.
The foregoing expressions forR andT are compact; how-

ever, it is useful to reexpress the Kapteyn series forKm(v)

in Eq. ~5! as a power series inz5 «̃1 /z ~Ref. 20! to identify
the various multi-THz-photon processes that contribute t
given TS:
Km~v!1 i
G

D
dm,055 iGD (

n5umu/2

` S «̃1

2
D 2nS 2n

umu D )j 50

n

@D22~ j z!2#21, m even

iG (
n5(umu11)/2

` S «̃1

2
D 2n21S 2n21

umu D )
j 51

n FD22S 2 j 21

2
z D 2G21

, m odd.

~6!
.
ters
l.
in

ivity

t-

ith
Series ~5! and ~6! converge inuzeA12z2
/(11A12z2)u,1

and for arbitrary 2D/z not an even~odd! integer.20 The terms
to a given order in«̃1 summed overm are the nonlinear
susceptibilities. For fixedm, the term of degreep in «̃1 de-
scribespth-order multi-THz-photon processes contributi
to the TS. This in turn allows one to write the quantu
mechanical transmission amplitude as a sum of nonlin
susceptibilities, as is commonly carried out in optics. T
expansion~6! in terms of susceptibilities appliesmutatis
mutandisto the transport case, and to our knowledge w
hitherto unknown.

Depending on whetherF is polarized in thex̂ or ẑ direc-
tion, the dominant effect will differ; forFi x̂, the time depen-
dence ofg(t) will dominate through the ionization rate
while if Fi ẑ, «(t) will play a larger role.19 Of course,«(t),
ar
e

s

g(t), andG(t) are closely interlinked~see comments in Ref
5!, but for our purposes we can treat them as parame
determined by a microscopic theory external to our mode

To illustrate the different types of behaviors expected
these cases, we present results for the normalized reflect
(G8/G)2uRv(v1mz)u2 @(G/G8)250.017 is the peak un-
modulated reflectivity# of a high-quality QW in Fig. 1. We
take g150 and consider the two cases 2.5~solid! and
1.52 ps21 ~dashed! for m50, 1, and 2. The results are plo
ted as a function ofd5ReD. @In all cases,G50.1 ps21,
g051.52 ps21 (\g051 meV), andz/2p54 THz.# This
gives the reflected probability into themth TS as a function
of incident frequency. The normalized reflectivity form51
is in the few % range while that ofm52 in the 1024% range
for the parameters. Figure 2 showsRtot(v) for the same pa-
rameters. The relative maximum strength of the first TS w



1762 PRB 60D. S. CITRIN AND W. HARSHAWARDHAN
FIG. 3. Total reflected probability for«̃15A2p ps21 ~dotted!, (11 i )p ps21 ~dashed!, and iA2p ps21 ~solid!. The parameters are
otherwise those of Fig. 1.
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respect to the unmodulated response is;14.5% for «1

52.5 ps21. Figure 3 showsRtot(v) for «̃15A2p ps21

~dotted!, (11 i )p ps21 ~dashed!, and iA2p ps21 ~solid!
with the other parameters the same as in Fig. 1 to show
effect of modulating the line center versus the linewidth.

all casesu«̃1u5A2p ps21.
We turn our attention to time-domain effects. Specifica

we describe a new technique for coherent control of excit
in QW’s using phase-locked pulse pairs. Previo
schemes21,22 utilize the relative phase between two identic
but time-delayed optical pulses coincident with a narrow
tical resonance in a QW. If the two pulses are in phase,
interband polarizations excited by each are in phase, and
result ideally four times the population of excitons associa
with a single pulse are generated; if, however, the pulses
p out of phase, the interference is destructive and the QW
coherently depopulated of excitons following the passage
the second pulse. Or at least that is the idea; dephasing,
linearities, and inhomogeneous broadening all conspire
make this effect less marked than one might hope.22 In the
scheme proposed here, two identical phase-locked ti
delayed pulses are also used, but rather than modulate
relative phase of the two pulses, we introduce a phase sh
the polarization induced by the first optical pulse by a ha
cycle THz pulse incident on the QW between the two opti
pulses. Set I (t)5I 0(t1t0/2)1I 0(t2t0/2) where I 0(t)
5A(t)e2 i«0t; A(t) is the slowly varying envelope of a singl
constituent pulse of durationt0!t0!g0

21, the time delay
between pulses. Also let«(t)5«01«1B(t) and g(t)5g0 .
B(t) is a peaked function of time centered att50 whose
duration is much less thant0. For example,B(t) might be
due to a photoconductively generated half-cycle THz pu
propagating down a transmission structure deposited on
QW. For t@t0,
he

,
s

s
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-
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T~ t !5GE
2`

`

dt8 e2 i «̃08(t2t8)e2 i«1*
t8
t

dt9B(t9)I ~ t8!

5Ge2 i «̃08t@e2 i«1*2`
` dt9B(t9)11#E

2`

`

dt8 A~ t8! ~7!

and R(t)5T(t). If the THz pulse is chosen so tha
«1*2`

` dt9 B(t9)5(2n11)p, destructive interference be
tween the polarizations excited by the two optical puls
occurs and thus coherent depopulation of the excitons
sues; if the action integral is 2np, then constructive interfer-
ence ensues.

As an example, if the half-cycle THz pulse is of 0.5
duration, we need\«1'2 meV to achieve ap phase shift.
This is feasible using available THz techniques, though c
rying out this experiment may be difficult. One needs ve
high-quality QW’s at low temperatures to ensure narrow
citonic lines. In addition, the THz transmission structu
should be designed withF(t)i ẑ to suppress modulation o
the dephasing; however, this can be compensated for by
creasing the amplitude of the second optical pulse in
sequence. Finally, the desirable effect will be degraded
there is temporal overlap ofB(t) andA(t6t0/2), thus requir-
ing clean optical and THz wave forms. We note that t
present scheme in no way circumvents the central difficul
with coherent depopulation of the exciton level, namely,
homogeneous broadening and excitation-induced depha

To conclude, we present an exactly solvable model
TSG by and photon propagation through THz-modula
QW’s. Because of the mapping between the electromagn
wave equation and the Schro¨dinger equation, light propaga
tion through THz-modulated QW’s will be a fruitful way to
explore resonant tunneling through time-dependent po
tials. We believe the area of optical analogues of tim
dependent quantum mechanical transport problems—as
neered by the work reviewed in Ref. 12—is in its infanc
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and in particular, exploitation of optical pulse propagati
through QW’s shows great promise to advance the field m
rially. In particular, we have explored the effects of mod
lating the exciton linewidth and energy on the TS’s appe
ing in the optical spectra. We have also proposed
e-
-
r-
n

alternative scheme for carrying out two-pulse coherent co
trol of excitons in QW’s.
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