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Atomic structure and phase stability of InxGa12xN random alloys calculated
using a valence-force-field method
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We have calculated the atomic structure and strain energy of the InxGa12xN random alloy (0<x<1) based
on 592;13 240-atom models. A valence-force-field method with the Keating potential is used for the strain
energy calculation. We analyzed the bond-length and bond-angle distribution in the alloy due to the random
fluctuation of the atom positions. The change in the average Ga–N and In–N bond lengths is calculated as a
function of the compositionx. The calculated result is in good agreement with the recent experimental data of
the extended x-ray-absorption fine-structure method. The calculated enthalpy of mixingDHm , i.e., the strain
energy, versus the compositionx is expressed in the regular-solution model;DHm5Vx(12x) using the
x-dependentinteraction parameterV522.11x17.41 (kcal/mole). ThisV value is the most reliable among
those so far calculated. The calculated phase diagram shows a broad and asymmetric miscibility gap, e.g.,
0.04<x<0.88 at 800 °C. The critical temperature for phase separation is 1417 °C.@S0163-1829~99!05427-2#
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I. INTRODUCTION

The InxGa12xN alloy system has recently become a lea
ing material for the blue/green–wavelength optoelectro
devices. For example, using the InxGa12xN alloy, the quan-
tum well laser structures were realized by Nakamuraet al.1

More recently, the growth of InxGa12xN quantum dots
~QD’s! has been carried out by Tachibanaet al.2 and
Hirayamaet al.3 for the fabrication of the QD lasers.

The InxGa12xN alloy is a random alloy having the wurtz
ite structure. The cation sites are randomly occupied by
and Ga atoms with the compositionsx and 12x, respec-
tively, and all the anion sites by N atoms. Due to the la
difference ~10.8%! between the Ga–N and In–N bon
lengths, the atom positions are considered to fluctuate f
the perfect lattice sites, leaving the bond-length and bo
angle distortions in the alloy. Such disordered atomic str
tures were well studied theoretically for the III-V terna
alloys having the zinc-blende structure, e.g., InxGa12xAs,4,5

and InxGa12xP,6 while no studies were reported for th
InxGa12xN alloys.

Theoretical analysis of the atomic structure of t
InxGa12xN random alloy is indispensable to understand
the phase stability of the alloy, because the enthalpy of m
ing, DHm , is equal to the strain energy due to the bon
length and bond-angle distortions.4,7 Recently, the phase
separation of the InxGa12xN alloy has been observed in var
ous experiments8–11 and considered a crucial issue for th
optical properties of the layers. An accurate calculation
the phase diagram based on an appropriate model of
atomic structure is required in order to discuss the ph
separation phenomena.

Information of the atomic structure including the allo
randomness is also important for calculating the electro
structure using an atomic-scale method, e.g., a tight-bind
PRB 600163-1829/99/60~3!/1701~6!/$15.00
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method. Such a calculation gives a more accurate result
the virtual crystal approximation~VCA! in which an alloy is
represented by a perfect lattice with atoms having an ave
property of the pure semiconductors.

In this paper, we calculate the atomic structure and str
energy of the InxGa12xN random alloy based on 59
;13 240-atom models in order to analyze the atomic str
ture and phase stability. We use a valence-force-field~VFF!
method with the Keating potential12 for the strain energy
calculation. The method of calculation is described in Sec
We analyze the atomic structure of the alloy in Sec. III. W
show the bond-length and bond-angle distribution due to
alloy randomness. The change in the average Ga–N
In–N bond lengths is calculated as a function of the com
sition x. The result is compared with the recent experimen
data by Jeffset al.13 measured using the extended x-ray a
sorption fine-structure~EXAFS! method. In Sec. IV, the en
thalpy of mixingDHm , i.e., the strain energy, is calculate
as a function ofx. Thex-dependent interaction parameter,V,
in a regular-solution model is obtained from the result
DHm versusx. Using thisV value, the phase diagram of th
alloy is calculated very accurately. The conclusions are su
marized in Sec. V.

II. METHOD OF STRAIN ENERGY CALCULATION

We calculated the atom positions in the wurtz
InxGa12xN random alloy having 592;13 240 atoms as-
sembled in a hexagonal prism. The side length of the~0001!
hexagonal base is'9;31 Å, the height of the prism'18
;49 Å. To model the random alloy, we place In and G
atoms randomly on the cation sites with the compositionx
and 12x, respectively, using random numbers, and place
atoms on the anion sites. All the atoms are placed on
perfect lattice sites at this stage.

To calculate the energy-minimized atom positions, we u
1701 ©1999 The American Physical Society
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the Keating potential12 in which the strain energyEstrain is
expressed in terms of the changes in the bond lengths
bond angles as

Estrain5
1

2 (
i ( j )

3a i -j

8d0,i -j
2 ~ uxi2xj u22d0,i -j

2 !2

1 (
i ( j ,k)

3b j -i -k

8d0,i -jd0,i -k
F ~xi2xj !•~xi2xk!

1
1

3
d0,i -jd0,i -kG2

. ~1!

Here the first sum is over all atomsi and their four neighbors
j; the second sum is over all atomsi and all pairs of their
neighborsj andk; andxi is the atomic position ofi th atom.
d0,i -j is the strain-free bond length of thei -j bond,a i -j is the
bond-stretching force constant of thei-j bond, andb j -i -k is
the bond-bending force constant of thej-i-k bond angle.

We used0,Ga-N51.94 Å andd0,In-N52.15 Å, where the
values are taken from the tabulated ones by Harrison.14 For
the force constants, we useaGa-N596.3 N/m, bGa-N-Ga
5bN-Ga-N514.8 N/m; and a In-N579.2 N/m, b In-N-In
5bN-In-N57.1 N/m. The abovea and b values are taken
from the corresponding bulk values calculated theoretic
by Kim et al.15 using a first-principles full-potential linea
muffin-tin orbital method. As forb In-N-Ga in the alloy, we
adopt the average value ofbGa-N-Gaandb In-N-In as

b In-N-Ga5AbGa-N-Gab In-N-In . ~2!

In order to minimize the strain energy, each atom
moved in turn along the direction of the force on it,F i
52¹ i(Estrain), and the movement of atoms is iterated un
the forces vanish.16 After the energy minimization process
the atom positions fluctuate from the perfect lattice sites
shown in Sec. III.

In the analyses of the atomic structure~concerning the
bond lengths and bond angles! and strain energy, we exclud
the surface atoms which have dangling bonds, because
intend to obtain bulk properties of the alloy in this study.

III. ATOMIC STRUCTURE

In this section, firstly, we show the atomic structure of t
In0.2Ga0.8N alloy with 592 atoms in order to illustrate how
the structure is disorded by alloying. Next, we calculate
strain energy of the In0.2Ga0.8N alloy versus the number o
atoms (592;13 240 atoms). We find that the strain ener
reaches a bulk value above 9756 atoms. Lastly, for the 97
atom model of the InxGa12xN alloy, we analyze the averag
Ga–N and In–N bond lengths versusx and compare the
result with the EXAFS measurement.13

Figure 1 shows the calculated atom positions in
In0.2Ga0.8N alloy with 592 atoms. The random mixing of I
and Ga atoms on the cation sites is visible in this figu
Moreover, the atom positions fluctuate randomly from t
perfect wurtzite lattice sites. The atom rows indicated by
arrows in the figure are clear examples; they run in a zig
in the alloy, while they run straight in the perfect lattice. Th
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is a structural disorder caused by the random alloying,
‘‘alloy disorder.’’

Figure 2 shows the In–N and Ga–N bond-length distrib
tion in the above In0.2Ga0.8N alloy with 592 atoms. The av-
erage Ga–N and In–N bond lengths, av.~Ga–N! and av.~In–
N!, become 0.25% longer and 1.31% shorter, respectiv
than the corresponding bulk values indicated by the vert
dashed lines.

Figure 3~a! shows the bond-angle distribution in the allo
As a whole, the bond angles,u ’s, are distributed in the range

FIG. 1. Perspective view of the atom positions in the In0.2Ga0.8N
alloy with 592 atoms; In~black!, Ga ~white!, and N ~gray! atoms.
The atom rows, indicated by the arrows, show a significant fluct
tion from the perfect lattice sites.

FIG. 2. Bond-length distribution in the In0.2Ga0.8N alloy with
592 atoms. av.~Ga–N! and av.~In–N! indicate the average Ga–N
and In–N bond lengths, respectively, and av.~alloy! the average
bond length in the whole In0.2Ga0.8N alloy.
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109.47 (tetrahedral angle,u0)610 degree. The N–In–N an
N–Ga–N angles~vertex; cation! are distributed almost sym
metrically aboutu5u0. On the other hand, the In–N–In,
In–N–Ga, and Ga–N–Gaangles~vertex; N! are distributed
less symmetrically. An average bond angle is smaller thanu0
for the In–N–In and In–N–Gaangles, and larger thanu0 for
the Ga–N–Gaangles. This result concerning the avera
bond angles is roughly explained by the simplified mo
shown in Fig. 3~b!. By substituting an In atom~the closed
circles! for a Ga atom in the pure GaN lattice in order
make the alloy, the four nearest neighbor N atoms are
placed outward to make the In–N bonds longer than
Ga–N bonds. Due to the displacement of the N atoms,
In–N–Gaangle (u1) becomes smaller thanu0, and the Ga–
N–Ga angle (u2) larger thanu0. When the N atom happen
to bond to two In atoms, that N atom is displaced mo
largely, and the In–N–In angle becomes even smaller. O
the other hand, the In atom is not displaced because it bo
to the four equivalent N atoms, hence the N–In–N angles

FIG. 3. ~a! Bond-angle distribution in the In0.2Ga0.8N alloy with
592 atoms. The bond angles are categorized into the N–In
N–Ga–N, In–N–In, In–N–Ga, and Ga–N–Gabond angles. The
vertical arrow indicates an average bond angle for each categ
~b! Simplified model of the changes in bond angles around a sin
In atom~the closed circle! which is substituted for a Ga atom in th
pure GaN lattice. The arrows indicate displacement of the nea
neighbor N atoms.u0 denotes the perfect tetrahedral angle.u1 and
u2 are In–N–Ga and Ga–N–Gabond angles, respectively, after th
N atom displacement. This model roughly explains the change
the average bond angles in~a!.
e
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kept u0. The changes in the bond angles in this model~a
dilute limit of the alloy! correspond to those in theaverage
bond angles in Fig. 3~a! (x50.2), where the bond angles i
the latter case are distributed due to the overlap of the st
fields around the randomly substituted In atoms.

The bond-length and bond-angle distribution causes
strain energy,Estrain, which is a sum of bond-stretching an
bond-bending strain energies@Eq. ~1!#. The strain energy of
semiconductor alloys is equal to the enthalpy of mixin
DHm , as shown by Martins and Zunger,7 and Fukui.4 Here-
after the calculated strain energy is shown asDHm .

Figure 4 showsDHm of the In0.2Ga0.8N random alloy ver-
sus the number of atoms in a model, here the numbe
atoms5 592, 1098, 4732, 9756, and 13 240. As shown in
figure, the calculatedDHm takes a constant value when th
number of atoms is larger than 9756, whileDHm decreases
gradually with decreasing the number of atoms. In the 5
atom model,DHm is 16.2% smaller than that of the 9756
atom model. This decrease inDHm is caused by the near
surface atoms which have lower strain energy than the in
atoms of the models. Hereafter in this paper, we use
9756-atom model in order to deduce accurately the b
properties concerning the average bond lengths~the next
paragraph! and phase stability~Sec. IV!.

Figure 5 shows the average Ga–N and In–N bo
lengths, av.~Ga–N! and av.~In–N!, respectively, as a func
tion of the compositionx in the InxGa12xN alloy with 9756
atoms ~indicated by the closed circles!. Starting from the
pure GaN (x50), the average Ga–N bond length becom
longer almost linearly with increasing the compositionx.
Similarly, the average In–N bond length becomes sho
starting from the pure InN (x51). The changes in the aver
age Ga–N and In–N bond lengths are much smaller than
calculated using the VCA,

~VCA bond length!5xd0,In-N1~12x!d0,Ga-N, ~3!

as shown in Fig. 5. This indicates limitations of the VCA f
electronic structure calculations of the alloy. The above
sult for the average bond lengths versusx is qualitatively
similar to those in zinc-blende alloys such as InxGa12xAs.4,7

The almost linear changes in the average bond length
Fig. 5 are consistent with the general theory of bond leng

N,

ry.
le

st
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FIG. 4. Enthalpy of mixing,DHm , versus the number of atom
in a model of the In0.2Ga0.8N random alloy~the number of atoms
5592, 1098, 4732, 9756, and 13 240!.
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in random semiconductor alloys constructed by Cai a
Thorpe.17,18 They proved analytically that the average bo
lengths in the pseudobinary alloys (A12xBx)C are perfectly
linear in the compositionx if the force constants (a andb)
for the two pure materials are the same.17 The variations in
the force constants have a minor effect,18 and hence the VFF
result in Fig. 5 is quite reasonable.

In Fig. 5, we compare the average Ga–N and In–N bo
lengths obtained by the present VFF calculation with th
obtained using the EXAFS experiment by Jeffset al.13 In
their experiment,13 the InxGa12xN films ('1 mm thick!
were grown using a modified molecular-beam-epitaxy te
nique. The growth temperatures were low ('400 °C) to
avoid phase separation. To measure the bond lengths
total electron yield EXAFS technique for the Ga and
edges was employed.13 As shown in the figure, the calculate
result is in very good agreement with the EXAFS result
the whole range of the compositionx. The agreement is bet
ter for the average Ga–N bond length than for the In–N ca
Since the atomic structures calculated in the present st
reproduce the measured structural data concerning the b
lengths, they are very adequate for the studies of phase
bility and electronic structures.

IV. PHASE STABILITY

In order to study the phase stability of the InxGa12xN
random alloys, we calculate the phase diagram based on
regular-solution model.19 The material-dependent paramet
in the regular-solution model, i.e., the interaction parame
is obtained from the VFF calculation.

In the regular-solution model,19 the Gibbs free energy o
mixing, DGm , for the InxGa12xN alloys is expressed as

DGm5DHm2TDSm , ~4!

where

FIG. 5. Average Ga–N and In–N bond lengths, av.~Ga–N! and
av.~In–N!, respectively, as a function of the compositionx in the
InxGa12xN alloy. The closed circles indicate the result of th
present VFF calculation for the 9756-atom model. The open squ
indicate the result of the EXAFS measurement by Jeffset al. ~Ref.
13!. The dashed line ‘‘VCA’’ shows an average bond length in t
whole alloy calculated using the virtual crystal approximation.
d
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DHm5Vx~12x!, ~5!

DSm52R@xlnx1~12x!ln~12x!#. ~6!

DHm and DSm are the enthalpy and entropy of mixing, re
spectively.V is the interaction parameter,R is the gas con-
stant, andT is the absolute temperature. Only the interacti
parameter,V, depends on material.

V is assumed to bex-independentin usual phenomeno
logical calculations ofV such as the delta-lattice-paramet
~DLP! model.20 On the other hand,V is found to be weakly
x-dependentin the present study due to the use of the atom
scale VFF calculation, as shown below. For III-V zin
blende semiconductor alloys,x dependence ofV was calcu-
lated in detail using a first-principles calculation by W
et al.21

First, we calculateV as a function ofx, from DHm cal-
culated using the VFF method. In Fig. 6, we showDHm of
the InxGa12xN random alloy with 9756 atoms for the com
positionx50, 0.2, 0.4, 0.5, 0.6, 0.8, and 1 calculated usi
the VFF method, as indicated by the closed circles.DHm has
a maximum nearx50.5.

By rewriting Eq.~5! as

V5DHm /x~12x!, ~7!

we can calculate, for eachx, a value ofV from the above
VFF value ofDHm . Figure 7 showsV versusx calculated in
this manner, as indicated by the closed circles.V decreases
almost linearly with increasingx. From a linear fit to theV
values, we obtain

V522.11x17.41 ~kcal/mole!. ~8!

Next, we calculateDHm expressed byDHm5Vx(12x)
@Eq. ~5!# with V522.11x17.41 (kcal/mole)@Eq. ~8!#, as
drawn by the solid curve in Fig. 6. The VFF result ofDHm
~the closed circles! is accurately reproduced by the abo
DHm curve.

es

FIG. 6. Enthalpy of mixing,DHm , as a function of the compo
sition x in the InxGa12xN random alloy. The closed circles indicat
the present VFF result for the 9756-atom model. The solid a
dashed curves are calculated using the regular-solution model
the x-dependentandx-independentinteraction parametersV ’s, re-
spectively.



rd

ix

-
e
llo

r-
lin
r-

th

r
llo

al re-

the
-

lly,
oys

by
-
e
t
us

od,
e

e

by

-
nt
m

PRB 60 1705ATOMIC STRUCTURE AND PHASE STABILITY OF . . .
The average value of thex-dependentV in the range 0
<x<1 is obtained as V522.1130.517.41
56.36 (kcal/mole).DHm expressed byDHm5Vx(12x)
@Eq. ~5!#, using V56.36 (kcal/mole) independent ofx, is
drawn in Fig. 6 by the dashed curve. ThisDHm curve is
symmetric aboutx50.5, while that with thex-dependentV
~the solid curve! is asymmetric showing a deviation towa
the lowerx side. The effect of this asymmetry ofDHm ap-
pears in the phase diagram as shown later.

Now, we can calculate accurately the free energy of m
ing, DGm @Eq. ~4! with Eqs.~5! and~6!#, for the InxGa12xN
random alloy usingV522.11x17.41 (kcal/mole)@Eq. ~8!#
obtained from the present VFF result.

From DGm as a function ofx, we calculate the tempera
ture (T) –composition~x! phase diagram which shows th
stable, metastable, and unstable mixing regions of the a
following the standard theory.19 At a temperature lower than
the critical temperatureTc , the two binodal points are dete
mined as those points at which the common tangent
touches theDGm curve. The two spinodal points are dete
mined as those points at which the second derivative ofDGm
is zero;]2(DGm)/]x250.

Figure 8 shows the calculated phase diagram for
InxGa12xN random alloy. It has a broad miscibility gap~or
an immiscible region! surrounded by the binodal line. Fo
example, at a typical growth temperature of 800 °C, the a
is immiscible in the range 0.04<x<0.88; the alloy in this
range is subject to phase separation into the In0.04Ga0.96N and

FIG. 7. Interaction parameter,V, as a function of the composi
tion x in the InxGa12xN random alloy obtained from the prese
VFF result ofDHm in Fig. 6, indicated by the closed circles. Fro
a linear fit to the V values, we obtain V522.11x
17.41 (kcal/mole) as indicated by the dashed line.
-

y

e

e

y

In0.88Ga0.12N regions in thermal equilibrium. The miscibility
gap is significantly asymmetric aboutx50.5 due to the
asymmetry of theDHm curve in Fig. 6. With increasing the
temperature, the miscibility gap disappears just atTc
51417 °C andxc50.39 ~the critical composition!.22 In ex-
periments, the phase separation was observed by sever
searchers in thick films8,9 and multiple quantum wells10,11 of
the InxGa12xN alloys.

Another possible phase change, which can occur in
random alloys, is the atomordering. Some experimental ob
servations of the long-range atom ordering in the InxGa12xN
alloys have been reported recently.9,23 Further calculation is
required for studying the ordering phenomena theoretica
although the strain energy calculation in the ordered all
can be done readily using the present computer code.

The phase diagram calculated in the present study~Fig. 8!
is qualitatively very similar to those calculated previously
Ho and Stringfellow24 and Matsuoka25 concerning the pres
ence of the miscibility gap.~The parameters of the phas
diagram are summarized in Table I.! However, the presen
one is quantitatively much more reliable than the previo
ones due to the following reasons. Ho and Stringfellow24

calculated the phase diagram using a modified VFF meth
but they used~i! the empirically extrapolated values for th
force constantsa and b, ~ii ! the zinc-blende lattice for the
strain energy calculation, and~iii ! the x-independentV, i.e.,
the average value ofV(x˜0) and V(x˜1). Their phase
diagram is symmetric aboutx50.5. On the other hand, in th

FIG. 8. Phase diagram for the InxGa12xN random alloy calcu-
lated from the regular-solution model usingV522.11x
17.41 kcal/mole. The binodal and spinodal curves are shown
the solid and dashed lines, respectively.
TABLE I. Parameters of the phase diagram for the InxGa12xN random alloy calculated
by various methods.

VFF ~present study! VFF ~Ho and Stringfellow!a DLP ~Matsuoka!b

V (kcal/mole) 22.11x17.41 5.98 10.68
Tc( °C) 1417 1250 2416
xc 0.39 0.5 0.5
miscibility gap asymmetric symmetric symmetric

aReference 24.
bReference 25.
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1706 PRB 60TOSHIO SAITO AND YASUHIKO ARAKAWA
present study, we used~i! the values ofa and b from the
first-principles calculation,15 ~ii ! the wurtzite lattice, and~iii !
the x-dependentV @Eq. ~8!#, and obtained the asymmetr
phase diagram. Matsuoka25 calculated the phase diagram u
ing the DLP model which uses the phenomenological a
empirical parameters defined for the zinc-blende latti
Consequently, our phase diagram is the most reliable am
those so far reported.

The InxGa12xN random alloys with 592;13 240 atoms
are considered freestanding InxGa12xN QD’s. We can calcu-
late the electronic structure of the QD’s using, e.g., a tig
binding method16 for the atom positions obtained in th
study. The result will be published elsewhere.

V. CONCLUSIONS

We have calculated the atomic structure and strain ene
of the InxGa12xN random alloy (0<x<1) based on 592
;13 240-atom models. The VFF method with the Keati
potential12 is used for the strain energy calculation. We fi
the bond length and bond angle distribution in the alloy d
to the random fluctuation of the atom positions. The cha
.
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h

d
.
g
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gy
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e

in the average Ga–N and In–N bond lengths calculated
function of the compositionx is in good agreement with th
experimental data of EXAFS by Jeffset al.13 The enthalpy
of mixing, DHm , is calculated in the whole compositio
range 0<x<1. The calculatedDHm is expressed within the
regular-solution model; DHm5Vx(12x) using the
x-dependentinteraction parameterV522.11x17.41 ~kcal/
mole!. This V value is the most reliable among those so
calculated. The calculated phase diagram shows a broad
asymmetric miscibility gap, e.g., 0.04<x<0.88 at 800 °C.
The critical temperature for phase separation,Tc , is
1417 °C.
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