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Stochastic resonance in the Gunn effect

Yuo-Hsien Shiau*
Institute of Physics, Academia Sinica, Taipei 11529, Taiwan, Republic of China

~Received 3 March 1999; revised manuscript received 16 June 1999!

We present a theoretical analysis of stochastic resonance phenomena inn-GaAs microwave diodes. When
stimulated by external laser beams under a nonlinear feedback control, two stable periodic domain trains can
coexist at the same values of the control parameters. If this bistable state is subjected to both modulation and
noise, we show that the signal-to-noise ratio will exhibit a maximum at finite noise amplitudes. This analysis
may be the first to consider stochastic resonance phenomena in microwave systems.
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I. INTRODUCTION

The mechanism of the Gunn effect inn-GaAs has been
well known for decades. The main feature is that the os
lating current is associated with the formation of a movi
high-field domain.1,2 This phenomenon is observable at roo
temperature, implicating great potentials in technological
plications, especially in microwave generator. The pione
ing works by Segevet al.3 and Subacˇius et al.4 showed that
optical waves can excite multiple Gunn-domain formation
deep-impurity-doped GaAs and semi-insulating GaAs,
spectively. The refractive index of GaAs changes via seco
order optical nonlinearity, i.e., Pockel’s effect, due to t
high-field Gunn domain. Therefore, they predicted a n
optically nonlinear effect in semiconductors. In our previo
paper,5 we consider the moving multiple Gunn-domain~i.e.,
we called periodic domain train PDT! generated by the ex
ternal optical waves inn-GaAs with a feedback control. It is
interesting to find that different PDT states coexist at sa
values of control parameters. Especially, the persistent b
bility ~PB! with nonhysteretic characteristics is observed.

The stochastic resonance~SR! was originally investigated
in order to explain the periodic variation of global climate
the earth. SR has since been investigated in different fi
including physics, biology, and chemistry.6 The phenomenon
of SR is an enhancement of the response of a nonlinear
tem which yields to an external weak modulation at fin
noise intensities. Therefore, noise can be useful for amp
cation of weak signals~i.e., modulation!. Moreover, noise
can be used to control~or select! output responses from th
dynamical systems having bistable states. For exampl
ring laser7 can generate modes propagating on a closed o
either clockwise or anticlockwise. Due to the combination
quasi-white noise and sinusoidal voltage, i.e., modulator,
possible to switch between the two modes. In this paper
apply modulation and noise into thepreviousfeedback loop5

to investigate the SR in PDT with PB property. From the p
of signal-to-noise ratio~SNR! vs noise intensityD, it shows
the maximum value of SNR at the finiteD value. It means
that the periodic transition between these two PDT states
be enhanced by the increase of noise intensity. Thus,
output microwave emitted fromn-GaAs can be synchronize
with the input modulation.

In Sec. II, we give the nonlinear analysis for the PD
PRB 600163-1829/99/60~23!/15534~4!/$15.00
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stimulated by the external laser beams. The PDT shows
shock-wave structure which can be derived by the nonlin
Schrödinger equation. In Sec. III, we discuss the mechanis
of the previous feedback loop to create the bistable PD
states and PB. In Sec. IV, we input modulation and no
into thepreviousfeedback loop to investigate the SR in PD
with PB property. Conclusions are given in Sec. V.

II. SMALL AMPLITUDE ANALYSIS OF PDT

The multiple high-field Gunn domains are triggered
the two optical waves, which are incident on a bias
n-GaAs with lengthL. The photon energy is just above th
band gap of GaAs, i.e., 1.42 eV, so that electron-hole p
can be generated by the optical excitation. The inten
I (x,t) of the mixing waves can be described as the mov
interference pattern throughn-GaAs

I ~x,t !5I 0@11m̄ cos~Kx1Vt !#, ~1!

where V is the frequency difference of the two optic
waves;K52p/L is the interference wave number;L is the
grating period and is much smaller thanL; m̄ is the modula-
tion depth of the interference grating; andI 0 is the average
intensity. The generation-recombination processes incl
complete thermal ionization of the donor, generation
electron-hole pairs by the optical wavesI (x,t), and recom-
bination of electron-hole pairsg. Therefore, the dynamica
equations include the Gauss law, the continuity equations
the electrons and holes, respectively, and the circuit equa

]E

]x
5

e

e
~n2ND* 2p!, ~2!

]n

]t
5gI~x,t !2gnp2

]

]x Fnv~E!2Dn

]n

]xG , ~3!

]p

]t
5gI~x,t !2gnp1

]

]x FpmpE1Dp

]p

]xG , ~4!

V5E
0

L

E~x,t !dx, ~5!
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PRB 60 15 535BRIEF REPORTS
wheree, e, n, p, ND* , L, V, andE are, respectively, elemen
tary charge, static dielectric constant, the free electron d
sity, the free hole density, the effective donor concentrati
the sample length, the applied bias, and the electric field.
defenition ofND* is ND2NA , whereND is the donor concen
tration andNA is the acceptor concentration. The symbolg is
the generation rate of the electron-hole pairs andg is the
recombination rate of the electron-hole pairs.Dn and Dp
denote, respectively, the diffusion coefficient of electro
and holes;mp andv(E) are the hole mobility and the elec
tron drift velocity, respectively. Due to the transfer of ene
getic electrons from high mobility states near t
conduction-band edge to low mobility states higher in
band structure,v(E) displays an N-shaped negative differe
tial mobility ~NDM!.

Before we give the detailed nonlinear analysis of PD
stimulated by the external laser beams, it is worth to disc
the dynamical characteristics in this system. It is intuitive
understand there are two spatiotemporal behaviors in
case. One is the moving interference pattern~MIP! in Eq. ~1!
to induce the space-charge field~SCF!, which has the same
phase velocityV/K as MIP. The characteristic length of SC
shall be equal toL. The other is the traveling high-field
domains, i.e., Gunn oscillation, when the applied bias is
cated in NDM regime. The velocity of high-field domains
v(E0) ([v0), whereE05V/L and the characteristic lengt
is L. WhenI 0 is very small, most of the free electrons com
from shallow donor impurities. It is not difficult to show tha
the competitive results between these two spatiotempora
haviors will create a periodic domain train with a spat
periodL and the traveling velocity equal tov0. This mixed
behavior from SCF and Gunn domains is obtained via lin
stability analysis.5 From this analysis, we know that the Kro
emer’s criterion for domain formation in this case shall
written as 2„(e/e)ND* v0

(1…14p2Dn /L2).0, where v0
(1)

5dv(E)/dEuE5E0
. In the following, we want to investigate

the shock structure of PDT via nonlinear analysis.
WhenI 0 is very small, we can rearrange the model eq

tions by the following rescaling process for the dynami
variables and parameter in Eqs.~2!–~5!.

E→E, n→n, p→ ēp, I→ ēI ,

where ē is a very small value equal ton1 /ND* , and n1

5gI0 /ND* g is the free electron density generated by opti
intensity, which is much smaller thanND* . The small param-

eterē can distinguish the large variables~i.e., E andn) from
small variablep in our theoretical model. When the rescalin
variables are introduced into Eqs.~2!–~5!, Eqs.~2!–~3! shall
be changed to

]E

]x
5

e

e
~n2ND* !1O~ ē ! ~6!

]n

]t
52

]

]x Fnv~E!2Dn

]n

]xG1O~ ē ! ~7!

combining of Eqs.~6! and~7! and neglecting the small orde
term O( ē), we obtain the following equation denoted as t
principal equation~PE!.
n-
,
e

s

-

e

ss

is

-

e-
l

r

-
l

l

]E

]t
52

1

e
eND* v~E!2v~E!

]E

]x
1Dn

]2E

]x2
1

1

e
Jtot~ t !,

~8!

where Jtot(t) is time-dependent current density. If we p
Eq. ~6! into the Eq.~4! and neglect the small order term
O( ē2), we get the following slavish equation~SE!.

]p

]t
5gI~x,t !2gS ND* 1

e

e

]E

]x D p1
]

]x S pmpE1Dp

]p

]x D
~9!

The physical meanings of PE and SE are quite clear
simple. For PE, it represents the Gunn-domain formati
and the solution of SE is completely determined by the Gu
domains and moving interference pattern.

In order to get the analytic solution in Eq.~8!, an ansatz of
the electric field, we set

E~x,t !5E01
1

2
@Es~x,t !eiK̄ (x2v0t)1Es* ~x,t !e2 iK̄ (x2v0t)#

~10!

Es(x,t) is a new variable which is corresponding to the a
plitude of electric-field domains, andEs* (x,t) is the complex

conjugate ofEs(x,t). K̄ (52p/L) is a bulk property of
semiconductor. Because of the smallK̄ value, the spatiotem-
poral behavior in the dynamical system will be determin
by Es(x,t). WhenE0@uEsu, it is reasonable to expand th
drift velocity in the neighborhood ofE0 ~i.e., small ampli-
tude analysis!

v~E!'v01v0
(1)~E2E0!1

v0
(2)

2
~E2E0!21

v0
(3)

6
~E2E0!3,

~11!

where v0
( j )5djv(E)/dEj uE5E0

. Substituting Eqs.~10! and
~11! into Eq. ~8!, we find the amplitude equation with th
plane-wave factor expiK̄ (x2v0t) is

]Es

]t
5S 2

e

e
ND* v0

(1)2DnK̄2DEs1~ i2DnK̄2v0!
]Es

]x

2
1

8
v0

(2)S Es
2
]Es*

]x
12uEsu2

]Es

]x D 1Dn

]2Es

]x2

2S 1

8

e

e
ND* v0

(3)1 i
1

8
v0

(2)K̄ D uEsu2Es . ~12!

Eq. ~12! is a type of Ginzburg-Landau equations. When w
consider the value ofv0

(2) at the operating point equal to
and change the complex variableEs andx coordinate to the
real variableC and the moving coordinatej, respectively,
we can reduce Eq.~12! to the standard nonlinear Schro¨dinger
equation

d2C

dj2
2

eND* v0
(1)

eDnK2
C2

1

8

eE0
2ND* v0

(3)

eDnK2
C350, ~13!

where Es5CE0eiu, j5K(x2v0t), and u is a constant.
Multiplying Eq. ~13! by dC and integrating, we obtain
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S dC

dj D 2

5Q1
eND* v0

(1)

eDnK2
C21

1

16

eE0
2ND* v0

(3)

eDnK2
C4, ~14!

where Q is an integration constant. If there are nonline
periodic solutions in Eq.~14!, then the phase trajectory (C,
dC/dj) of Eq. ~14! shall be a closed loop. Therefore, it
quite obvious to see that the only possibility to produce n
linear periodic solutions is to operate in the NDM regim
Whenv0

(1),0 andv0
(3).0, the PDT shows the shock-wav

structure. We shall notice that there are two properties
PDT. One is the distance between the adjacent dom
equal toL and the other is the traveling velocity of PD
equal tov0. Then, the oscillating frequency of the current
the circuit isv0 /L and the wavelengthl of the microwaves
is equal to1

2 cl lv0
21cos21a, where c is the speed of light,l l

is the wavelength of the laser beams, anda is the incident
angle of laser beams. This result is a mixed behavior fr
semiconductor and optical waves. It shall note that a co
plete analysis for multiple Gunn-domain formation shall co
sider boundary condition which was addressed numeric
by Luis L. Bonilla et al. recently.8 They think that Gunn
oscillation is due to periodic shedding and motion of cha
dipole waves at a boundary or a nucleation site. Then, K
emer’s criterion~no relation with boundary condition! may
not give quantitatively correct number of Gunn domains
sample. We think it is an interesting and important issue
further analytical study. In the following section, we will us
above-mentioned analytical characteristic, i.e., mixed re
from semiconductor and optical waves, to propose so
feedback loop controlling optical waves, which can cre
bistable PDT at the same values of the control paramete

III. BISTABLE PDT STATES AND PB

Figure 1 shows the proposed experimental apparatus.
feedback loop consists of a pair of waveguidesWg, a phase
shifter whose fast and slow axes are at 45° to a pair
crossed polarizersP, a detectorDe , i.e., planar-doped barrie
diode, with a time responset;10 ns, a delay line with re-
tardation timeT;ms, modulation currentm, stochastic cur-
rent noise,and a pair of acusto-optic scannersS to tune the
incident anglea of the laser beams. For the convenience
explaination about the physical mechanisms of Fig. 1 in
following, we firstly neglect the external current sources, i
m andnoise,in this section.

FIG. 1. Schematic illustration of the proposed experimental
paratus to study SR. Please note that thepreviousfeedback loop,
i.e., withoutm andnoisein this diagram, can create bistable stat
r
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The power of microwave radiationPm from n-GaAs can
be expressed asEr f

2 v0
2R21c22l2,9 whereEr f and R corre-

sponding to ther f field and resistence in the semiconducto
respectively.Pm is collected by aWg and modulated by a
phase shifter. The phase shifter induces the nonlinear po
function Pmsin2(pA/l) detected byDe with a gain h1,
whereA is the length of the phase shifter. The purpose ofDe
is to convert the nonlinear power into an electric currenti (t).
The current is then retarded by a delay line and enhance
an amplifier with a gainh2 to drive S, tuning the incident
angle of the laser beams. If the variation ofa is linearly
proportional toi with a ratioa, it is easy to get the relation
between l(t) and i (t): l(t)5l01Bi(t), where B
[al0 tana0 andl0 is the initial wavelength due to the ini
tial incident anglea0. Therefore, the circuit equation for th
experimental apparatus is

t
dl~ t !

dt
1l~ t !5l01Bh1h2Pm~ t2T!sin2F pA

l~ t2T!G .
~15!

Since T@t, the differential term in Eq.~15! can be ne-
glected. Then Eq.~15! can be treated as a difference equ
tion. For the convenience of analysis, we make the differe
equation dimensionless

ln511bln21
2 sin2S pA

l0

1

ln21
D , ~16!

where ln /l0→ln , b5al0
2h1h2 tana0Er f

2 v0
2/Rc2. Equa-

tion ~16! means thatl(t) is kept at a fixed value in each tim
interval between (n21)T and nT. Therefore, the wave-
lengthl(t) and output powerPm(t) will show square-wave
behavior.

Equation~16! is a highly nonlinear difference equation.
is not diffcult to find that multistability and chaos from Eq
~16!, which has been discussed in our previous work.5 It is
worth to point out that PB can be observed whenA/l0 equal
to 1 ~Fig. 2!. If the b value is increased very slowly, th
output wavelength will keep at the lower state and has

-

.

FIG. 2. Illustration of PB vialn vs b plot at A/l051.
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same value as the initial wavelength under no feedback c
trol. As far as I know, this kind of result is quite interestin
and unique in bistable systems. The natural problem beh
PB is how to control the dynamical response from the low
to the higher state because of nonhysteretic characterist
PB. In the next section, we will use the concept of SR
control the dynamical response with PB property.

IV. SR IN TWO PDT STATES

Now we input the modulating currentm and the stochastic
currentnoise into the feedback circuit~Fig. 1! to study SR.
Then, Eq.~16! shall be rewritten as

ln511bln21
2 sin2S pA

l0

1

ln21
D1h cos~2p f sn!1hn ,

~17!

whereh is the modulation amplitude,f s is the driving fre-
quency, andhn satisfies the white noise condition:^hn&50
and^hnh i&5D2dn,i . The physical meaning of Eq.~17! can
be understood as follows. There are three current source
the feedback loop of Fig. 1. The first one is a microwa
currentbln

2 sin2(pAl0
21/ln) detected byDe , the second one

is a modulating currenth cos(2pfsn), and the third one is a
stochastic currenthn . The net current behind the delay lin
is the combination of these three current sources to drivS
tuning thea value.

The SNR value is usually used to verify SR in dynamic
systems. The definition of SNR is

SNR5

l imD f→0E
f s2D f

f s1D f

@S~ f !2S0~ f !#d f

S0~ f s!
, ~18!

where S0( f ) is the one-sided power-spectrum of the noi
system ~i.e., feedback loop withnoise but without m),
S0( f s) is the power of the noise at the driving frequency, a
the upper term in Eq.~18! is the power of the total respons
in the neighborhood of the driving frequency.

In Fig. 3, we show that SNR as a function of the noi
intensityD at a fixed driving frequencyf s50.01 and differ-
ent amplitude of modulationh when A/l051 and b
50.27. It is obvious to see that there is a maximun va
occured at finiteD values except the case ofh50.2. It means
that the time evolution of transition between the two PD
states, i.e., steplike transition, can be synchronized with
input modulation. Besides this resonance effect, some cu
~or symbols! with small h values in Fig. 3 show that the
extreme value can be found nearD50. It represents no tran
sition between the two PDT states whenD is very small. The
.
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dynamical system keeps at one of these two states. WheD
is increased, the SNR value shall be decreased. Therefor
general case of SR, there are two extreme values that ca
observed in the SNR vsD plot. It shall notice that there is no
SR in the case with large modulation, i.e.,h50.2. The rea-
son is that the dynamical system shall follow the large mo
lation in Eq.~17!. Therefore, the output signal is very simila
with the input modulation. This kind of behavior is easi
destroyed by the increasing noise intensities. This is why
SNR value is monotonously decreased whenD is increased.

V. CONCLUSIONS

We study the SR inn-GaAs with a nonlinear feedbac
control. The interference pattern from the external la
beams will trigger PDT and the nonlinear feedback~Fig. 1!
without m andnoisewill create bistable PDT. With the help
of modulating current and stochastic current, the synch
nized transition, i.e., SR, between the two PDT states is
served via SNR vsD plot. We think it is the first article to
report SR can be found in microwave system, i.e., Gu
diode. This study will broaden the research interests rela
to the well-known Gunn effect.

I would like to thank Dr. Zolta´n Néda for help with nu-
merical calculations. This work was supported in part by
National Science Council of the Republic of China und
Contract Nos. NSC 88-2112-M-002-002 and NSC 87-21
M-001-046.

FIG. 3. The SNR value as a function of noise intensityD at
different amplitude of modulation.f s is fixed at 0.01.N is the length
of the inputln series we investigate.
.
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