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Field-tilt anisotropy energy in quantum Hall stripe states
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Recently reported giant anisotropy in the longitudinal resistivity of a two-dimensional~2D! electron system
with valence Landau level indexN>2 has been interpreted as a signal of unidirectional charge density wave
~UCDW! ground states. We report on detailed Hartree-Fock calculations of the UCDW orientation energy
induced by a tilted magnetic field. We find that for current experimental samples, stripes are oriented perpen-
dicular to the in-plane field, consistent with experiment. For wider 2D electron systems, we predict tilt-induced
stripe states with variable anisotropy energy sign.@S0163-1829~99!16047-8#
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Several groups1–5 have reported the observation of stro
anisotropies and nonlinearities in the low-temperature m
netotransport of clean two-dimensional~2D! electron sys-
tems over ranges of Landau level~LL ! filling factor sur-
rounding n5n11/2 for n>4, i.e., for valence LL orbital
index N>2. Although the origin of these anomalies has n
been firmly established, the anisotropy is probably associ
with the undirectional charge density wave~UCDW! UCDW
states which have been predicted to occur under preci
these circumstances.6,7 Recently Panet al.4 and Lilly et al.2

have discovered that the isotropic gappedn55/2 quantum
Hall state gives way to the anisotropic state for sufficien
large in-plane magnetic fields. Shayegan and Manoha5

have observed that in a 2D hole system then55/2 state is
already anisotropic even without in-plane field, indicati
that lower electron density~more LL mixing! can stabilize
the CDW. Both of these observations are consistent with
anisotropic spontaneously-broken orientational-symme
state, like the UCDW state. Several recent theoret
papers8–10have explored the properties of these ‘‘liquid cry
tal’’ states for perpendicular field.

In this paper, we evaluate the dependence of UCD
state’s energy on its orientation relative to the in-plane fi
component, when the magnetic field is tilted away from
2D electron system normal. Theoretical studies along sim
lines have recently been carried out by two other groups.11,12

We find that screening due to polarization of remote LL
plays an essential role for the preferred orientation of
stripes. Using a realistic model for the sample of Lillyet al.
~a single GaAs/AlxGa12xAs heterojunction with densityNe
52.6731011 cm22) we quantitatively determine the aniso
ropy energy and find that the stripes prefer to be align
perpendicular to the in-plane field for the whole range
studied field-tilt angles and filling factors, consistent w
PRB 600163-1829/99/60~23!/15574~4!/$15.00
g-

t
ed

ly

n

n
y
l

d
e
r

e

d
f

experimental observations. The same conclusion was fo
to apply for the lower density (Ne52.231011 cm22)
sample of Panet al. To explore the dependence of this res
on system geometry we have repeated these calculation
a parabolic confinement quantum well models with varia
subband separation. These calculations reveal a mecha
for tilt-induced UCDW states in samples with more than o
occupied subband for which the perpendicular field state
expected to be isotropic. We find that stripe orientation p
allel to the in-plane field is possible when two subbands
occupied at zero tilt angle.

Our calculation starts from the following observation.13,14

The property that states within a LL are related to each ot
by operations of the magnetic translation group impl
equivalence of any LL to the lowest LL of a zero-thickne
2D electron system with a suitably adjusted effecti
electron-electron interaction. For the example of inter
here, a quasi-2D electron system in thex2y plane with the
magnetic field tilted away from the normal to the plane,15 we
choose the in-plane componentBi of the magnetic field to be
in the x̂ direction and use the following Landau gauge for t
vector potential,AW 5(0,B'x2Biz,0). The one-particle orbit-
als for any z-dependent single-particle confining potent
can then be written as

^rWuk,i ,s&5
eiky

ALy

w i ,s~x2 l 2k,z!, ~1!

wherek is the wave vector that labels states within LLi, s is
the spin index, andl 25\c/eB' . The translational symmetry
responsible for LL degeneracy leads to a 2D wave funct
w i ,s(x,z), which is independent of the state labelk, except
for the rigid shift by l 2k along x axis. This in turn leads to
15 574 ©1999 The American Physical Society
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two-particle matrix elements of the Coulomb interactio
with a dependence on state labels which is identical to
for the lowest LL of a zero-thickness 2D electron syste
provided the 2D Coulomb interaction is replaced by the f
lowing effective interaction

V~qW !5
4pe2

e
eq2l 2/2E

2`

` dqz

2p

uMs
i ,i~qW !u2

q21qz
2

, ~2!

whereqW 5(qx ,qy), e0 is the semiconductor dielectric func
tion and

Ms
i ,i~qW !5E

2`

`

dxE
2`

`

dzeiqxxeiqzz

3w i ,s~x1 l 2qy/2,z!w i ,s~x2 l 2qy/2,z!. ~3!

Since the stripe states are found at relatively weak m
netic fields, we can anticipate that the valence LL which
partially occupied will not be widely separated from remo
LL’s. We include remote LL degrees of freedom in our ca
culation by accounting for the screening they produce w
polarized by valence LL electrons. The random phase
proximation ~RPA! ~one-loop! calculation, leads to the fol
lowing expression for the modified dielectric function:16

e~qW !

e0
512 ( 8

i 8,i ,s

nF~« i 8,s!2nF~« i ,s!

2p l 2~« i 8,s2« i ,s!
Vs

i 8,i~qW !exp~2q2l 2/2!,

~4!

wheree0 is the dielectric constant of the host semiconduct
nF(x) is a Fermi factor, the prime on the sum excludes

valence LL, and the effective inter-LL interactionsVs
i 8,i(qW )

differ from V(qW ) only through the replacement ofMs
i ,i(qW ) by

Ms
i 8,i(qW ). The wave functions and single-particle eigenv

ues,« i ,s , used to define the effective interactions were o
tained from local-spin-density self-consistent-field calcu
tions, which include the solution of the two-dimension
single-particle Schro¨dinger equation that arises17 at tilted
magnetic fields. The effective interactions are anisotropic
causeBi mixes the cyclotron and electric subband levels.

One-particle density matrices in a single LL, and hen
also Hartree-Fock~HF! energies,18 are uniquely specified19

by the particle density function. The energy per electron
the UCDW state at fractional fillingn* of the valence LL is
given by18

E5
1

2n*
(

n52`

`

Dn
2US 2pn

a
êD , Dn5n*

sin~nn* p!

nn* p
,

~5!

wherea is the period of the UCDW state andê is the direc-
tion of charge variation. The UCDW state consists of strip
of width an* with occupied guiding center states separa
by stripes of widtha(12n* ) with empty guiding center
states;Dn above is the Fourier transform of the the guidi
center occupation function at wave vectorn2p/a. In
Hartree-Fock~HF! theory, the UCDW state energy depen
only on a and ê and the optimal UCDW is obtained b
at
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minimizing Eq.~5! with respect these parameters. In Eq.~5!,
U(qW ) can be separated into direct,H(qW ), and exchange
X(qW ), contributions with

H~qW !5
1

2p l 2
e2q2l 2/2V~qW !

X~qW !52E d2p

~2p!2
e2p2l 2/2ei (pxqy2pyqx) l 2V~pW !. ~6!

The physics responsible for the occurrence of UCD
states is equation and robust. For an infinitely narrow el
tron layer the effective 2D Coulomb interaction,V(qW ), re-
duces to@LN(q2/2)#22pe2l /eq whereLN(x) is a Laguerre
polynomial. Starting fromN51, zeros ofLN(x) occur at
smallerx with increasingN, producing a zero in the repulsiv
Hartree interaction at smaller wave vector where the attr
tive exchange interaction is stronger. In Table I we comp
the n* 51/2 HF energies of triangular Wigner crystal stat
and UCDW states with maximuma satisfying H(2p/a)
50. The triangular Wigner crystal state energy is intend
to approximate the energy of possible isotropic fluid stat
We see that forN>2, the energetic preference for th
UCDW states is large, substantially larger for example th
the preference for Laughlin’s20 fluid states over Wigner crys
tal states atn51/3. These calculations suggest that forN
51 the competition between isotropic fluid states a
UCDW states is delicate. Also noted in Table I is the fa
that in the HF approximation, the UCDW state is unstable
charge modulation along the stripes,8 leading to anisotropic
Wigner crystal states with slightly lower energy. This inst
bility is, however, misrepresented by the HF approximat
and the system is expected21,8 to be effectively a UCDW at
any accessible temperature for 0.4,n* ,0.6. We appeal to
the relatively small difference between UCDW and anis
tropic Wigner crystal state HF energies in using the sim
UCDW state to estimate the anisotropy energy.

We now turn to our evaluation for the anisotropy ener
at n55/2, 9/2, and 13/2 in the sample of Lillyet al.1,2 The
self-consistent-field separation between lowest spin-up e
trical subbands is 9.8 meV so that the valence LL’s at p
pendicular field for these filling factors are the spin-up N51,
2, and 3 LL’s of the first electrical subband, respective
The in-plane magnetic field has only a weak effect on the
spacing even at field-tilt angles as high asu560o. We rep-

TABLE I. HF state energies per electron atn* 51/2 for trian-
gular Wigner crystal, UCDW, and anisotropic Wigner crystal stat
The energies are in units ofe2/e0l . These results are for zero thick
ness 2D electron layers and no screening.

N eTWC a/ l eUCDW eAWC

0 20.4435 3.299
1 20.3443 4.443 20.3456 20.3509
2 20.2897 5.805 20.3063 20.3091
3 20.2667 6.890 20.2740 20.2764
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resent the effective interaction anisotropy by performing
Fourier expansion in the anglef betweenê and the in-plane
field

H~q,f!5(
n

H2n~q!cos~2nf!

X~q,f!5(
n

X2n~q!cos~2nf!, ~7!

where

X2n~q!52E
0

`

dppH2n~p!J2n~pq! ~8!

and Jm(x) is the Bessel function. Even at largeBi the an-
isotropy of the effective interaction is relatively weak and
accurately proportional to cos(2f). This property ofH(qW ) is
shared byU(qW ) and greatly simplifies the UCDW energy~5!
minimization procedure. For a givena the extrema ofE lies
either atf50 or at f5p/2. We define the anisotropy en
ergy per electronEA as the minimum ofE(f5p/2) minus
the minimum ofE(f50).

Details of the anisotropy energy calculation are summ
rized in Table II. We first discuss the results obtained wh
RPA screening is neglected. Most qualitative features
already captured in a simple theory that retains only thn
51 leading harmonic in the UCDW energy expression a
finds the optimal UCDW perioda5a0* by minimizing
H0(2p/a)1X0(2p/a). The Hartree anisotropy energyEA,0

H

522H2(2p/a0* ) is consistently negative~stripes along in-
plane field! but is countered by the exchange energyEA,0

X 5

22X2(2p/a0* ). For n59/2 and 13/2, where the UCDW
state is most robust, the Hartree term dominates w
screening is neglected but exchange dominates when sc
ing is accounted for. Our finding that the stripes prefer to
aligned perpendicular to theBi direction is consistent with
the experimental finding2,4 that this is the easy transport d
rection. Including all harmonics in the UCDW energy e

TABLE II. Field-tilt anisotropy energy components. Energi
are per electron and in units of 1024 e2/e0l;kB10 mK.

No Screening Screening
u EA,0

H EA,0
X EA EA,0

H EA,0
X EA a* / l

n55/2
20° 232.79 36.16 1.16 217.65 28.94 2.80 5.15
40° 245.70 78.73 8.85 221.26 70.63 12.38 5.24
60° 2127.32 174.73 10.73 275.64 164.19 21.25 5.15

n59/2
20° 213.52 6.17 21.40 25.58 7.59 0.27 6.41
40° 243.84 18.17 24.44 210.83 19.51 2.23 6.41
60° 2101.57 39.78 29.59 215.00 47.00 8.07 6.68

n513/2
20° 23.76 0.06 20.77 20.81 0.91 0.04 7.66
40° 218.49 2.75 23.48 21.93 6.20 0.87 7.66
60° 270.55 6.33 212.49 22.54 16.03 2.68 7.85
a

-
n
re

d

n
en-
e

pression and reoptimizing the lattice constanta5a* , sub-
stantially reduces numerical value of the anisotropy ene
but does not change its sign.EA is largest in magnitude for
n55/2. Even these relatively modest anisotropy energies
sufficient to tip the delicate balance between isotropic a
anisotropic states forN51, explaining the transition to an
isotropic states seen in experiment. We can use the ca
lated values forEA to estimate the temperature below whic
anisotropy will be observed in the transport properties
these systems. Current experimental samples apparently
a native anisotropy of unknown origin, which can be ove
come by the application of an in-plane field, reorienting t
stripes and changing the easy transport direction. Sincu
,200 can reorient the stripes forN52 andN53, we esti-
mate from Table II that the native anisotropy energy is le
than 1024(e2/e0l );kB10 mK per electron. We can also us
EA to estimate the temperature below which anisotropy w
be observed in the transport properties of these syste
Based on an experimental onset temperatureT* ;100 mK
with native anisotropy we estimate thatkBT* ;10EA . Ac-
cording to our calculations the largest anisotropies occur
N51 for which we predict an onset temperature exceedin
K at largeu. We note that our theory gives similar results f
the field-tilt anisotropy energy atn511/2 andn59/2 and
therefore as unable to explain the differences observed in
anisotropic transport measurements2 in majority and minor-
ity valence LL’s.

Finally, we discuss UCDW energy calculations for par
bolic quantum wells with different electric subband splittin
\V. The results are summarized in Fig. 1; both screen

FIG. 1. Field-tilt anisotropy energy as a function of parabo
confining potential strength. Data for the valence LL close to
generacy with another LL are not plotted as the theory fails
describe this circumstance.
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and higher harmonics in the UCDW energy were accoun
for in these calculations. The perpendicular magnetic fi
was chosen to correspond to the 2D electron density in
experiments of Lillyet al.,1,2 i.e., the cyclotron frequency a
n59/2 is \vc@9/2#54.24 meV. Two regimes can be distin
guished in Fig. 1. For narrow quantum wells (vc@9/2#/V
,0.5), only the lowest electrical subband is occupied au
50, the stripes orient perpendicular to the in-plane field, a
the magnitude ofEA increases withu and decreases withN.
The samples of Lillyet al.1,2 and Panet al.4 fall into this
regime. In wider quantum wells the perpendicular field v

FIG. 2. Wave-vector-dependent Hartree energies for parab
quantum well model andn59/2.
ett
d
d
e

d

-

lence LL can belong to a higher electrical subband, and m
complex behavior occurs. The solid curve in Fig. 2 sho
the interaction energyH0 for n59/2 and a narrow parabolic
quantum well. It has a structure characteristic of theN52
LL effective interaction.$u is not indicated here as the field
tilt has a negligible effect onH0(q) for vc@9/2#/V50.1.%
The dotted and dashed curves correspond to the case w
the perpendicular field valence LL is the lowest (N50) LL
of the second electrical subbands. Foru520°, H0(q) de-
creases monotonically withq, as in the perpendicular field
as explained above the UCDW is not the likely ground st
for the system in this circumstance. However, atu540°,
H0(q) is more akin the perpendicular fieldN52 LL effec-
tive interaction which favors the UCDW state. This mech
nism of stabilizing UCDW ground state by in-plane ma
netic field is different from the one discussed above
Lilly’s et al.1,2 sample and is germane to wider quantu
wells with higher electrical subbands occupied. Our calcu
tions indicate that both perpendicular and parallel orien
tions of the stripes with respect to the in-plane field can
realized for these tilt-induced UCDW states. The compe
tion between isotropic and anisotropic states, and the an
ropy energy of UCDW states, will both have a complicat
dependence on filling factor and tilt-angle in this regime.
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ful private communications. This work was supported
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